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PREFACE 

TO     THE     THIRD    EDITION. 

It  has  been  thought  desirable  to  bring  out  the  third  edition 
of  this  work  in  two  volumes,  because  experience  proved 
that  the  previous  edition  contained  more  than  was  suitable 
to  the  wants  of  the  great  majority  of  students  who  reach  the 
standard  of  Undergi-aduate  Honours  in  Mathematics. 

The  reception  of  the  work  in  the  Universities  at  home  and 
abroad  has  made  me  desirous  of  rendering  it  more  deserving 
of  the  favour  accorded  to  it  by  high-class  students.  Accord- 
ingly, I  determined  to  reserve  for  the  second  volume  the  more 
advanced  portions  of  the  previous  work  (those  dealing  with 
Non-Coplanar  Forces,  Attractions,  and  the  Theory  of  Strain 
and  Stress),  and,  while  greatly  extending  these  portions,  to 
introduce  such  fresh  applications  of  the  subject  as  would 
make  the  work  really  useful  to  those,  for  example,  who  aim 
at  distinction  in  the  Mathematical  Tripos. 

With  regard  to  the  first  volume,  little  needs  to  be  said.  It 
is  meant  for  those  who  attain  the  standard  of  Undergraduate 
Honours  and  Scholarships,  but  do  not  desire  to  compete  for 
higher  distinctions.  Within  this  range  it  will,  I  think,  be 
found  tolerably  complete.  A  re-arrangement  of  the  order  of 
treatment  in  the  previous  edition  has  been  made.  At  an  early 
stage  in  the  student's  reading  I  endeavour  to  make  him 
familiar  with  graphic  methods  both  in  pi-actice  and  in  theory. 
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VI  PREFACE. 

To  this  end,  attention  has  been  dii'ected  to  the  solution,  by 
graphic  construction,  of  several  classes  of  equations  to  which 
we  are  led  in  seeking  for  positions  of  equilibrium — equations, 
the  accurate  solution  of  which  would  be  impossible,  and  the 
approximate  solution  of  which  by  the  ordinary  analytical 
methods  would  be  attended  with  great  trouble.  Experience 
has  proved  to  me  that  this  is  a  most  valuable  aid  in  producing 
in  the  mind  of  the  student  a  knowledge  of  the  nature  of 
dynamical  problems,  and  an  interest  which  cannot  be  evoked 
by  symbols  and  equations  alone. 

Indeed,  it  will  be  observed  that  graphic  methods  figure 
more  largely  in  this  edition,  all  through,  than  in  the  previous 
one — notably  in  the  general  discussion  of  Funicular  Polygons 
in  Chapter  V.  This  is  a  branch  of  elementary  Statics  to 
which  too  little  attention  is  paid  ;  but  it  is  both  valuable  and 
full  of  elegance. 

The  second  volume  opens  with  a  long  chapter  on  Non- 
Coplanar  Forces,  in  which  I  have  given  an  exposition  of 
Sir  Robert  Ball's  Theory  of  Screws,  so  far  as  it  relates  more 
particularly  to  the  Statical  branch  of  Dynamics.  It  will  be 
observed  that,  while  following  Sir  R.  Ball's  method  of  treat- 
ment very  closely,  I  have  depai'ted  from  it  in  some  instances. 
To  prevent  misconceptions,  I  may  say  that  my  reason  for 
doing  so  is  simply  the  fact  that  students  of  any  branch  of 
science  derive  great  benefit  by  looking  at  it  from  several 
diflferent  points  of  view. 

In  this  chapter  the  general  conditions  of  equilibrium  are 
illustrated  by  examples  of  the  same  character  as  those  em- 
ployed so  largely  in  the  chapters  dealing  with  Coplanar 
Forces — my  object  being  to  avoid  mere  generalities  in 
sj-mbols. 
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The  chapter  on  Astatic  Equilibrium  is  founded  on  a  paper 
which  I  published  on  the  subject  a  few  years  ago.  Now  that 
students  of  the  works  of  Hamilton,  Tait,  and  Clerk  Maxwell 
are  so  numerous  in  the  Universities,  no  apology  is  necessary 
for  the  treatment  of  this  subject  by  elementary  Quaternions. 

The  pai-t  of  this  volume  dealing  with  Attractions  and 
the  general  theory  of  Potential  in  Electricity  and  Magnetism 
has  been  much  enlarged  ;  and  it  will  be  in  its  present  con- 
dition, I  hope,  a  valuable  assistance  to  the  student  of  the 
gi-eat  and  enduring  works  of  Thomson  and  Tait,  and  Clerk 
Maxwell. 

Many  con-espondents  have  been  good  enough  to  send  me 
corrections  of  errors  in  the  second  edition.  My  obligations 
on  this  account  are  great  to  Professor  Everett  and  Professor 
Schuster,  whose  con-ections  must  have  required  care  and 
trouble.  Some  American  correspondents,  also,  have  kindly 
sent  corrections  and  suggestions;  and  among  them  I  must 
chiefly  thank  Mr.  F.  Franklin  of  the  Johns  Hopkins  Uni- 
versity. 

The  proof  sheets  have  all  been  revised  by  my  friend  and 
colleague  Mr.  W.  G.  Gregorj^,  B.A.,  whose  attainments  in 
Phj'sics,  both  practical  and  theoretical,  rendered  his  criticisms 
of  the  utmost  value. 

GEORGE   M.    MINCHIN. 


R.  I.  E.  College,  Cooper's  Hill, 

November,  1884. 


PREFACE 

TO  THE    FOURTH   EDITION. 

The  alteisdons  and  additions  trfaidi  diiedj  chaxmetetve 
Uaa  edition  may  be  Isi^v  sommansed.  Cbapter  V,  on  the 
redaction  of  Coplanar  Faces,  has  been  reanai^ed  and.  to 
a  consideraUe  extent,  re'initten.  in  sodi  a  irav  that  the  illos- 
tntioBs  of  paiticalar  prindpks  foUow  more  ekselj  the 
expositi<ns  at  these  principles  than  in  the  previous  edition ; 
and  an  Article  has  been  speeiaDj  devoted  to  the  Aj^icatiom 
cf  Sttdie*  to  Geometry. 

The  dedodoon  of  eeziain  well-knoim  results  ui  Ucomeoy 
by  means  <^  the  methods  of  another  bxandi  of  Scioioe  cannot 
Sul  to  be  instmciiTe  to  the  student :  and  it  most  be  intnestii]^ 
to  see  how  Ptolemy's  Theorem  follows  from  the  Paialldogiam 
of  Forces,  and  how  the  &moas  Theormi  of  Fieeal  is  a  ample 
resoli  of  &  fbndamental  property  of  Fimicnlar  foljgaos. 
This  statical  deduction  of  Pascal's  TbetHtem  is  hoe,  I  believe, 
published  fat  the  fiist  time ;  and  a  somewhat  similar  method 
shoold.  a{i|)azaitly.  be  citable  of  dedocii^  the  aDied  Thecwean 
of  BiiandMMi;  bat,  so  tar.  I  have  not  been  aUe  to  find  a 
statical  pnmf  of  this  latter. 

The  method  of  caleolatiiig  die  reactions  as  the  joints  in 
syst^ns  of  bars  has  been  more  folly  e^lained,  and  has  bean 
more  largely  exemplified  by  problems  most  of  wiiich  are 
taken  frran,  or  suggested  by.  the  papers  s^  in  the  Mathe- 
matical Tripos^ 


X  PEEFACE. 

The  Chapter  on  the  equilibrium  of  Strings  has  been  re- 
arranged in  such  a  way  that  the  discussion  of  Catenaries 
(under  the  action  of  gravity)  precedes  the  general  treatment 
of  the  subject.  No  doubt  the  student  wiU  find  this  a  simpli- 
fication. 

In  the  revision  of  most  of  the  proof  sheets  I  have  had  the 
benefit  of  the  care  and  criticism  of  my  colleague  Professor 
Stocker ;  while  Mr.  C.  F.  Findlay,  late  Fellow  of  Trinity  Hall, 
assisted  all  through  and  not  only  freely  and  eflTectively  criti- 
cised, but  actually  took  the  trouble  of  testing  the  results  of 
nearly  all  the  questions  left  for  solution. 

To  both  of  these  gentlemen  I  beg  to  express  my  obligations. 

GEORGE  M.  MINCHIN. 
■June,  1890. 
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CHAPTER   I. 

IIIE    COMPOSITION    AKD    EESOLCTION    OF    FORCES    ACTING    IN    ONE 
PLANE    AT   A    POINT. 

1.  Definition  of  Force.  Force  is  an  aclion  exerted  upon  a 
lioili/  in  order  to  change  its  state  either  of  rest  or  of  moving 
vniformly  forward  in  a  right  line. 

This  is  the  definition  of  Force  given  by  Newton  (Principia, 
Book  I,  Def.  IV). 

2.  Divisions  of  the  Science.  Tlie  Science  which  treats  of 
the  action  of  Force  on  bodies  is  called  Dynamics.  Of  this 
science  there  are  two  branches :  the  first  treats  of  the  laws  to 
which  forces  are  subject  when  they  keep  bodies  at  rest,  and 
this  branch  is  called  Statics ;  the  second  treats  of  the  laws  to 
which  the  motions  of  bodies  are  subject  when  these  motions  ai-e 
produced  l)y  <yiven  forces,  and  this  branch  is  called  Kinetics. 

3.  Matter.  ISIatter  is  something  which  exists  in  space,  and 
attests  its  jircsence  by  such  observed  qualities  as  extension, 
resistance,  and  impenetrability. 

A  limited  portion  of  matter  is  called  a  -Bod;/,  and  the  quantity 
of  matter  contained  in  a  body  is  called  its  3Iass.  A  very  small 
portion  of  matter  is  called  a  Particle. 

4.  Velocity.  Suppose  a  point  to  move  along  a  right  line  in 
such  a  way  that  it  always  takes  the  same  time,  t,  to  travel  over 
the  same  length, .?,  of  the  line,  at  whatever  points  of  the  line  the 
extremities  of  this  length  are  situated.  Then  we  readily  say 
that  the  point's  '  rate  of  moving '  is  the  same  all  through,  and 

this  rate  we  measure  by  the  quotient  -  •      The  rate  of  moving  we 

call  the  velocity  of  the  moving  point.     But  if  the  time  of  moving 
over  the  length  s  is  not  the  same  all  through — i.e.,  if  it  depends 
VOL.  I.  .,.  B 
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on  the  points  of  the  line  between  which  it  is  measured — the 
velocity,  or  rate  of  moving,  is  clearly  not  uniform.  Nevertheless 
we  recognise  the  fact  that  at  each  of  its  positions  the  moving 
point  has  a  particular  rate  of  going.  How  is  this  rate  to  be 
estimated  ?  Like  all  rates,  it  must  be  measured  by  a  differential 
coefficient.  Thus,  if  P  and  Q  are  two  extremely  close  positions, 
and  if  0  is  any  fixed  point  on  the  line  of  motion,  the  distance 
between  0  and  P  being  called  «  and  the  distance  OQ  being 
called  *  +  z^*,  and  if  the  point  has  taken  the  infinitesimal  time 
M  to  get  from  P  to  Q,  we  shall  be  very  near  the  truth  in 
assuminw  that  its  rate  of  moving:  has  remained  uniform  in  the 
passage  from  P  to  Q,  and  the  velocity  in  this  interval  will,  as 

above,  be  the  quotient  —  ■      The  smaller  the  internal  PQ  (and 

therefore  the  smaller  A-?  and  AO  the  more  neai'ly  true  is  the 

assumption  of  uniformity  of  the  rate  of  moN-ing  from  P  to  Q. 

As 
Hence  if  we  could  find  the  value  of  the  ratio  -— ,  when  both  A« 

At 

and  A^  are  indefinitelj'  diminished,  we  should  have  the  exact 
rate    of  monng   at   P.     But    the    limit    of  this   ratio    is   the 

differential  coefficient  -r-  j   which  is  easilv  found  bv  the  rules  of 
(/( 

the  Differential  Calculus. 

We  have  thus   not   only  a    conception  of  different  rates  of 

moving,  but  also  a  method  of  estimating  these  rates  numerically 

at  difi^rent  points  of  the  path. 

5.  Criterion  of  the  action  of  Force.  Instead  of  the  motion 
of  a  mere  mathematical  point,  let  us  consider  the  motion  of  a 
material  particle.  How  can  we  tell  whether  this  moving 
particle  is  acted  on  by  force  or  not  ?  The  answer  is — unless 
the  particle  is  completely  at  rest,  or,  failing  this,  moving  with  a 
uniform  velociiy  in  a  right  line,  it  is  acted  on  by  some  force. 
Observe  the  two  distinct  characteristics  which  must  be  possessed 
by  the  motion  of  a  particle  which  is  not  acted  on  by  force — the 
velocity  must  be  constant  in  magnitude  and  the  path  must  be  a 
right  line. 

6.  Measure  of  Force.  Suppose  a  particle  to  move  along  a 
right  line  iu  such  a  way  that  in  any  interval  of  time,  t,  there 
is  the  same  addition  made  to  its  velocit)',  between  whatever 
epochs  of  time  the  interval  t  is  reckoned.     Then  the  velocity  is 
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<)l)viously  increased  at  the  same  rate  at  every  point  of  tlio  path, 
and  the  particle  is  said  to  be  continuously  acted  on  by  a  uniform 
force  in  the  line  of  motion.  The  time-rate  at  which  this  increase 
of  velocity  takes  place  is  taken  as  the  measure  of  the  force  acting 
on  the  particle  ;  that  is,  if  the  same  particle  moves  along  a  right 
line  in  snch  a  waj-  that  its  velocity  is  increased  at  a  constant 
rate  which  is  double  the  previous  rate,  it  will  be  continuously 
acted  ujion  in  the  stcnnd  motion  by  a  force  which  is  double  the 
previous  force. 

If  the  time-rate  of  increase  (or  in  other  words,  the  acceleration) 
of  the  particle's  motion  is  not  uniform,  the  force  acting  on  it  is 
not  uniform,  and  its  magnitude  at  any  point  of  the  particle's  path 
is  estimated  by  the  rate  of  increase  of  the  velocity  of  the  ]iar(iclc 
at  this  point. 

Since  the  velocity  of  one  and  the  same  particle  is  capable  of 
having  all  possible  rates  of  increase,  all  forces  may  be  compared 
with  each  other  by  means  of  their  eifeets  on  a  single  particle. 

7.  Ways  in  which  Force  is  produced.  One  of  the  simplest 
ways  in  which  a  force  c;;n  be  made  to  act  on  a  particle  consists 
in  attaching  a  string  to  the  particle  and  pulling  this  string  so  as 
to  cause  the  particle  to  move.  If  no  other  force  acts  on  the 
particle,  and  if  the  string  is  always  pulled  in  the  same  right 
line,  the  particle  will  continue  to  move  in  this  right  line  ;  and 
the  rate,  per  unit  of  time,  at  which  its  velocity  is  being  increased 
at  any  point  of  its  path  is  a  measure  of  the  magnitude  of  the 
force  with  which  the  string  pulls  it ;  so  that  if  for  any  finite 
time  we  observed  its  velocity  to  remain  constant,  we  should 
know  that  during  this  time  the  string  ceased  to  be  pulled,  and 
that  no  force  acted  on  the  particle  in  this  particular  interval. 

There  are  other  ways  in  which  forces  act  on  particles,  but 
the  manner  in  which  they  act  is  not  in  every  case  known  to  us. 
For  example,  if  the  particle  consists  of  a  small  piece  of  soft  iron 
and  we  hold  it  near  the  pole  of  a  magnet  we  shall  see  it  rushing 
with  continually  increased  velocitj'  towards  the  magnet,  and  it 
is  therefore,  by  definition,  acted  on  by  some  force  towards  the 
magnet.  This  force  can  be  measured,  as  before,  at  every  point 
of  the  particle's  path  by  the  rate,  per  unit  of  time,  at  which  it 
produces  an  increase  of  velocity  in  the  particle ;  nevertheless  it 
is  quite  uncertain  how  this  force  is  produced — whether  it  is  an 
action  at  a  distance  or  a  stress  in  some  intervening  medium. 

B  2 
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But  whatever  its  cause  may  be,  we  can  measure  it  numerically 
by  its  effect — viz.,  time-rate  of  increase  of  velocity  produced  in  a 
material  particle. 

Again,  since  the  velocities  of  planets  towards  the  sun  and  of 
meteoric  stones  towards  the  earth  are  perpetually  accelerated, 
the  planets  are  acted  upon  by  forces  towards  the  sun,  and  the 
meteors  by  forces  towards  the  earth.  These  forces  are  called 
forces  of  attraction  ;  but  the  nature  or  precise  mode  of  operation 
of  this  attraction  is  a  matter  on  which  no  certainty  exists. 

8.  Linear  representation  of  Forces.  Consider  a  single 
material  particle.  Every  velocity  which  it  can  have  possesses 
three  characteristics — it  must  have  a  certain  numerical  magni- 
tude, it  must  take  place  in  a  certain  right  line,  and  it  must 
take  place  in  a  certain  seiuc  (from  right  to  left  or  from  left  to 
right)  along  this  line  ;  or,  in  other  words,  it  must  have  magni- 
tude, line  of  occurrence,  and  sense. 

Now  every  velocity  can  be  regarded  as  produced  in  the 
particle  by  the  uniform  action  of  a  force  for  a  definite  time. 
Hence  forces  are  also  characterised  by  magnitude,  line  of  action, 
and  sense. 

Two  forces  acting  on  a  particle  are  therefore  compared  by 
specifNing  the  two  lines  and  senses  in  which  they  would  cause 
it  to  move  if  each  acted  separately,  and  also  the  magnitudes  of 
the  velocities  which  they  would  thus  generate  in  it  if  they  both 
acted  for  the  same  time  on  it. 

Hence  any  force  may  be  completely  represented  by  a  right 
line  di-awn  in  the  direction  and  sense  in  which  it  would  cause 
a  material  particle  to  move,  the  length  of  this  line  representing, 
on  any  scale,  the  rate  per  unit  of  time  at  which  the  force  would 
generate  velocity  in  the  particle.  And  all  other  forces  may  be 
compared  with  this  force  as  to  magnitude,  direction,  and  sense 
by  drawing  right  lines  in  the  several  directions  in  which  they 
would  produce  motion,  and  taking  the  lengths  of  these  lines  to 
represent,  on  the  same  scale  as  before,  the  rates  at  which  they 
would  severally  generate  velocity  in  07ie  and  the  same  particle. 

Forces  may  also  be  compared  with  each  other  by  means  of  their 
effects  on  different  particles.  For,  let  w  perfecth'  equal  particles  of 
the  same  material  be  placed  side  by  side  in  a  row  (Fig.  i),  and 
let  each  of  them  be  acted  ujion  uniformly  for  the  same  time  by  a 
force  which  at  the  end  of  this  time  generates  the  same  velocity. 
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f,  in  each  of  them.  Now  if  instead  of  being  n  separate 
particles  they  were  all  glued  together  so  as  to  form  a  body 
of  n  times  the  mass  of  each  particle,  and  if  each 

of  them  is  still  acted  on  by  the  same  force  as      ^ ^' . 

before,  this  body  will,   at  the   end   of  the    time      q >f 

considered,  have  the  same  velocity  as  each  sepai'ate       O >y 

particle  had,  and  will  be  acted  upon  by  h  times  O  ;  >■> 
the   force    which    generated  this  velocity  in   the  °' 

particle.  Comparing  a  single  particle,  then,  with  the  body 
whose  mass  is  n  times  the  mass  of  this  particle,  we  see  that  to 
generate  the  same  velocity  in  two  bodies  by  forces  acting  on 
them  for  the  same  time,  the  magnitudes  of  the  forces  must  bo 
proportional  to  the  masses  to  which  they  are  applied. 

And  hence,  generallyj  if  we  define  inomentum  as  the  product  of 
mass  and  velocity — 
The  magnitude  of  a  force  is  proportional  to  the  rate  per  unit  of  time 

at  ichich  it  generates  momentum. 
The  greater  the  mass  on  which  the  force  acts,  the  less  tlie  rate 
at  which  it  increases  the  velocitj^  of  this  mass ;  and  the  less  the 
mass,  the  greater  the  rate  of  increase  of  velocity ;  the  product  of 
the  two  being  always  the  same  for  the  same  force,  whatever  lie 
the  masses  to  which  it  is  applied. 

So  that  if  P  is  a  force  which  generates  velocity  at  the  rate 

(J'V 

—  in  a  body  of  mass  ni,  and  if  P'  is  a  force  which  generates 

.  dv' 

velocity  at   the   rate  -rr  (per  unit  of  time)  in  a  body  of  mass 
at  , 

,         ,                                P       It  ^'"'^ 
m  ,  we  have  -^  =  -^ 

It  ^"^  '  ^ 
9.  The  C.  G.  S.  system.  Since  the  magnitude  of  a  force  is 
estimated  by  the  time-rate  at  which  it  generates  momentum,  and 
since  velocity  involves  length  and  time,  we  see  that  three 
distinct  things  are  involved  in  the  measure  of  force — viz.,  length, 
mass,  and  titne.  The  questions  then  arise,  what  shall  we  take 
for  the  unit  of  length,  what  for  the  unit  of  mass,  and  what  for 
the  unit  of  time  ?  For  the  pui-poses  of  calculation  chiefly  in 
Electricity  and  INIagnetism,  the  system  now  adopted  everywhere 
is  one  in  which  the  centimetre  is  the  unit  of  length  ;  the  mass  of 
water  at  its  temperature  of  maximum  density  which  would  just 
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fill  a  cubic  centimetre  is  taken  as  the  unit  mass  and  is  called  a 
gramme  ;  and  one  mean  solar  second  is  taken  as  the  unit  of  time. 
This  system  of  units  is  called  the  '•  centimetre-gramme -second  " 
system,  or,  more  briefly,  the  C.  G.  S.  system. 

Hence  a  unit  velocity  is  a  velocity  of  one  centimetre  per 
second,  and  a  force  which,  continuously  acting  on  a  gramme 
mass,  increases  its  velocity  by  a  velocity  of  one  centimetre  per 
second  at  the  end  of  every  second  is  the  unit  force.  This  unit 
force  is  called  a  dyne.  Koughly,  its  magnitude  is  the  yg-i"'  part 
of  the  weif/ht  of  the  gramme  mass  in  London. 

For  the  ordinarj-  purposes  of  commerce,  force  magnitude  is 
often  expressed  in  hUogrammes  weight- — a  kilogramme  being 
1000  grammes.  In  England,  where,  unfortunately,  a  complicated 
and  most  absurd  system  of  weights  stUl  prevails,  force  magnitude 
would  in  similar  circumstances  be  expressed  in  poiuuh  weight. 

It  must  be  carefully  observed  that  the  weight  of  a  gramme 
mass  is  not  a  definite  thing,  because  it  is  different  at  different 
places  on  the  earth,  being  greater  in  high  latitudes  than  in  low; 
but  the  gramme  mass  itself — -i.e.,  the  quantity  of  matter  called 
a  gramme — is  the  same  everjT\'here,  whether  on  the  earth  or  in 
any  part  of  the  universe. 

10.  EquaUty  of  Two  Masses.  We  know  by  experience  that 
an  elastic  string  or  a  metallic  spring  exerts  force  when  it  is 
stretched  beyond  its  natural  length ;  and  we  can  easily  suppose 
that  whenever  the  string  or  spring  is  stretched  to  a  certain 
extent  it  wiU  exert  the  same  force.  ^loreover,  the  magnitude  of 
this  force  could  be  expressed  in  dynes,  by  measuring  the  number 
of  centimetres  per  second  added  every  second  to  the  velocity  of 
our  gramme  mass  of  water  (converted,  for  convenience,  into  ice) 
while  the  string  or  spring  is  attached  to  the  mass  and  puUed  at 
the  given  constant  stretch ;  or,  what  comes  to  the  same  thing, 
by  measuring  the  number  of  centimetres  described  by  this  mass 
at  the  end  of  any  number  of  seconds  under  the  influence  of  the 
constant  puU  exerted  in  a  right  line  by  the  string  or  spring. 
The  student  wiU  subsequently  learn  that,  if  we  double  this 
number  of  centimetres  and  divide  by  the  square  of  the  number 
of  seconds  during  which  the  force  has  been  applied,  we  shall 
obtain  the  number  of  dynes  contained  in  the  force.  And  we 
can  imagine  the  stretch  so  graduated  as  to  enable  us  to  measure 
any  number  of  dynes.     Thus  a  force  of  any  magnitude  may  con- 
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ceivablj-  be  measured  by  means  of  its  effect  on  our  standard 
gramme  mass  of  water ;  and  this  very  measurement  will  enable 
us  to  work  with  a  body  other  than  water — say  platinum — by 
enabling-  us  to  define  what  we  mean  by  a  gramme  mass  of  the 
new  body.  How  do  we  know  when  we  have  two  equal  masses, 
one  of  water  and  the  other  of  platinum  ?  Indeed,  before  we 
answer  this  question,  we  must  observe  that  there  may  be  no  real 
equality  between  such  substances  possible  at  all ;  any  equality 
between  them  may  be  only  a  conventional  equality.  If  all 
apparently  different  kinds  of  matter  could  be  ultimately  rcsohcd 
into  one  simple  substance — be  it  hydrogen  or  anything  else — 
then  a  real  equality  of  quantity  of  matter  is  jiossiblo  between 
water  and  platinum,  and  conceivably  either  of  these  substances 
could  be  actually  converted  into  the  other.  But  if  there  is  no 
07ie  substratum  at  the  basis  of  all  bodies,  it  is  impossible  that 
any  other  than  a  conventional  equality  can  exist  between  them. 

The  convention  which  is  adopted  for  defining  equal  masses  of 
two  different  kinds  of  bodies  is  this — 

Two  masses,  one  of  a  substance  A  and  the  other  of  a  snlstance  B, 
are  defined  to  tje  equal  when  the  same  force  produces  exactlj/  the 
same  efl't'cf  on  bnth—{(n  example,  makes  them  both  move  over  the 
same  length  in  the  same  time,  ov  generates  velocity  at  the  same 
rate  in  both. 

11.  Composition  of  Velocities.  We  propose  to  show  how  a 
particle  may  be  moving  with  two  velocities  in  two  different 
directions  at  the  same  time.  Let  a  board  be  placed  on  a  hori- 
zontal table ;  let  a  rectilinear  groove, 
OA  (Fig.  2),  be  cut  in  this  board,  and 
let  a  particle  be  placed  at  0  in  the 
groove.  Suppose,  for  definiteness, 
that  the  unit  of  time  is  one  second. 
Let  the  pai-ticle  be  moved  along 
the  groove  with  a  uniform  velocity  represented  by  OA,  and  at 
the  same  time  let  the  board  (i.  e.  every  point  in  the  board)  be 
moved  along  a  groove  cut  in  the  table  with  a  uniform  velocity 
represented  in  magnitude  and  direction  by  OB.  Over  what 
point  in  the  table  will  the  particle  be  found  at  the  end  of  one 
second  ?  Before  the  motions  begin,  complete  the  parallelogram 
OACB. 

At  the  end  of  a  second  the  particle  must  be   found   in   the 
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groove  at  the  point  A,  and  also  at  the  end  of  the  same  time 
the  point  A  of  the  groove  must  be  found  at  the  point  of  the  table 
vertically  under  C.  Hence  this  latter  point  is  the  position  of 
the  particle  referred  to  the  table  at  the  end  of  a  second. 

Let  the  foot  of  a  perpendicular  dropped  from  the  particle  on 
the  table  V)e  called  f/ie  position  of  the  jjarticte  referred  to  the  table. 
How  do  we  know  that  the  position  of  the  particle  referred  to  the 
table  has  described  the  right  line  OC  (or  rather  a  line  in  the 
table  vertically  under  OC)  ?  In  this  way — if  we  demanded  the 
position  of  the  particle  referred  to  the  table  at  the  end  of  any 
fraction  or  multiple  of  a  second,  we  should  find  that  the  distance 
which  it  has  travelled  along  OA  is  to  the  distance  which  the 
groove  has  travelled  in  the  direction  OB  as  OA  is  to  AC,  and 
therefore  the  positions  of  the  particle  referred  to  the  table  trace 
out  a  right  line  vertically  under  OC. 

Cjnsequently  the  two  simultaneous  velocities  OA  and  OB 
which  were  impressed  on  the  particle  have  combined  to  give  it 
a  single  velocity  represented  in  magnitude  and  direction  by  OC. 

The  velocity  OC  is  called  the  resultant  of  the  velocities  OA 
and  OB,  and  these  latter  are  called  components  of  the  velocity 
OC.  Hence  we  arrive  at  the  proposition  which  is  the  foundation 
of  Dynamics : — 

If  a  point,  0,  move  with  two  coexistent  velocities  represented  in 
magnitudes,  directions,  and  senses  hy  tico  right  lines,  OA  and  OB, 
it  will  have  a  resultant  velocity  represented  in  magnitude,  direction, 
and  sense  by  the  diagonal,  drawn  through  0,  of  the  parallelogram 
determined  l)y  the  lines  OA  and  OB. 

This  proposition  is  called  by  the  name  of  The  Parallelogram 
Velocities. 

12.  Composition  of  Forces.  From  the  Parallelogram  of 
^  elocities,  the  Parallelogram  of  Forces  follows  at  once.  Since 
two  simultaneous  velocities,  OA  and  OB,  of  a  particle  result  in  a 
single  velocity,  OC,  and  since  these  three  velocities  may  be 
supposed  to  be  produced  by  the  separate  action  of  three  forces  all 
acting  fcr  the  same  time,  it  follows  that  the  effect  produced  on  a 
particle  by  the  combined  action,  for  the  same  time,  of  two  forces 
may  be  produced  by  the  action,  for  the  same  time,  of  a  single  force 
which  is  therefore  called  the  resultant  of  the  other  two  forces. 

And  these  forces  will  be  represented  in  magniiudesj  lines  of 
action  and  senses  by  the  lines  OA,  OB,  and  OC  (Art.  8) ;  hence — 
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If  two  forces  he  represented  in  magnitudes,  lines  of  action,  and 
senses  hy  two  right  lines  OA  and  OB,  their  result^xnt  is  represented 
in  magnitude,  line  of  action,  and  sense  ly  the  diagonal,  OC,  of  the 
parallelogram  OACB  determined  by  these  lines. 

This  is  the  proposition  of  the  Parallelogram,  of  Forces. 

Cor.  1.  The  resultant  of  two  forces  acting  along  the  same  ri{jht 
line  and  in  the  same  sense  is  equal  to  their  sum  ;  and  if  they  act 
in  different  senses,  the  resultant  is  equal  to  their  difference. 

Cor.  2.  The  resultant  of  two  forces  acting  at  a  point  divides 
the  angle  between  their  lines  of  action  into  two  parts  whose 
sines  are  inversely  proportional  to  the  magnitudes  of  the  forces. 

13.  Equilibrium  of  three  Forces.  In  Fig.  3  produce  CO 
through  0  to  C  so  that  CO=OC'.  Now  imagine  that,  when 
the  particle  is  started  along  the  groove  and  the  board  along  the 
table,  the  table  itself  is  moved  in  a  groove  cut  in  the  floor  in  the 
direction  OC  with  a  velocity  represented  by  OC.  In  this  case 
it  is  exadent  that  the  position  of  the  particle  with  reference  to 
the  floor  is  fixed  ;  that  is,  the  particle  is  at  rest  with  regard  to 
fixed  space  (the  floor  being  supposed  fixed). 

Consequenth'  if  three  forces  represented  by  the  lines  OA,  OB, 
and  OC  act  together  on  the  pai-ticle,  no  motion  wiU  ensue.  In 
this  case  each  force  is  equal  and  opposite  to  the  resultant  of  the 
other  two ;  for  it  is  obvious  that  OA  is  equal  and  opposite  to  the 
diagonal,  through  0,  of  the  parallelogram  determined  by  OB 
and  OC ;  and  that  OB  is  equal  and  opposite  to  the  diagonal  of 
the  parallelogram  determined  by  OA  and  OC. 

14.  Statical  point  of  view.  The  primarj'  conception  of 
force  is  that  of  a  cause  of  motion  in  a  body  or  in  a  material 
particle,  and  the  magnitude  of  any  force  is  estimated  by  the  time- 
rate  at  which  it  generates  momentum  (Art.  8).  Nevertheless  in 
Statics  it  i-j  only  the  tendenct/  which  forces  haEfi-to-pjoduce 
motion  that  is  considered.  Forces  in  this  branch  of  Dynamics 
are  considered  as  acting  in  such  ways  as  to  counteract  each 
other's  tendency  to  produce  motion,  or  as  producing  a  state  of 
equilibrium  in  the  bodies  to  which  they  are  applied  ;  but  the 
magnitude  of  each  force  is  estimated  none  the  less  with  refer- 
ence to  the  amount  of  momentum  which  it  would  actually 
generate  if  it  were  completely  unfettered  by  the  action  of  other 
forces. 

In  common  usage  Forces  are  often  expressed  as  multiples  of  the 
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weight  of  some  standard  bodf  arbitrarily  chosen.  Tims,  a  force 
is  said  to  be  a  force  of  10  kilogrammes'  weight  if  it  is  just 
capable  of  lifting  vertically  a  body  whose  weight  is  equal  to  that 
of  the  mass  of  water  which  at  a  temperature  of  about  4'C.  fills  a 
volume  of  10  cubic  decimetres.  But  even  here  the  Newtonian 
definition  of  force,  as  a  cause  of  change  of  motion,  is  not  discai-ded 
but  merely  kept  in  the  background.  For  the  weight  which  is 
called  a  kilogramme  weight  is  merely  a  force  which  generates 
velocity  at  a  certain  rate  in  a  body  of  certain  mass  ;  and  the 
vertical  force  which  is  jmt  able  to  raise  a  body  from  the  ground 
is  a  force  which  could  generate  velocity  in  the  body  at  the  same 
rate  as  its  weight  and  in  the  opposite  sense.  For  practical 
purj)Oses  this  measurement  of  forces  as  multiples  of  a  weight  is 
used  by  engineers  and  others  ;  but,  as  has  been  already  said  in 
the  branch  of  Dynamics  which  treats  of  Electricity  and  Mag- 
netism, a  different  measure  of  force  is  resorted  to — viz.,  a  measure 
which  is  one  and  the  same  all  over  the  earth,  and  indeed  all 
through  the  universe.  The  mass  of  a  body  is  something  which 
cannot  conceivably  change,  whether  the  body  is  taken  to  dif- 
ferent parts  of  the  earth  or  to  different  parts  of  the  universe  ; 
and  the  force  which,  acting  uniformly  on  this  mass  for  a 
certain  time,  will  at  the  end  of  this  time  have  caused  it  to  move 
with  a  certain  velocity,  must  be  one  and  the  same  wherever 
the  experiment  is  tried.  Hence  the  C.  G.  S.  units  are  called 
absolute  vnits. 

13.  Absolute  Measure  and  Gravitation  Measure.  Were 
it  not  that  the  Earth  is  so  nearly  a  spherical  body  whose  strata 
of  constant  density  are  also  nearh'  spheres  having  a  common 
centre,  it  would  probably  not  occm*  to  men  to  measure  forces  as 
multiples  of  the  iceight  of  some  definite  standard  quantity  of 
matter — as,  for  example,  a  jjound  or  a  hiloyramme  of  water — for 
the  simple  reason  that  the  weigJit  of  this  pound  or  kilogramme 
might  be  very  greatly  different  at  one  place  on  the  surface  from 
its  value  at  another  place  ;  for  the  wehjht,  at  any  given  place,  of 
a  given  mass  (pound  or  kilogramme  of  water)  is  simply  the  force 
with  which  the  Earth  attracts  it  at  the  place.  Now  if  the 
Earth  were  an  extremely  flat  ellipsoid  of  ununiform  density, 
instead  of  being  nearly  the  spherical  body  above  described,  we 
might  imagine  two  steel  bai's  of  identical  constitution,  length, 
and  cross  section  sent  for  examination  of  strength  to  two  ob- 
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servers,  one  at  the  equator  and  the  other  near  the  pole  ;  and 
the  reports  of  these  two  observers  (if  both  used  gravitation 
measure)  would  be  ver}-  different  indeed.  The  observer  at  the 
equator  mig-lit  say  that  the  bar  broke  under  a  jmll  equal  to  the 
weight  of  10,000  kilogrammes,  while  the  other  observer  might 
report  the  breaking  force  as  the  weight  of  5,000  kilogrammes — 
the  reason  being  that  a  mass  of  a  kilogramme  is  twice  as  heavy 
near  the  pole  as  it  is  near  the  equator.  Indeed,  under  such 
circumstances,  the  comparison  of  forces  at  different  places  on  the 
Earth's  surface  would  require  such  troublesome  corrections  for 
latitude,  longitude,  and  other  things,  that  the  measuring  of  forces 
as  multiples  of  the  we////a  of  some  standard  quantity  of  matter 
would  be  practically  impossible,  and  the  great  distinction  between 
the  mags  of  a  body  and  its  tceight  would  be  clearly  emphasised 
in  the  minds  of  men,  instead  of  being  (as  it  is  at  present) 
almost  wholly  lo.st  in  the  case  of  the  great  majority  of  them. 

With  this  gravitation  method  of  measuring  force  let  us 
contrast  the  ahsohtte  method  of  measurement.  At  all  places 
the  quantity  of  matter  contained  in  a  cubic  centimetre  filled 
wjth  distilled  water  at  its  maximum  density  is  the  same,  and 
the  force  which  will  produce  a  definite  velocity  in  this  mass  by 
constantly  acting  on  it  for  a  definite  time  (suppose  1  cm.  per 
second  everj^  second)  is  the  same  ;  so  that  if  the  two  observers 
supposed  above  reported  the  breaking  force  of  the  bars  in  dynes, 
or  in  megadpics  (a  megadyne=10'=  dynes),  their  numbers  would 
be  absolutely  the  same. 

Of  coui-se,  as  the  Earth  is  not  strictly  the  spherical  body  before 
described,  the  weight  of  a  pound  or  a  kilogramme  of  matter  is 
not  exactly  the  same  at  all  places,  but  is  less  near  the  equator 
than  it  is  near  the  poles.  The  amount  of  variation,  however, 
is  so  small  as  to  be  i)ractically  negligible  for  most  purposes.  Never- 
theless the  distinction  between  weight  and  mass  is  one  which  the 
student  should  learn  to  make  even  thus  early.  It  happens  that 
the  various  Planets  of  our  Solar  System  are  all  nearly  spherical 
bodies,  so  that  at  all  points  on  the  surface  of  any  one  of  them  the 
weight  of  a  given  mass  is  nearly  the  same — though  the  mag- 
nitude of  this  force  varies  from  Planet  to  Planet — and  it  is 
found  from  Astronomical  calculations  that  the  following  numbers* 

*  Arago's  Popular  Astrotiomy,  vol.  ii.  p.  415. 
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represent,  approximately,  the  weights  of  the  same  mass  (suppose 
1  gramme)  on  the  surfaces  of  the  following  bodies  : 

On  the  surface  of  the  Sun  .         28-30 

.,     Mercury  -51 

.,     Venus  -91 

.,  .,     the  Earth  1-00 

„     the  Moon     .         .  -16 

.,     Mars    .  .  -50 

„  .,  ,,     Jupiter  .  2-45 

,,     Saturn  .  1-09 

Vranus  1-05 

.,         .,         .,     Neptune       .  1-10 

Hence  if  we  imagine  the  same  metallic  spiral  spring  with  a 
pointer  and  a  dial  plate  so  graduated  into  equal  parts  that  when 
■u  mass  of,  say,  1  kilogramme  is  suspended  from  the  end  of  the 
spring  the  pointer  stands  at  the  number  1  on  the  surface  of  the 
Earth,  it  would  stand  at  these  various  numbers  on  the  surfaces 
of  the  corresponding  bodies  of  the  System. 

It  is  usual  with  engineers  to  speak  of  a  force  of  so  many  i)Ounds, 
or  so  many  kilngrammes,  or  so  many  tans,  instead  of  so  many  pounds' 
weight,  or  so  many  kilogrammes'  iveight,  or  so  many  tons'  iveight. 
This  mode  of  speaking,  however,  is  not  one  that  will  be  adopted  in 
this  treatise,  because  it  is  considered  desirable  to  restrict  the  terms 
pound,  ton,  kilogramme,  gramme,  &c.  to  quantities  of  matter,  and  not 
to  employ  them  to  denote  the  iceiglils  of  such  quantities  of  matter — 
the  weights  and  the  quantities  of  matter  being  obviously  not  the  same 
things,  as  just  explained.  Practically,  however,  no  harm  can  arise 
from  the  stereotyped  mode  of  speaking. 

16.  Force  must  act  upon  matter.  Although  the  Newtonian 
definition  and  measure  of  force  render  it  clear  that  whenever 
force  acts  it  must  act  on  something  material,  it  is  not  impossible 
that  beginners  may  lose  sight  of  this  fact  and  suppose  that  a 
force  could,  for  example,  act  on  a  mathematical  point.  T^'e  may 
without  error  speak  of  forces  as  acting  at  a  point,  but  not  on  it, 
if  their  lines  of  action  pass  through  the  point.  Thus  in  Fig.  2 
two  forces  acting  along  the  lines  OA  and  OB  may  be  spoken  of 
as  two  forces  acting  at  the  point  0 ;  but  their  action  would  be 
physically  impossible  unless  it  took  place  on  some  material  body, 
such  as  a  particle  placed  at  0.  Whenever  force  is  exerted  there 
must  be  matter,  both  acting  and  acted  upon. 

17.  Proper  Kepresentation  of  Forces.     In  representing  the 
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resultant  of  two  forces  which  act  together  at  a  point,  0,  the 
student  should  draw  two  lines  marked  with  arrow-heads  repre- 
senting the  two  forces  acting  from  the  point.  Thus,  if  of  the 
two  forces  P  and  Q,  one,  P,  is  represented  as  acting  from  0,  and 
the  other  f awards  0,  we  must  produce  the  line  QO  to  Q'.  so 
that  OQ'-OQ\  completing,  then,  the  ^ 

parallelogram  OPEQ',  its  diagonal,  OB,       ^  -  ; y--.. 

will  represent  in  magnitude  and  direc- 
tion the  resultant  of  P  and  Q.  The 
marking  of  lines  representing  forces 
with  arrow-heads  will  serve  to  exhibit 
the  .senses  of  the  forces  in  every  case. 

Ao-ain,  since  force  magnitude  and  linear  magnitude  are  two 
things  of  essentially  different  kinds,  the  magnitude  of  a  force 
can  never  he  equal  to  the  length  of  a  line,  hut  it  can  be  repre- 
sented by  such  a  length  on  a  conventional  scale  of  representation. 
Thus,  if  we  are  dealing  with  forces  of  6  pounds'  weight,  9 
pounds'  weight,  and  21  pounds'  weight,  we  may  agree  to 
represent  1  pound  weight  by  a  line  1  inch  long,  in  which  case 
the  above  forces  would  require  lines  6,  9,  and  21  inches  in 
length  to  represent  them  respectively.  The  paper  on  which 
we  diaw  may,  however,  l)e  of  insufficient  size  to  allow  con- 
veniently of  our  drawing  such  a  line  as  the  last,  in  which  case  we 
might  adopt  a  different  and  more  convenient  scale  of  represen- 
tation— say  a  scale  on  which  1  inch  of  length  represents  a  force 
of  3  pounds'  weight,  and  then  the  lines  required  for  the  above 
forces  would  be  only  2,  3,  and  7  inches  long,  respectively. 
Thus  the  scale  of  representation  is  entirely  dependent  on 
convenience.  If  the  forces  are  very  large,  1  inch  must  be 
taken  to  represent  a  force  of  a  great  many  pounds'  weight : 
while  if  the  forces  are  of  very  small  magnitudes,  a  force  of  1 
pound  weight  may  be  represented  by  a  line  several  inches 
loBg— all  errors  of  calculation  founded  on  the  drawing  being 
evidently  much  less  with  a  scale  of  the  latter  kind  than  with 
one  of  the  former. 

18.  Resolution  of  Forces.  Having  proved  the  principle  of 
the  Composition  of  Forces,  the  principle  of  the  Resolution 
of  Forces  at  once  follows.  If  two  forces,  P  and  Q,  are  equiva- 
lent to  a  single  force  00'  =  P  (Fig.  4),  it  is  evident  that  the 
single  force  P  acting  along    00'  can    be  replaced  by  the  two 
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forces  P  and  Q,  represented  in  magnitudes  and  directions  hy  two 
adjacent  sides  of  a  parallelogram  of  which  00'  is  the  diagonal. 
Since  an  infinite  number  of  parallelograms  of  each  of  which  OC 
is  the  diagonal  can  be  constructed,  the  force  R  can  be  resolved 
in  an  infinite  number  of  ways  into  two  other  forces.  These 
forces  are  called  components  of  i?. 

19.  Theorem.  It  being  given  that  the  direction  of  the 
resultant  of  everj^  two  forces  is  that  of  the  diagonal  of  their 
parallelogram,  its  magnitude  must  be  represented  by  this  dia- 
gonal ;  and  conversely. 

Let  it  be  granted  that  the  resultant  of  P  and  Q  acts  in 
the  diagonal,  0(y  (Fig.  4),  of  the  parallelogram  determined 
by  P  and  Q.  Measure  backwards  through  0  a  line,  OP,  the 
length  of  which  represents  the  magnitude,  P,  of  the  resultant. 
A  system  of  forces  acting  at   0,  represented  in  magnitudes  and 

directions  by  P,  Q,  and  P, 
will  e\'idently  be  in  equi- 
librium. Each  force  is, 
therefore,  equal  and  opposite 
to  the  resultant  of  the  other 
two.  If,  then,  we  consider 
P  as  equal  and  opposite  to 
the  resultant  of  Q  and  P,  01^,  the  production  of  OP,  must  be 
the  diagonal  of  the  parallelogram  determined  by  Q  and  P.  Now, 
since  OQP'B  is  a  parallelogram,  OR  =  P'Q  ;  and  since  OF'QO' 
is  a  parallelogram,  P'Q  =  OC/  ;  therefore  OR  =  00'.— Q.E.D. 

Again,  for  the  converse  proposition,  let  it  be  granted  that 
0R=  00',  while  00'  and  OR  are  not  necessarily  in  one  right 
line;  and  let  OP'  be  diagonal  of  the  parallelogram,  OQP'R, 
determined  by  OQ  and  OR ;  then  OP  is  equal  in  magnitude  to 
OP',  since  the  resultant  of  Q  and  P  has  a  magnitude  equal  to  OP'. 
Comparing  the  triangles  OQO' and  OQP',  we  have  00'=  QF, 
QO'  =  OP',  and  OQ  common  to  both  ;  therefore  the  angle 
Q00'=  the  angle  OQF,  therefore  QF  is  parallel  to  OO";  but 
QP'  is  also  parallel  to  OP,  therefore  OR  and  00' are  in  one  right 
line.     Therefore,  &c. — Q.E.D. 

20.  Relations  between  three  Forces  in  Equilibrium.  When 
three  forces  maintain  a  particle  in  equilibrium,  each  force  is 
equal  in  magnitude  to  the  resultant  of  the  other  two,  and  acts  in 
the  sense  exactly  opposite  to  this  resultant.     Thus,  in  Fig.  4, 
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each  of  the  lines,  OP,  OQ,  and  Oil,  which  represent  in  magni- 
tude and  direction  the  forces  P,  Q,  It,  is  equal  and  opposite  to 
the  diagonal  of  the  parallelogram  determined  by  the  two  re- 
maining lines. 

This  enables  us  to  express  the  relative  magnitudes  of  three 
forces  in  equilibrium  by  means  of  the  three  angles  between 
them.  For  (Fig.  4)  the  forces  P,  Q,R  are  equal  in  magnitude  to 
the  lines  OP,  P&,  O'O,  respectively.  Now,  since  the  sides  of  a 
plane  triangle  are  to  each  other  as  the  sines  of  the  opposite 
angles,  we  have 

OP  :  PO' :  (fO  =  sin  PffO  :  sin  O'OP :  sin  OPa. 

AAA 

Denote  by  PQ,  QR,  RP,  the  angles  between  the  directions 
of  the  forces  P  and  Q,  Q  and  R,  R  and  P,  respectively.  Then, 
evidently, 

sin  PO'O  =  sin  QOO'  =  sin  QOR  =  sin  QR  ; 

sin  O'OP  =  sin ROP  =  sinRP;  sin  OPO'  =  sin  POQ  =  sinPQ. 
Hence  we  have  the  fundamental  relations 

P  :  Q  :  i2  =  sin  Q/e  :  sin  RP  :  sinPQ. 
It  may,  perhaps,  assist  the 
beginner  to  mark  the  angle 
opposite  to  each  force  by  the 
corresponding  small  letter  (Fig. 
5) ;  and  then  the  ratios  of  the 
forces  may  easily  be  remembered       '^  p.^ 

in  the  form 

P  :  Q:R  —  smp :  sin  ^  :  sin  r.  (a) 

Since  the  sides  of  the  triangle  OPO'  (Fig.  4)  are  connected  by 
the  equation 

00"  =  OP'— 2  OP.  pa  cos  OPO'  +  PO'^ 
we  have  evidently 

R'- =  P^  +  2  PQ  cos  PQ  +  Q"; 
an  equation  which  gives  the  magnitude  of  the  resultant  of  two 
forces  in  terms  of  the  magnitudes  of  the  two  forces   and  the 
angle  between  their  directions,  the  forces  being  represented  by 
two  linesj  both  drawn  from  the  point  at  which  they  act,  as  in 

A 

Art.  17.  If  PQ  =  0,  the  above  equation  gives  R  =  P  +  Q, 
or  the  resultant  of  two  coincident  forces  is  equal  to  the  sum 
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of  the  forces.  If  PQ  =  tt,  B  =  P  —  Q ;  or,  the  resultant  of  two 
forces  which  act  at  a  point  in  exactly  opposite  senses  is  equal  to 
the  difference  of  the  forces. 

21.  Theorem.  If  any  one  set  of  forces  {P,  Q,  B)  aetinij 
in  three  given  directions  is  in  eqiiitibrinm,  alt  other  sets  acting 
in  equilibrium  in  the  same  (directions  are  merely  muUijiles  of  the 
set  [P,  Q,  B). 

For.  let  the  g-iven  directions  make  ang'les  p.  q,  r,  with  each 
other  in  pairs,  and  let  the  sets  (P,  Q,  B)  and  (P',  Q',  B')  acting 
in  these  directions  be  separate  systems  in  equilibrium.  Then 
we  have 

P  :  Q  -.B   —  sin  J)  :sinq:  sin  r 
and  P' :  Q' :  B'  =  sin  ji :  sin  q  :  sin  r. 

Therefore,     P:  Q:  B  =  F:  Q' -.B',  or  ~  =  ^=^.        Hence 

the  forces  P',  Q',  B'  are  separately  proportional  to  P.  Q,  B, 
and  therefore  the  former  set  is  not  essentially  distinct  from 
the  latter.  This  theorem  is  equivalent  to  the  statement — 
ichen  ice  have  determined  any  one  set  of  forces  in  equilibrium  in 
three  given  directions,  ire  have  determined  all  such  sets. 

Thus,  if  we  know  (see  Example  1,  Art..  24)  that  three  forces 
acting  along  the  bisectors  of  the  sides  of  a  triangle  drawn  from 
the  opposite  angles,  and  proportional  to  the  lengths  of  these 
bisectors,  are  in  equilibrium,  we  know  that  this  is  the  only  set  in 
equilibrium  in  these  directions. 

Again,  we  may  state  the  result  in  the  following  form,  which 
is  known  as  the  Puixciple  of  thk  Triaxgle  of  Forces.  If  three 
forces  are  in  equilibrium,  and  any  triangle  be  drawn  with  its  sides 
parallel  to  the  lines  of  action  of  the  forces,  the  lengths  of  these  sides 
will  represent  the  magnitudes  of  the  corresponding  forces,  on  some 
scale. 

2'2.  Principle  of  the  Transmissi- 
bility  of  Force.  ^Vhen  a  force  acts 
on  a  particle,  the  force  will  produce 
the  same  effect  if  it  be  supposed 
applied  at  any  point  along  a  string 
connected  with  the  particle,  the  string 
lying  in  the  line  of  action  of  the  force. 
Thus,  if  a  force  equal  to  the  weight 
of  P  grammes  (Fig.  6)  act  on  a  particle,  0,  in  the  direction  OA, 
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P  may  he  supposed  to  act  at  A  or  B  at  the  end  of  a  strin<>- 
attached  to  0.  Imajj'ine  the  particle  0  to  be  connected  with 
an  indefinitely  thin  rij^id  membrane,  aljc  ;  then  any  force  P  actinj^- 
on  0  may  be  suppo,'<cd  to  be  directly  applied  at  ««y  j)oint  of  tlu^ 
membrane  in  the  line  of  action  of  /-". 

.  This  axiom  is  known  as  the  principle  of  ihe  transmi-mljilili/  of 
force;  it  is  one  of  the  fundamental  principles  of  Rational  Static?, 
and  in  most  treatises  on  the  subject,  it  constitutes  the  basis  of 
the  investigation  of  the  conditions  of  equilibrium.  It  is  essen- 
tially necessary  to  observe  that  it  holds  good  only  for  a  rigiil 
body  — that  is,  a  body  whose  parts,  under  all  circumstances,  must 
maintain  constant  distances  from  each  other.  Thus,  if  we  sup- 
pose such  a  body  ahoiil  to  be  acted  on  by  any  set  of  forces  given 
in  magnitudes  and  directions,  we  can  say,  before  Ihe  forces  are 
acfnal/i/  applied  at  certain  ))oints  in  the  body,  that  the  effect  will 
be  the  same  if  these  forces  are  applied  at  aiii/  other  poiiils  in 
their  respective  lines  of  action.  On  the  contrary,  if  the  body  is 
dcformable,  we  can  make  no  such  assertion.  Take,  fur  example, 
a  set  of  parallel  rulers,  ABCD  (Fig.  7),  of  which  the  ruler  CD  is 
fixed,  and  suppose  a  force  jPto  act  on  the  ruler  AB,  at  the  point  a. 
\i,  previovs  to  the  artion  of  the  force,  it  were  allowable  to  transfer  its 
point  of  application  to  b,  on  the  fixed 

ruler  CB,  it  is  clear  that  the  system  y^ 

would  remain  at  rest.     But  we  know      .  y    _ 


tliat  the    force   T,   applied   at  a,  will       V~  ..-'«       \ 

cause    the    nder   AB    to    move    until  \ ^ \ 

the    braces  AB  and    CB  are   paralli'l  ,,.^  _ 

to  the  direction  of  F.      However,  after 

the  (hformable  hody  has  taken  up  a  position  of  eqiiiUbrium  under  the 

action  of  the  forces,  we  can  imagine  the  whole  body  to  be  rigidi- 

fied  and  each  force  may  then  be  transferred  to  any  point  in  its 

line  of  action,  this  point  being  supposed  to  be  rigidly  connected 

with  the  system,  just  as  in  the  case  of  an  indeformable  body. 

Several  other  very  obvious  instances  of  the  inapplicability  of 
this  principle  will  doubtless  present  themselves  to  the  student. 

It  is  essential  to  ob.serve  at  the  outset  that  in  nature  there  are 
no  such  things  as  rigid  bodies.  For  a  great  many  practical 
matters  there  are  bodies  which  may  be  treated  as  if  they  were 
rigid  or  indeformable ;  but  the  fact  that  the  particles  of  solid 
bodies  like  iron  can  be  thrown  into  vibration  by  the  application 

VOL.  :.  c 
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of  even  small  impulses — as  is  evidenced  by  the  production  of 
sound  from  bells  and  gong« — proves  that  these  bodies  are  not 
absolutely  rigid. 

Bodies  which  most  nearly  approximate  to  the  notion  of 
rigiditv  are  called  Natural  Solids. 

Examples. 

1.  Find  the  magnitude  of  the  resuhant  of  two  forces  of  10 
kilogrammes'  weight  and  8  kilogrammes'  weight,  which  act  at  an 
angle  of  105°. 

Am.  R  =  2^41  — 10(-v/6—  V'i)  =  11-06  kilogrammes'  weight. 

2.  Two  forces  acting  at  0  are  represented  by  the  lines  OA  and  05; 
if  G  is  the  middle  point  of  AB,  the  resultant  is  represented  com- 
pletely by  2 .  OG. 

3.  Two  forces,  P  and  Q,  of  which  P  is  given,  act  at  an  angle  of  60°; 
given  the  magnitude  of  their  resultant,  R.  find  the  magnitude  of  Q. 

^       ViR^-3P'-P 
Ang.   Q  = —  • 

^/3 
From  this  it  appears  that  R  cannot  be  less  than  —  •  P :  explain 

this  result  by  a  figure. 

<   4.  Two  forces,   P  and  Q,  inclined  at   an  angle  of  120°,   have  a 

resultant,  R ;  when  they  are  inclined  at  an  angle  of  60",  the  resultant 

becomes  n  times  as  great  as  before  ;  show  that 

n 

^=  ^y|  (\/3«--l  +  -/3-jr) 

anil  Q = j:/^w^^^'^  -  -/s^^')- 

'  5.  If  two  forces,  acting  at  a  given  angle,  be  each  multiplied  by  the 
same  number,  show  that  their  resultant  is  also  multiplied  by  this 
number  and  unchanged  in  direction. 

6.  Two  forces  act  at  an  angle  10  ;  each  force  becomes  n  times  as 

great  as  before,  and  the  angle  between  the  forces  is  reduced  to  —  ; 

each  of  these  latter  forces  again  becomes  n  times  as  great  as  before,  and 

the  angle  between  them  reduced  to  —  •     It  is  observed,  that  in  all 

these  cases  the  magnitude  of  the  resultant  is  unaltered.     Show  that 


_,/-/9  +  4n-— K 
ft)  =  4  cos   't 1- 

7.  Two  chords,  OA  and  OB,  of  a  circle,  represent  in  magnitude  and 
direction  two  forces  acting  at  the  point  0  ;  show  that  if  their  resultant 
passes  through  the  centre  of  the  circle,  either  the  chords  are  equal  or 
they  contain  a  right  angle. 
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■  8.  Find  the  compononts  of  a  force,  P,  along  two  directions  making 
angles  of  30°  and  ia'  with  P  on  opposite  sides. 

2P  ,    PV2 

Ans.  r^>    una ;=• 

1  +  VS  1  +  Va 

9.  Show  that  a  force  represented  in  magnitude  and  direction  by  the 
diameter  of  a  circle  may  be  resolved  into  two  rectangular  components 
represented  by  any  two  rectangular  chords  of  the  circle  drawn  from 
the  extremity  of  the  diameter. 

10.  Two  rectangular  forces,  P  and  jP-/3,  act  on  a  particle  lying  on 
the  ground.  If  P  makes  an  angle  of  30"  with  the  horizon,  show  that 
the  particle  will  have  no  horizontal  motion. 

>   11.  Tliree  forces  equal  to  P,  P+Q,  and  P  —  Q,  act  on  a  particle  in 

2t 
directions  mutually  including  an   angle  — ;    find  the  magnitude  and 

direction  of  their  resultant. 

12.  0  is  a  point  on  a  circle,  and  two  forces  inversely  proportional 
to  any  two  chords,  OA  and  BO,  act  at  0  in  the  senses  OA  and  BO ; 
prove  that  their  resultant  acts  along  the  tangent  to  the  circle  at  0. 

(Invert  the  circle  from  0  ;  or  otherwise.) 

13.  J _BCZ)  is  a  quadrilateral  inscribed  in  a  circle.  Along  .;!  Z?  and 
AD,  and  in  these  senses,  act  two  forces  respectively  proportional  to  the 
opposite  sides,  DC,  BG ;  prove  that  their  resultant  acts  in  the  diagonal 
AC  and  is  proportional,  on  the  same  scale,  to  the  diagonal  BD. 

(Sec  Cor.  2,  Art.  12.)     Hence  Ptolemy's  Theorem  in  Geometry. 

14.  ABCD  is  a  quadrilateral  inscribed  in  a  circle.  Along  AD  and 
BC,  and  in  these  senses,  act  two  forces  inversely  proportional  to  theso 
chords ;  prove  that  if  AD  and  BC  intersect  in  E,  and  the  diagonals  AC, 
BD  intersect  in  0,  the  resultant  of  the  two  forces  acts  in  the  line  OE. 

(See  Art.  22,  and  Cor.  2,  Art.  12.) 

1 5.  From  any  point,  0,  is  drawn  a  right  line  meeting  a  circle  in 
A,  A',  and  also  another  right  line  meeting  the  circle  in  B,  B' .  If  M 
and  N  are  the  middle  points  of  AA'  and  BB' ,  respectively,  and  two 
forces  act  at  0  in  the  senses  OJ/  and  NO,  inversely  jiroportional  to 
these  lengths,  show  that  their  resultant  is  jjerjjendicular  to  the 
diameter  drawn  through  0. 

(Deduce  from  ex.  12  ;  or  otherwise.) 

23.  Theorem.  The  following'  theorem  is  of  wide  aj)plication 
in  the  composition  of  forces  : — 

If  two  forces  acting  at  a  point,  0,  are  represented  in  mag- 
nitudes and  directions  by  OB 
and  n  .  OA,  their  resultant  is 
represented  in  magnitude  and 
direction  by  («+l)  Off,  the 
point  G  being  taken  on  AB  so 
that  BG  =  n.AG. 

For,  produce  OA  to  C  so  that  OC  =  n .  OA.     Then   the   two 

c  2 
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forces  actina;'  at  0  arc  represented  by  OC  and  OB.  Complete 
the  parallelogram  OCBB.  Then  the  diagonal  OR  is  the  re- 
sultant force. 

From  C  draw  CJI  parallel  to  AB.  Then  the  triangles  CHU 
and  BGO  are  equal  in  all  respects,  .•.  HB  =  OG.  Now  since 
OC  =  11.  OA,  it  follows  that  0//=  n  .  OG,  .:  OR  =  («+!)  OG, 
which  proves  the  proposition  for  the  magnitude  of  the  resultant. 

Oil      CO 
Again,  ^r  —  rvi  ~  "'  ""  ^^^  —  ''  •  ^'^^>  '^"'^  '^ince  CH  =  BG, 

we  have  BG  =  u  .  AG. 

As  a  particular  case,  the  resultant  of  two  forces  represented 
Ijy  OA  and  OB  passes  through  the  middle  point  of  AB,  and  is 
represented  by  twice  the  line  joining  0  to  this  point. 

If  the  two  forces  are  equal  to  u .  OA  and  ui .  OB,  the  resultant 

passes  through  the  point  G  determined  so  that  — —  =  — ,  and  is 
represented  on  the  same  scale  by  (m  +  n).  OG. 

For,  diminishing  tlie  scale  to  which  the  forces  are  drawn  in 
the  ratio  o(m:  1,  the  two  forces  will  be  represented  by  OB  and 

—  OA.     It  then  follows,  by  what  precedes,  that  the  resultant 
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acts  throusrh  a  point  G,  such  that  BG  =  —  AG,  and  is  equal  in 

magnitude  to  ( 1"  0  •  ^^'-     If-  now,  wc  revert  to  the  original 

scale,  this  must  be  multiplied  by  m,  and  we  have  for  the  resultant 

(«  +  «;).  or;.— Q.E.  D. 

24.  Graphic  Eepresentation  of  the  Resultant.  If  several 
forces,  Pj,  -Po,  .  .  .  act  together  at  a  point,  their   resultant  is 

found  thus  :  — Take  the  resultant  of  Pj 
and  Pg ;  compounding  this  resultant 
with  P3,  we  get  a  new  force  which  is 
the  resultant  of  Pj,  P^,  and  P^;  com- 
pounding this  force  with  P^,  we  get 
the  resultant  of  Pj,  P.^,  P,,  and  P^•, 
and  carrying  on  this  process  until  all 
the  forces  have  been  used,  we  obtain 
in  magnitude  and  dii-ection  the  re- 
sultant of  the  whole  system. 

Let  g^  be  the  middle  point  of  the 
line  P^P.,,  which  joins  the  extreniities  of  the  first  two  forces. 


Fig.  9. 
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Then  the  resultant  of  Pj  and  P^  is  represented  in  magnitude  and 
direction  by  2.0ffy.  Compounding  the  force  2.0//,  with  Pg, 
we  get  a  resultant  represented  in  magnitude  and  direction  by 
3  .  Off.,  (Art.  23j,  where  ff.^  is  a  point  on  y,  P^  such  that  P_^g^  — 
2  .^,  y.,.  Again,  the  resultant  of  3  .  Og^  and  P^  is  4  .  Og^,  where 
^3  is  the  point  on  P^y^  such  that  P^g.^  —  3  .g.,g-,,.  If  there  are  n 
forces  acting  on  0,  and  if  G  is  the  last  point  detennincd  as  above, 
the  resultant  is  represented  in  magnitude  and  direction  by 
n  .  OG. 

Def.  The  point  G,  thus  determined,  is  called  the  Centroid  of 
the  points  P^,  P^,  .  .  .  P„. 

Cor.  1.  If  the  jioint  0,  at  which  the  given  forces  act,  is  the 
centroid  of  the  extremities  of  the  forces  Pj,  Pg,  .  .  .  P„,  the 
resultant  force  vanishes,  and  the  particle  at  0  is  in  equili- 
brium. 

Cor.  2.  The  student  will  also  perceive  that  if  at  the  points 
P^,  P^,  .  .  .  P„  there  be  placed  equal  particles,  each  of  mass  m, 
and  if  each  of  these  particles  attracts  or  repels  the  particle  0 
with  a  force  pro])ortional  to  m  and  to  the  distances  OP^.  0P„, 
.  .  .  0P„,  respectively,  the  resultant  attraction  or  repulsion  on  0 
will  be  nm  .  OG,  or  31.  OG,  where  ^f  =  the  sum  of  the  masses  and 
G  is  their  centre  of  mass. 

Cor.  3.  If  the  attracting  or  repelling  particles  form  a  con- 
tinuous body,  of  mass  31,  and  the  law  of  attraction  or  repulsion 
is  that  of  the  direct  distance,  the  resultant  attraction  or  rei)ulsion 
will  be  proportional  to  31 .  OG,  acting  in  the  line  OG,  where  G 
is  the  centre  of  mass  of  the  body. 

This  result  is,  therefore,  seen  to  be  a  simjjlc  consequence  of 
the  theorem  in  this  Article  concerning  the  resultant  of  a  number 
of  forces  acting  on  a  particle — a  theorem  which  was  first  given 
by  Leibnitz. 

ExAKPIiES. 

■  1.  Find  a  point  inside  a  triangle  such  that  if  a  particle  placed  at 
it  be  acted  on  by  forces  represented  by  the  lines  joining  it  to  the 
vertices,  it  will  be  in  equilibrium. 

Ans.  The  intersection  of  the  bisectors  of  the  sides  drawn  from 
the  opposite  angles. 

2.  Pj,  Pj,  .  .  .  P„  are  points  which  divide  the  circumference  of  a 
circle  into  n  equal  parts.  If  a  particle,  Q,  lying  on  the  circumference, 
be  acted  upon  by  forces  represented  by  QF^,  QP,;  •  •  •  QPn>  show  that 
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the  magnitude  of  the  resultant  is  constant  wherever  Q  is  taken  on  the 
circumference. 

It  is  n  .  QO,  0  being  the  centre  of  the  circle. 

3.  A  particle  placed  at  0  is  acted  on  by  forces  represented  in 
magnitudes  and  directions  by  the  lines,  0.1,,  OA^,  .  .  .  0A„,  which 
join  0  to  any  fixed  points,  A^,  A^,  .  .  .  A„;  where  must  O  be 
placed  so  that  the  magnitude  of  the  resultant  force  may  be  con- 
stant ? 

Ans.  If  the  resultant  is  represented  by  a  line  of  length  li,  0  may 

be  placed  anywhere   on  a  sphere  of  radius  —  described  round  the 
centroid  of  the  fixed  points  as  centre.  ** 

4.  Two  forces  are  represented  by  two  semi-conjugate  diameters  of 
an  ellipse ;  prove  that  their  resultant  is  a  maximum  when  the 
diameters  are  equal  and  so  taken  as  to  include  an  acute  angle ;  and 
that  their  resultant  is  a  minimum  when  they  are  equal  and  include  ai> 
obtuse  angle. 

5.  ABCD  is  a  quadrilateral  of  which  A  and  C  are  opposite  vertices. 
Two  forces  acting  at  A  are  represented  in  magnitudes  and  directions 
by  the  sides  AB  and  AD ;  and  two  forces  acting  at  C  are  represented 
in  magnitudes  and  directions  In-  the  sides  CB  and  CD.  Prove  that 
the  resultant  force  is  re|)resented  in  magnitude  and  direction  by  four 
times  the  line  joining  the  middle  points  of  the  diagonals  of  the  quadri- 
lateral. 

6.  0  is  any  point  in  the  plane  of  a  triangle,  ABC,  and  D,  E,  F  are 
the  middle  points  of  the  sides.  Show  that  the  system  of  forces  OA, 
OB,  OC  is  e(iuivalent  to  the  system  OD,  OE,  OF.  (Wolstenholme, 
Book  of  Matliematical  Problems.) 

7.  If  0  be  the  centre  of  the  circumscribed  circle  of  a  triangle,  ABC, 
and  L  the  intersection  of  perpendiculars  from  the  vertices  on  the  sides, 
prove  that  the  resultant  of  forces  represented  by  LA,  LB,  and  LC 
will  be  represented  in  magnitude  and  direction  by  2  LO.  (Wolsten- 
holme,  ibid.) 

If  G  is  the  centroid  of  the  triangle,  the  resultant  is  3  .  LG  (Art.  24) ; 
but  this,  by  a  well-known  theorem  in  Geometry,  is  2  .  LO. 

8.  Show  that  the  resultant  of  any  number  of  concurrent  forces,  P,, 
r^,  P^,  .  .  .  may  be  found  thus :  measure  off  any  lengths  1^,1^,1^,... 
from  their  point,  0,  of  meeting  along  their  respective  lines  of  action  ; 
place  at  the  ends  of  these  lines  particles  whose  masses  are  propor- 

P     P     P 

tional  to  -y-  >  -p-  >  y^ ,  .  .  .  ;   let  (?  be  the  centre  of  gravity  of  these 

•       >      '.  .  . 

particles ;  then  OG  is  the  line  of  action  of  the  resultant  of  the  given 

P 

forces,  and  its  magnitude  is  OG  x  2  y     (Mr.  Swift  P.  .lohnston.) 

25.  G-raphic  Bepresentation  of  the  Resultant.  There  is 
another  mode  of  exhibiting  the  resultant  of  a  number  of  forces 
acting  on  a  particle. 
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Fig.  lo. 


When  two  forces,  OA  and  OB  (Fig.  2,  p.  7)  act  at  0,  their 
resultant  is  the  diagonal  of  the  parallelogram  OACB  ;  or,  again, 
it  may  Le  considered  as  the  third  side 
of  the  triangle  determined  by  OA  and 
AC,  the  latter  line  being  drawn  from 
the  extremity  of  the  force  OA  parallel 
to  the  other  force,  OB. 

Let  any  number  of  forces,  OA,  OB, 
OC,  OB  (Fig.  lo),  act  at  0.  Then 
drawing  oa  (Fig.  1 1)  parallel  and  equal 
(or  proportional)  to  OA,  and  from  the  extremity  a  drawing  ab 
parallel  and  equal  (or  proportional,  on  the  same  scale)  to  OB, 
the  resultant  of  the  forces  OA  and  OB  is  represented  by  ol,  the 
third  eide  of  the  triangle  oab.  (Of  course  the  resultant  acts  at 
0,  and  is  parallel  to  oh.)  Again,  drawing  Ic  parallel  and  equal 
(or  proportional)  to  OC,  the  resulbmt  of  ob  and  Ic  is  oc.  Com- 
pounding this  with  cd,  which  represents  OB  in  the  above  manner, 
we  get  the  resultant  of  the  whole  system 
represented  in  magnitude  and  direction  by 
od,  the  last  side  of  the  polygon  oabcd. 

Hence  to  represent  the  resultant  of  any 
number  of  forces  acting  at  a  point,  0 — 

Take  any  point,  o,  and  draw  the  sides  of 
a  polygon  successively  parallel  and  propor- 
tional to  the  forces  acting  at  0  ;  then  the  last       "         yig.  u. 
side,  or  that  which  is  required  to  close  up 
the  polygon,  represents  in  magnitude  and  direction  the  resultant 
of  the  system. 

Cor.  1 .  If  the  last  vertex,  d,  of  the  polygon  of  forces  closed  up 
into  0,  the  side  od  would  vanish,  and  the  resultant  force  would 
vanish  ;  that  is,  the  system  of  forces  would  be  in  equilibrium. 
Hence — 

If  the  sides  of  a  closed  polygon  marked  with  arrows,  which  all 
go  round  the  polygon  in  the  same  sense,  represent  in  magnitudes 
and  directions  the  forces  which  act  together  on  a  particle,  these  forces 
form  a  system  in  equilibrittm. 

Cor.  2.  When  only  three  forces  act,  the  preceding  Cor.  shows 
that  they  will  be  in  equilibrium  if  they  are  parallel  and  pro- 
I)ortional  to  the  sides  of  a  triangle  which  are  marked  with 
arrows  all  going  round  the  triangle  in  the  same  sense. 
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This  proposition  lias  been  already  enunciated  as  the  Triangle  of 
Forces. 

26.]  Laplace's  Proof  of  the  Paeallelogeam  of  Forces. 
Among  purely  statical  proofs  of  thi.s  fundamental  proposition,  i.e. 
proofs  which  do  not  depend  on  the  consideration  of  velocity,  Laplace's 
appears  to  be  the  most  elegant,  and  as,  moreover,  it  does  not  involve 
the  principle  of  trausmissibility,  it  is  thought  desirable  to  include  it 
in  the  present  treatise. 

Let  two  rectangular  forces,  P  and 
Q,  reitresented  by  the  lines  OA  and 
OB  (Fig.  12),  act  at  0,  and  let  It  be 
the  unknown  magnitude,  and  OC  the 
unknown  direction,  of  their  resultant. 
It  is  evident  that  if  P  and  Q  give  a 
resultant  equal  to  R  acting  in  OC,  nP 
and  nQ  will  give  a  resultant  equal  to 
nR  acting  also  in  OC,  because  taking 
multiples  of  the  forces  is  the  same  thing  as  merely  altering  the 
scale  of  magnitude  to  which  they  are  referred.  Conversely, 
whatever  n  may  be,  nR  may  be  replaced  by  nP,   making  an 

angle  d{=  CO  A),  and  nQ,  making  an  angle  -  —  0(  =  COB)  with 


"A 
Fig.  12. 


the  direction  of  R.     Let  n  be  taken  =  jr  and  draw  A' OB'  per 

pendieular  to  OC.     Then  since 

R  may  be  replaced  by  P  in   OA  and   Q    in   OB, 


R 


in   OC 


R 


in  OA'. 


PQ  Q- 

Similarly  Q  may  be  rej^laced  by  -=f^  in  OB'  and  —^  in  OC. 

Hence    the   forces    7^    and     Q    are    equivalent    to    a    force 

=  ^  +  -%-  in  OC,  a  force  -^  in  OA',  and  a  force  -^  in  OB', 
li         K  li  R 

But  these  last  are  equal  and  oi^posite,  and  therefore  the)'  destroj- 
each  other.     Hence  P  and   Q  are  equivalent  to  a   single  force 


„       acting  in  the  direction  of  their  resultant ; 

P2+Q2 


therefore 


R 


P  = 

R=  x/p-  +  q'- 
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Thus  \vc  have  found  the  mar/nifude  of  the  resultant  of  any  two 
rectangular  forces.     "We  now  proceed  to  find  its  direction. 

If  JP  and  Q  are  equal,  their  resultant  bisects  the  ang'le  between 
them,  and  (l)  therefore  shows  that  it  is  represented  in  magnitude 
and  direction  by  the  diag-onal  of  their  parallelogram. 

Let  three  forces,  at  right  angles  to  each  other,  OA,  OB,  and 
OC  (Fig.  13)  each  equal  to  P,  act  on  a  particle  0  ;  complete  the 
cube  as  in  the  figure.     By  what  precedes,  the  resultant  of  OB 
and   OC  is  OF;   combining  this  with 
OA,  we  see  that  the  direction  of  the 
resultant  lies  in  the  plane  FOA.    Simi- 
larly, it  can  be  proved  to  Ke  in  the 
plane  COD;  hence  its  direction  is  0(7, 
the  intersection  of  these  planes,  or  the 
diagonal  of  the  cube.     Now  from  (l) 
0F=  P\/2,  and  the  resultant  of  the      /■" 
three  forces  is  the  same  as  the  resultant  j-,,,  ,3 

of  P-/2  along  OF  and  P  along  OA.  °_ 

By  (1)  the  magnitude  of  the  resultant  is  P-Zs,  and  since 
0(/  =  PV^,  we  have  proved  that  the  diagonal,  00',  of  the 
pai-allelogram  FOA  represents  in  magnitude  and  dii-ection  the 
resultant  of  two  forces  P  and  P  -/2. 

Suppose  now  that  OA  =  P,  OB  =  PV2,  and  OC  =  P,  and 
complete  the  parallelopiped.  We  have  just  proved  that  the 
resultant  of  0B{=PV2)  and  0C{=  P)  is  the  diagonal  OF 
(  =  py3);  and  since  the  residtant  of  the  three  forces  must 
lie  in  the  planes  COB  and  FOA,  it  must  act  in  the  diagonal 
OC  But  this  resultant  is  the  resultant  of  P-Zs  along  OF 
and  P  along  OA,  and  by  (l)  its  magnitude  is  P-/i,  which 
is  the  magnitude  of  00',  the  diagonal  of  the  parallelogram 
FOA. 

By  keeping  OA  and  OC  each  equal  to  P,  and  giving  OB  the 
values  P,  Pv'2,  PVs,  ...  P-/w,  successively,  we  prove^  in  this 
way  that  the  parallelogram  law  holds  for  P  and  PVm,  where 
;«  is  any  integer.  Again,  keeping  OB  =  PVm,  OC  =  P,  and 
making  0^  =  P,  P  ■/  2",  P  ■/  3,  . . .  P  -/»  —  1 ,  in  succession,— where 
n  is  an  integer, — we  prove  that  the  law  holds  for  P  Vm  and  P  -/«, 
i.e.,  for  any  two  rectangular  forces  the  squares  of  whose  magni- 
tudes are  proportional  to  two  integers ;  hence  it  holds  for  any 
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two  rectangular  forces,  because  even  if  their  ratio  involves  an 
endless  decimal,  this  (and  its  square)  can  he  exjiresscd,  to  any 
desired  degree  of  aecui-aey,  as  the  ratio  of  an  integer  number  to 
some  power  of  1 0.  The  parallelogram  law,  then,  holds  for  two 
rectangular  forces  which  bear  to  each  other  any  given  ratio. 

From  this  the  proposition 
follows  easily  for  oblique 
forces. 

Let  OA  and  OB  (Fig.  14) 
represent  two  oblique  forces, 
P  and  Q  ;  complete  the  par- 
allelogram, draw  the  line  mu 
through  0  perpendicular  to 
the  diagonal  OC,  and  let  fall 


Fig.  14. 


the  i>erpendiculars  Ap,  Am,  Bq,  and  Ba,  on  OC  and  mn.  By 
what  we  have  proved,  the  force  OB  (=  Q)  can  be  replaced  by 
Oq  and  On,  and  OA  {=  P)  can  be  replaced  by  Ojj  and  Om. 
But  Om  is  evidently  equal  and  ojiposite  to  On,  therefore  OC  is 
the  line  of  action  of  the  resultant,  and  its  magnitude  =  Op  +  Oq, 
which  =  OC. 


CHAPTER  II. 

GENERAL    CONDITIONS    OF    THE   EQUILIBRIUM    OF    A    PARTICLE 
UNDER   THE   ACTION    OF    FORCES    IN    ONE    PLANE. 

27.]  Absolute  Condition  of  Eqxiilibrium.  One  condition  is 
necessary  and  suflicient  for  the  equilibrium  of  a  particle — and 
that  condition  is,  that  the  magnUnde  of  the  resultant  force  acting 
upon  it  sfiall  be  zero.  In  the  case  of  a  body  of  finite  extension  (as 
distinguished  from  a  mere  particle)  the  student  will  afterwards 
see  that  this  single  condition  is  not  sufficient.  The  vanisliing  of 
the  Resultant  may  be  called  the  aliolute  condition  of  the  equi- 
librium of  a  jiarticle. 

28.]  Several  Forces.  When  sevei-al  forces  act  upon  a  particle, 
the  condition  of  its  equilibrium  may  be  expressed  as  in  Cor.  1. 
p.  21  ;  or  as  in  Cor.  1,  p.  23.  But  in  practice,  these  repre- 
sentations would  frequently  be  found  clumsy,  and  we  obtain 
simpler  results  by  using  the  principle  of  the  Resolution  of 
Forces  than  those  given  by  the  princii)le  of  Composition.  It  is  to 
be  observed  that  forces  acting  on  a  particle  are  to  be  considered 
a.s  force.s  irJiose  lines  of  acCion  all  /jass  tltrovgh  one  common  point. 

29.]  Resolution  of  Forces  in  given  Directions.  It  has  been 
proved  that  a  force  can  be  resolved  into  two  others  along  any 
two  directions  in  the  same  plane,  if  this  plane  contains  the  line 
of  action  of  the  force.  Simplicity  is 
gained  by  taking  these  two  directions 
at  right  angles  to  each  other.  Thus, 
let  Ox  and  Oy  be  any  two  lines  at  right 
angles  to  each  other,  and  P  anj-  force 
acting  at  0  in  the  plane  Oi'y.     Then,      "  Fie  i :; 

completing  the  parallelogram  OAPl, 
we  find  the  components,  OX  and  OY,  of  the  force  F  along  the 
axes  Ox  and  Oy.  Let  OX  and  OY  be  denoted  simply  by  X  and 
Y.     It  is,  then,  evident  that 

X  =  p  cos  e, 

I^  =  P  sin  9, 
where  9  is  the  angle  which  the  direction  of  P  makes  with  Ox. 
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Ill  strictness,  when  we  speak  of  the  component  of  a  ■^'■ivcn 
force  along-  a  certain  line,  it  is  necessary  to  mention  the  other 
line  along-  which  the  other  component  acts.     For  cxamjile,  the 

force  P  may  have  an  infinite 
number  of  components  along 
the  same  right  line  Ox.  If 
the  line  associated  with  Ox  be 
Dm.  and  if  the  parallelog-ram 
OMPM'  be  completed,  the 
component  of  P  along  Ox  will 
be  OM,  the  other  component 
being  031'.  If,  again,  the  resolution  of  P  be  effected  along  Ox 
and  Oh,  and  the  jmrallelogram  ONPl^'  be  drawn,  the  com- 
ponent of  P  along  Ox  will  be  ON;  and  it  is  c\'ident  that  if  co  be 
the  angle  between  the  axes  along  which  P  is  resolved,  the  com- 
ponent along  Ox  will  be     P J • 

^  *  sin  w 

In  what  followsj  unless  the  contrary  is  expressed,  by  tlie 
component  of  a  force  along  any  line  we  shall  undei-stand'  the 
redangular  component ;  that  is,  the  resolution  is  sujiposed  to  be 
made  along  this  line  and  the  line  perpendicular  to  it.  It  must 
be  remembered,  then,  that — 

The  component  of  a  force,  P,  along  a  right  line  is  P  x  cos  {angle 
between  right  line  and  dirertion  of  P). 

30.]  Equations  of  Equilibrium,  or  Analytical  Conditions. 

If  several  forces,  P-^ ,  P.j, ,  P. , 
.  .  .  act  at  0,  each  of  them 
may  be  replaced  by  its  two 
components,  one  along  Ox, 
and  the  other  along  Oy, 
which  is  perpendicular  to 
0.r(Fig.  17).  Thus,  the  com- 
ponents of  P,  arc  Pj  cos  0,, 
and  Pj  sin  0-^ :  those  of  Po 
are  P^  cos  O^,  and  Pg  sin  0^, 
and  these  latter  are  mea- 
sured in  exactly  the  same  senses  as  the  components  of  Pj ;  that 
is  to  say,  P.,  cos  6.-,  is  the  component  of  P^  along  Ox  in  the 
sense  Ox.  The  component  of  P.^  in  the  figure  is  actually  in 
the   sense   opposite  to   Ox,  that   is,  in    the    sense   0,  —  x;    still, 
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the  component  in  the  sense  Ox  is  P^  cos  0.,,  for  cos  d.^  i** 
ncgatise.  If  the  senses  Ox  and  Oi/  arc  regarded  as  the 
positive  senses,  any  components  which  act  in  the  opposite 
senses,  0,  —  x  and  0,—y,  would  subtract  from  the  positive 
components,  and  must  be  considered  negative.  It  will  be  seen 
that  the  negative  sign  of  every  component  will  be  perfectly 
represent<?d  and  accounted  for  by  the  general  expressions,  P  cos  0 
and  P  sin  6,  for  the  two  comj)onents.  Thus,  the  figure  shows 
that  both  components  of  Pj  are  negative,  and  accordingly  lioth 
of  the  expressions  P3  cos  0^  and  P3  sin  ^3  are  negative,  since  0., 
is  >180°. 

Li  order  that  the  expressionn  P  cos  6  ami  P  sin  6  mai/  always 
represent  components  in  the  positive  senses  Ox  and  Oy,  the  angle 
6  must  t)e  measured  from  Ox  towards  the  line  of  action  of  the  force 
in  a  fxed  sense — that  opposite  to  watch-hand  rotation  being 
generally  chosen. 

With  this  understanding,  then,  we  may  saj^  that  the  com- 
ponents of  Pj,  Po,  P3  in  the  direction  Ox  are  Pj  cos  0^. 
P.2  cos  62,  and  P3  cos  d^,  and  those  in  the  direction  Oy  are 
Pj  sin  0-1,  P.,  sin  60 ,  and  P3  sin  0^. 

Replacing  each  of  the  forces,  Pj,  P.,,  P3,  ...  by  its  com- 
ponents, we  have 

Pi  cos  O^  +  P^  cos  6.^+  P3  cos  d^+  ...,  or  2  P  cos  0,  along  Ox, 
and 

Pi  sin  (J,  +  P,  sin  0.^  +  P3  sin  O3  +  . . .,  or  S  P  sin  0,  along  Oy. 

If  the  component,  P  cos  0,  of  a  force,  P,  along  Ox,  be  de- 
noted by  X,  and  that  along  Oy  by  Y,  the  whole  system  of  forces 
is  equivalent  to  the  two  single  forces, 

Xj -I- Xo -I- X, -f  ...,  or  2X,  along  Ox, 
and  1\+T.,+  1\+  ...,  OT  ^  Y,  along  Oy. 

Now,  since  (Art.  26,  p.  24)  the  resultant  of  two  forces,  P  ami 

Q,  at  right  angles  is  VP-  +  Q'-,  the  resultant,  P,  of  the  system 
of  forces  Pj,  P^,  ...,  is  given  by  the  equation 


L'  =  ^/iy.Xf+{:iYf.  (1) 

For  the  equilibrium  of  0  it  is  necessarj"  and  sufficient  that 

P  =  0.      Hence 

(2Xy2-l-(2r)-'  =  0.  (2) 
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Now,  this  equation  cannot  be  satisfied,  so  long  as  2!  A'  ami  2  }' 
are  real  quantities,  unless 

2A'=  0  and  21  =  0.  (3) 

These,  then,  are  the  two  necessary  and  sufficient  conditions  for 
the  equilibrium  of  the  particle,  and  they  are  equivalent  to  the 
single  condition  i2  =  0.     (See  Art.  27.) 

The  equations  (3)  are  equivalent  to  the  following  state- 
ment : — 

For  the  equilibrium  of  a  particle  acted  on  by  any  number  of 

forces  in  one  plane,  it  is  necessary  and  sufficient  that  the  ahjvhraic 

mim  of  the  rectangular  components  of  the  forces,  along  each  of  two 

right  lines  at  right  angles  to  each  other  in  the  plane  of  the  forces, 

should  vanish.     Since  the  directions  Ox  and  Oy,  along  which  the 

forces  are  resolved,  may  be  any  whatever  in  their  plane,  we  may 

,  evidently  vary  the  above  statement  thus — the  algebraic  snm  of 

I  the  rectangular  components  of  the  forces  along  every  right  line  in 

I  their  plane  is  zero. 

It  is  merely  for  uniformity  of  notation  that  we  have  measui'ed 

0^,0,,e^,  ...  (Fig.  17),  all  in 
the  same  sense — that  opjiosite 
to  watch-hand  rotation.  In 
resolving  forces  along  a  line, 
Ojc,  it  is  simpler  in  practice  to 
*  use  the  acute  angles  made  by 
the  forces  with  the  line,  and 
to  indicate  negative  compo- 
nents by  the  sign  minus. 
Thus^  if  (Fig.  18)  the  forces 
P,  P\  P"  make  acute  angles  0,  $',  d",  with  Ox,  the  sum  of  the 
components  of  the  forces  along  Ox  is 

P  COS0-P' cos6'-P"  COS0", 

and  that  along  Oy  is 

P  sin  fl  +  P' sin  e'-P"  sin  r. 

The  rectangular  component  of  a  force  along  a  line  is  some- 
times called  the  effective  component  along  this  line. 

Cor.  a  force  has  no  eflFective  component  in  a  direction  at 
right  angles  to  itself. 

31.]  Direction  of  the  Resultant.     The  direction  of  the  re- 
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32.] 

sultant  of  any  number  of  forces  acting  in  one  plane  on  a  particle, 

0,  is  known  when  its  components,  2  A        y 

and  lY,  along  any  two  directions,    Ox 

and    Oy,  are   known.     For,  if  Ox  and 

Oj/  are  rectangular,  and  a  be  the  angle 

which  the  resultant,  B,  makes  with  Ox, 

we  have,  evidently  (Kg.  19), 

2  7 

tan  a  = 


Fig.  19. 


2  A" 


(1) 


and  if  Ox  and  Oi/  include  an  angle  to, 


21 
2X' 


sin  (o)  — o) 

32.]  Tension   of  a  String.     When  a  string  is  employed  to 
connect  two  or  more    particles  which   are   acted  on  by  given 
forces,  the  fibres  of  the  string  become  subject  to  a  certain  pull, 
stress,  or  femion,  which,  if  increased  beyond  a  certain  limit,  will 
cause  the  string  to  break.     This  tension  is  a  force  tv/iic/i  at  ani/ 
point  of  the  string  may  be  conceived  as  acting  in  either  of  two 
opposite  senses,  or  in  both  of  these  senses  at  once,  according  to 
the  nature  of  the  question  under  discussion.     Let  us  consider,  as 
a  simple  example,  the  case  of  a  string,  AB  (Fig.  20), 
whose  weight  we  may  neglect,  fixed  at  the  extremity 
,/,  and  attached  at  B  to  a  mass  of  weight  W.     If,  now, 
we  imagine  the  string  to  be  cut  at  any  point  p,  and 
the  lower  portion,  pB,  to  be  removed,  it  is  clear  that 
the  remaining  portion,  pA,  will  not  be  in  the    same 
state  of  stress  as  before  unless  we  apply  at  the  section 
p  a  force  equal  to  //',  and  acting  downwards.     Again, 
let  the  string  be  cut  a  little  above  p,  at  q,  and  suppose 
the  portion  qA  removed.     Then  the  small  portion,  pq, 
will    not  remain  in  its  place  unless  an  upward  force 
equal  to  W  is  applied  at    the   section    q.     The  small 
portion  of  the  string  included  between  p  and  q  is  then  kept  at 
rest  by  two  equal  and  opposite  forces,  each  equal  to  W.     Thus, 
then,  if  we  consider  any  portion,  pq,  as  isolated  from  the  rest  of 
the  string,  we  must  represent  it  as  subject  to  two  equal  tensions 
directly  opposed  to  each  other.     If  we  considered  the  action  of 
the  upper  portion,  7^ J,  on  the  lower,  ^^,  we  should  represent  ^ji? 
as  acted  on  by  an  upward  force  applied  at  p  ;   and  if  we  consider 


Fit 
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the  action  of  the  lower  on  the  upper,  we  must  represent  pA  as 
acted  on  by  a  downward  force  applied  at  the  section  of  separa- 
tion of  pA  and  j^B.  Thus,  the  action  at  -B  of  the  string  on 
the  body  /F  is  an  upward  force,  or  tension,  equal  to  W ;  while 
the  action  of  W  on  the  string  consists  of  an  equal  force  in  the 
opposite  direction. 

33.]  String  passing  over  smooth  pegs  or  surfaces.  When 
a  string  whose  weight  we  neglect  passes  over  a  smooth  peg,  or 
over  any  number  of  smooth  surfaces,  we  shall  assume  for  the 
present  that  the  stress  of  its  fibres,  or  its  tension,  is  the  same  at 
all  of  its  points.     Should  it,  however,  be  knotted  at  any  of  its 

points  to  other  strings,  we  must  regard 
its  continuity  as  broken,  and  the 
tension  will  not  bo  the  same  in  the 
two  portions  which  start  from  a  knot. 
Thus,  if  the  string  at  rest  pass  over 
two  smooth  surfaces,  ./  and  B  (Fig. 
21),  and  if  it  is  pulled  at  one  ex- 
tremity by  a  force  P,  it  must  be  pulled 
at  the  other  extremity  with  an  equal 
force  ;  but  if,  after  leaving  the  surface 
A,  it  is  knotted  at  C  to  another  string 
which  is  pulled  with  a  force  equal  to 
'^"  ^''  R,  the  tensions  in  the   portions  be- 

tween C  and  ./  and  between  C  and  B  are  no  longer  the  same, 
and  their  relative  magnitudes  must  be  determined  by  equation 
(a)  of  Chap.  L.  Art.  20. 

34.]  Equilibrium  of  a  System  of  Particles.  When  several 
particles  are  connected  together  and  form  a  system,  each  par- 
ticle being  acted  upon  by  special  forces  in  addition  to  the  forces 
produced  upon  it  by  its  connection  (by  strings  or  rods)  with 
the  other  particles,  we  can  consider  the  equilibrium  of  any 
one  particle  apart  from  all  the  others,  provided  that  v:e  take 
account  of  all  the  forces  which  are  produced  on  it  by  its  connection 
with  the  others,  in  addition  to  the  special  forces  acting  vpon  it. 

This  niav  be  called  the  principle  of  separate  equilihrium,  which 
is  continually  employed  in  all  branches  of  Djiiamics. 

Thus,  in  No.  S  of  the  following  examples,  we  may  wi-ite  down 
equations  for  the  equilibrium  of  the  jiarticle  JS^  as  if  it  were 
entirely  disconnected  with  the  other  points,  A,  P,  31,  B,  if  we 
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represent  it  as  acted  on  by  the  force,  W%  and  by  the  tensions,  T.^ 
and  T.^,  of  the  slrinj^s  by  which  it  is  connected  with  the  system. 

35.  Numerical  Calculation.  When  in  any  instance  the 
numerical  vahics  of  forces  arc  assigned,  the  student  will  derive 
much  benefit  from  the  practice  of  constructing  good  figures, 
which,  with  as  much  fidelity  as  is  practically  attainable,  truly 
represent  the  relative  magnitudes  and  directions  of  the  forces. 
For  this  purpose,  the  first  thing  to  be  done  is  to  fix  on  some 
convenient  scale  of  representation.  The  scale  to  be  adojited  will, 
as  already  pointed  out  in  Art.  1 7,  depend  on  the  magnitudes 
assigned  in  each  particular  case.  Thus,  if  the  student  works 
on  "section  paper,"  he  may  take  one,  two,  three,  or  more  of 
the  sides  of  its  little  squares  to  represent  the  unit  force.  If  the 
magnitudes  of  the  forces  given  range  from,  say,  5  to  20  kilo- 
grammes' weight,  it  will  be  convenient  enough  to  take  a  side 
of  one  square  to  represent  1  kilogramme  weight ;  but  if  the 
forces  range  only  from  5  to  10,  two,  or  even  three,  sides  may 
l)e  taken  to  rcjiresent  1  kilogranmie  weight ;  for  the  greater 
the  length  which  represents  the  unit  force,  the  less  the  error 
which  is  likely  to  occur  in  the  drawing.  In  fact,  without 
trigonometrical  calculation,  the  magnitudes  of  certain  rc<juired 
forces  may  be  found  by  carefully  drawing  the  forces  that  are 
given,  and  measuring  with  instruments  the  lines  which  represent 
the  required  forces,  the  results  being  reliable  to  the  first  jilace 
of  decimals.  Several  of  the  following  examples  arc  suitable  to 
such  a  method,  and  the  student  is  recommended  to  verify  his 
calculated  results  liy  subsccjuont  measurement. 

3G.]  Useful  Trigonometrical  Theo-  ^ 

rem.  The  following  theorem  will  be 
found  extremely  useful  in  the  solution 
of  a  large  number  of  statical  problems. 

If  a  right  line  CP  (Fig.  22)  drawn 
from  the  vertex  of  a  triangle  divide 
the  base  into  two  segments  m  and  n, 
or  segments  which  are  to  each  other  in  the  ratio  m  :  n, 

{m  +  n)  cot  0  —  m  cot  a  — ?<  cot  /3,  (1) 

where  a  and  (i  are  the  angles  which  CP  makes  with  CA  and  CB, 
and  e  is  the  angle  which  CP  makes  with  the  base  AB. 
For,  if  AP  =  m,  BP  =  n, 
VOL.    I.  K 
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__         sin  A          sin  (d  —  a)  ,  .    ^  „» 

CF  =  m  -. =  m ^ =  m  (sin  6  cot  a— cos  6). 


.,  „  sin-B 

Also  CF  =  11 =  n 

sm  (i 


sin  a 

sm(g  +  /3) 
sin  y3 


w(sindcot/3  +  COS0). 


Equating  these  two  values  of  CP,  we  obtain  (1)  at  once. 
The  following'  equation  also  holds  : 

{m  +  n)  cot  6  =  n  cot  A  —  m  cot  B. 
sin  ^  m 


„       _  _          sin  A 
-Tor,  CF  =  m  -. =  m 


(2) 


sin  a 


Similarly  CP  = 


sm{e~A) 
n 


sin  0  cot  ^  —  cos  0 
Equating  these  values  of 


sin  0  cot  £  +  cos  0 
CP,  (2)  follows  at  once. 

CoK.  If  J  and  £  are  two  fixed  points  and  C  any  variable 
point,  and  if  the  angles  CAB  and  CBA  are  denoted  by  0  and  (^, 
respectively,  any  equation  of  the  form 

n  cot  0  —  m  cot  (p  =  ^s  (a) 

where  «,  w,  and  X-  are  constants,  will  be  satisfied  if  C  has  any 
position  on  a  certain  fixed  right  line — \az.,  a  line  di^^ding  AB 
in  P  so  that  AP :  BP  =  m  :  u,  and  making  with  ALB  an  angle, 
CPB  or  y,  such  that 

cot  y  =  ) 

m  +  n 
or  in  other   words,   any    equation  of  the    form    (a)    denotes   a 
rectilinear  locus — as  is  evident  also  from  the  elements  of  analytic 
geometry. 

Frequent  reference  will  be  made  to  this  result  in  the  sequel. 

Examples. 

1.  At  the  point,  0,  of  intersection  of  diagonals  of  a  square  (Fig.  23), 

let  two  forces  of  8  and  12  grammes' 
weiglit,  act  along  the  diagonals,  and 
two  forces  of  10  and  2  grammes' 
weight,  act  perpendicularly  to  two 
sides;  required  the  magnitude  and 
direction  of  their  resultant. 

Eesolvlng  the  forces  along  Ox,  the 

line  of  action  of  one  of  them,  the 

component  of  the   force    10   is    10, 

that  of  the  force  8  is  8  cos  45°,  that 

Hence 


2 

/' 

\ 

in 

/ 

Fig.  23. 
of  2  is  zero,  and  that  of  12  is  — 12  cos  45° 


2X=  10+^ ?,=  10-2  •v/2. 

v^2       V2 
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Similarly,     I,Y  = -^  +2+ ^  =  2+ 10^2. 
v/2  V2 


Therefore  li  =  ^(10-2 v'2)-  +  (2  + 10 V'2f=  'v/312. 
Again,  if  a  be  the  angle  made  by  if  with  Ox, 

2+10^2       1+5^2 

tan  a  = = -z^  =  2±  (nearly). 

10-2/2        5--/2 

2.  Three  forces,  F,  Q,  R,  act  on  a  jjarticle  :  find  the  magnitude  of 
their  resultant. 

Let  the  angles  opposite  P,  Q,  and  R  be  denoted  by  p,  q,  r  (Fig.  5, 
p.  15).  Then  resolving  all  the  forces  along  the  direction  of  P,  we  get 
for  their  combined  component  in  this  direction  /' +  <?  cos  r  + /^  cos  (j-. 
Kesolving  them  perpendicularly  to  /",  their  total  component  = 
Q  sin  r—R  sin  q.  Hence  the  square  of  the  resultant  =  (P  +  (?  cos  r  + 
7? eos<7)-  +  ((2sinr— /fsingr)''.    Remembering  that  j5  + 1;  +  r  =  2r>,  this 

is  easily  seen  to  be 

i»+(2H^  +  2P(?  .cosr  +  2  0^  .  cosi>  +  2/e/'.  cos5r. 

3.  Verify  in  the  last  question  that  if  the  three  forces  arc  in 
equilibrium,  the  expression  given  for  the  resultant  vanishes. 

Wheu  the  forces  are  in  equilibrium, 

P  -.Q  :  R  =^  s\np  :  sin  q  :  sin  r. 
Hence  the  expression  for  the  square  of  the  resultant  is  proportional  to 
sin^^  +  sin-^  +  sin'^r +  2sinpsin  5'C0sr  +  2sin  q  sin  r  cos^  +  2sin  r 

imp  cos  q. 
The  last  two  terms  = 

2sinrsin(^  +  «7)  =  —  2siu-r,  '-p  +  q  —  2T!—r. 
Therefore  the  expression  is 

siu^^  +  sin-5  — siu-(^)  +  5r)  +  2cos(jp  +  f/)  sin  j9 sin  9  =  sin'^^  +  sin'iir 
—  l  +  cos(p  +  g)cos(2'  — 5),  ■.•  2sin^jsing' =  cos(p  — ?)  — cos(p  +  5'). 

Now, 

cos  (j)  +  <?)cos(p— <7)  =  1— sin-jj  — sin'^", 

.■.  the  square  of  the  resultant  =  0. 

4.  A  heavy  particle  at  0  (Fig.  24),  whose  weight  is  IT,  is  held  in 
equilibrium  by  three  forces  (in  addition  to  its  weight) — 

—  acting  horizontally,  i^ acting  in  a  direction  making  an  angle  i  with 
n 

the  horizon,  and  R  at  right  angles 
to  F;  find  the  magnitudes  of  F  and 
R  in  terms  of  the  given  force  W. 
Resolve  all  the  forces  along  the 


directions  of  F  and  R  successively.  -^  *" 

These  directions  are  chosen  rather 
than  any  others,  because,  since  R  is 
at  right  angles  to  F,  it  will  give  no  p. 

component  along  F,  and,  for  the 
same  reason,  F  will  give  no  component  along  R. 

D  2 
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The  component  along  OF  is  F-i cosi —  Wsin  i. 

For   equilibrium   it  is  necessary  (Art.   30,   equations   (3))    that    this 
component  shaU  be  zero.     Hence 

F -\ cost—  I!  sin  t  =  0, 


.'.  F=  Tr(  sin  { cos  r  )• 


Again,  the  sum  of  the  components  along  OR  is 

W 

R—  TFcos  i siu  i  : 

n 


and  this  must  also  be  zero.     Hence 


1 


R  =  W(cosi-i — sin  J  I- 

V  Ti,  / 

The  same  values  would,  of  course,  be  found  if  we  had  selected  any 

two  other  directions  for  the  resolution.     Thus,  if  we  resolve  all  the 

forces  vertically,  i.e.,  in  the  direction  OW,  we  get 

IF— /"sin  ?'— 7i  cost  =  0  ; 

IF 
and  reBolving  horizontally,  or  in  the  direction  of  — ,  we  get 

IT 

\-  Fcosi  —  Rsim  =  0. 

n 

Solving  these  last  two  equations  for  R  and  F,  we  get  the  same 
values  as  before. 

The  advantage  of  a  judicious  selection  of  directions  for  the  resolu- 
tion of  the  forces  is  now  apparent.  By  resolving  at  right  angles  to 
one  of  the  unknown  forces,  we  obtained  an  equation  free  from  that 
force  ;  whereas,  when  the  directions  were  selected  at  random,  both  of 
the  unknown  forces  entered  into  each  of  our  equations,  and  to  find 
these  forces  it  was  then  necessary  to  solve  the  equations. 

Having  selected  one  direction  for  resolution,  it  is  not  necessarj- 
that  the  second  should  be  selected  at  right  angles  to  it ;  for  the 
student  has  seen  (p.  30)  that  when  a  particle  is  in  equilibrium,  the 
sum  of  the  components  of  the  forces  along  an>/  Jireclimi  whatever 

must  be  zero.  Hence  we  might,  in  the 
present  case,  have  resolved  vertically 
and  along  the  direction  OF,  and  the 
equations  thus  obtained  would  have 
given  the  same  results  as  before. 

5.  One  end  of  a  s-tring  is  attached  to 
a  fixed  point,  A  (Fig.  25)  ;  the  string, 
after  passing  over  a  smooth  peg,  B, 
sustains  a  given  mass,  P,  at  its  other 
extremity,  and  to  a  given  point,  C,  in 
the  string  is  knotted  a  particle  of  given 
weight,  W.     Find  the  jiosition  of  equilibrium  of  the  system. 
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Before  setting  about  the  solution  of  statical  jjioblems  of  this  kiiul. 
the  student  will  clear  the  ground  before  him,  and  greatly  simplify  his- 
labour  by  asking  himself  the  following  questions  : — 

(a)  What  lines  are  there  in  the  figure  whose  lengths  are  already 
given  1 

(6)  What  forces  are  there  whose  magnitudes  are  already  given,  and 
what  are  the  forces  whose  magnitudes  are  as  yet  unknown  1 

(c)  '\Miat  variable  or  variables  in  the  figure  would,  if  it  or  they 
were  known,  determine  the  required  position  of  equilibrium  ? 

Now,  in  the  present  case  (a),  the  linear  magnitudes  which  are  given 
are  the  lengths  AB  and  AC.  The  entire  length  of  the  string  is  of  no 
consequence,  since  it  is  clear  that,  once  equilibrium  is  established,  P 
might  be  suspended  from  a  point  at  any  distance  whatever  from  B, 
Again  (6\  the  forces  acting  at  the  point  C  are  the  weight,  IT,  a  tension 
in  the  string  CA.  and  another  tension  in  the  string  CB.  Of  these,  W 
is  given,  and  so  is  the  tension  in  CB,  which  must,  since  the  peg  is 
smooth,  be  equal  to  P  (see  Art.  33) ;  but  there  is,  as  yet,  nothing 
determined  about  the  magnitude  of  T,  the  tension  in  CA.  And  (c) 
the  angle,  6,  of  inclination  of  the  string  CA  to  the  horizon  would,  if 
known,  at  once  determine  the  position  of  equilibrium.  For,  if  6  is 
known,  we  draw  AC  of  the  given  length :  then,  joining  C  to  B, 
tlie  position  of  the  system  is  completely  known.  The  angle,  (}>,  of 
inclination  of  BC  to  the  horizon,  would  do  equally  well ;  and  it 
is  evident  that,  since  either  angle  suffices,  each  must  be  capable  of 
being  expressed  iu  terms  of  the  other,  and  the  given  magnitudes  in 
the  question. 

Let  AB  =  a.  AC  =  b.    Then,  for  the  equilibrium  of  the  point  C  we 

have,  by  equation  (a),  p.  15, 

P  cos  0  . 

—  = (1) 

W       sm(d  +  (j>) 

To  this  equation  must  be  joined  the  relation  between  6  and  <f)  given 
by  the  geometry  of  the  figure.     We  have,  evidently, 

AC.sinACB  =  AB.siu4>, 
or  b  sin  {d  +  (f))  =  a  siu  <j>.  (2) 

Equation  (1)  gives 

a  sin  (J)      IF 


6  cos  fJ      P 

bW 
sin  (b  =  — jr  cos  0, 
aP 


(3) 


•/a'P^-i-TT'cos^tJ 

.-.  cos  d>  = ^ 

ajT 

Expanding  sin  (6  +  (p)  in  (2),  and  substituting  these  values  of  sin  ({> 
and  cos  <f>,  and  reducing,  we  have  the  equation 

,,      P-a^+WHa^  +  b')  ,.       P^a         ^  ^. 

"^^ i^^ ^■-^^^+2TP6  =  0.  (4) 
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We  may  obtain  this  result  very  simply  by  emi^loying  a  Triangle 

of  Forces.     Thus,  from  J/  draw  a  line  ^IQ  parallel  to  BC,  meeting 

AC  ia  Q.     Then  MCQ  is  a  triangle  of  forces  for  the  point  C,  its  sides 

P       QM 
being  parallel  to  the  three  equilibrating  forces  at  C.    Hence  —  =  ~— ; 

but  QM  =  ^^  .  BC  =  -cose{a--2abcos0  +  b-)i ;  and  J/C  =  6sin(J; 

P  _  co3g(a-  — 2a6cose  +  ^'')^ 
"W~  a  Bind  ' 

which  is  the  same  as  the  previous  equation  for  6. 

TVHicn  the  numerical  values  of  the  constants  are  assigned,  (4)  becomes 
an  e(|uation  with  numerical  coefficients,  the  required  root  of  which  can 
be  obtained  (by  Horner's  method,  for  instance)  to  any  desired  degree 
of  accuracy. 

A  tolerably  accurate  solution  can  also  be  readily  obtained  bj-  a 
graphic  method  thus  :  describe  round  A  the  circle  of  radius  i,  and 
on  A  B  take  a  point  M  such  that  A  M :  il li  =  Wb  :  Pa  ;  describe  circles 
on  AM  and  MB  as  diameters.  Then  C  must  be  found  on  the  circle 
of  radius  b  so  that  if  CA  meets  the  circle  on  AM  in  L,  aud  if  CB 
meets  the  circle  on  MB  in  N,  the  lines 

AL  aud  My  are  equal. 

This  will  give,  by  scale  measurement,  approximate  value-;  of  6  and  (/>. 
If  these  are  a,  /3,  respectively,  we  can  put  0  =  a  +  x,  <\>  =z  ^i  +  y,  where 
X,  y  are  two  very  small  circular  measures.  Substituting  these  values 
of  0,  </>  in  (2)  and  (3),  and  retaining  only  the  first  powers  of  x  and  y, 
we  have  two  simple  equations  for  these  unknown  corrections. 

The  student  will  do  well  to  observe  tbat  the  coefficients  of  equation 
(4)  are  ratios  of  magnitudes  of  the  same  kind.  Force  and  linear 
magnitude  are  quantities  of  essentially  different  kiuds.  It  is  true, 
indeed,  that  the  magnitude  of  a  force  may  be  conventionally  re- 
presented by  the  length  of  a  line,  but  it  is  only  in  comparison  with 
other  forces  that  any  one  force  can  be  so  represented,  and  the  scale  of 
representation  is  arbitrary.  Hence  cos  0,  which  is  a  mere  number,  if 
it  is  expressed  in  terms  of  force,  must  be  expressed  as  the  ratio  of  one 
force  to  anotJwr ;  and  if  it  is  expressed  in  terms  of  linear  magnitude, 
it  must  be  as  the  ratio  of  one  line  to  another.     If,  for  example,  the 

Pa' 
coefficient  of  cos  'fl  in  (4)  being  unity,  the  last  term  had  been  , 

we  should  have  known  at  once  that  the  result  was  wrong.     For  the 

numerator  and  denominator  of  this  expression  are  not  of  the  same 

degree  in  force  ;  neither  are  they  of  the  same  degree  in  linear  magni- 

Pa^  a' 

tude.    Sucli  a  term  as  „-.,,  denotes  the  product  of  an  area,  -7-  >  bv  the 
Wb  0 

P 

reciprocal  of  a  force,  irr^-     If  for  some  unknown  quantity  of  any  kind 


36.] 


EXAMPLES.  39 


(force,  length,  trigonometrical  function,  etc.)  we  obtain  a  value  which 
violates  the  principle  of  homogeneity,  then,  by  a  mere  alteration  of  the 
units  in  terms  of  which  the  given  constants  are  expressed,  we  obtain 
uew  and  inconsistent  values  of  the  quantity  sought — as  the  student 
will  at  once  see  by  taking  some  special  example. 

Similar  remarks  as  to  the  homogeneity  of  our  results  will  be  of 
frequent  occurrence  in  the  seciucl.  By  attention  to  considerations  of 
this  kind  the  student  will  often  be  able  to  detect  an  error  in  his 
work. 

6.  If,  in  the  last  example,  the  mass  W,  instead  of  being  knotted 
to  the  string  at  C,  is  suspended  from  a  smooth  ring  which  is  at 
liberty  to  slide  along  the  string  ACB,  find  the  position  of  equi- 
librium. 

In  this  case,  the  string  PBf'A,  which  passes  over  a  smooth  surface 
at  B,  and  through  the  smooth  ring,  will  have  its  tension  constant  at 
each  of  its  points  (Art.  33),  and  therefore  equal  to  P.  Hence, 
putting  T  :=  P,  and  resolving  forces  vertically  for  the  equilibrium  of 
C,  we  have 

]V-2PBhid  =  0, 

or  .     .        W 

sme=-. 

7.  A  string,  whose  weight  is  neglected,  passes  over  three  smooth 
pegs.  A,  B,  C,  which  are  in  the  same  horizontal  line.  From  the 
extremities  of  the  string  are  suspended  two  masses,  P  and  P' ;  and 
to    two    given    points    in    it    are 

knotted  two  masses,   W  and  IK', 
the  first  suspended  between  A  and 

B,  and  the  second  between  B  and 

C.  Find    the    position    of   equi- 
librium. 

In  this  problem  the  given  quan- 
tities ai'e  the  weights  of  the  masses 
P,  W,  P',  and  W',  the   distances  pig_  ^6. 

AB  and  BC,  and  the  length   of 
the  portion  inBm'  of  the  string  (Fig.  26). 

Evidently  the  quantities  which  we  wish  lo  determine  are  the 
inclinations,  Q,  (j),...,  of  tlie  portions  of  tlie  string  to  the  liorizon. 

Let  AB  =  a,  BC  =  a',  and  the  length  of  mBm'  =  k.  Consider  the 
equilibrium  of  the  point  m.  Since  the  string  PAni  passes  over  a 
smooth  peg  at  A,  the  tension  in  it  =  /*  throughout.  If  T  =  tension 
in  mBm' ,  we  have  for  the  equilitjrium  of  in. 

W       sm{0  +  (j))'  ^  ' 

T cosg 

F~  sin'(^'-f-<^")' 


A 

B         JL           C 

X 

•p 
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Again,  for  the  equilibrium  of  m', 

F   _  C05<t>' 

T__ 

W'~  sin  {6' +(}>')' 
Equating  the  two  values  of  T,  we  have 

IT  cos  ^  TF'cose' 


sin(6'+<^') 
cos  (^ 


12) 


sin(0  +  <^)       sin(&'+<^')"  ^^^ 

These  are  all  the  equations  that  can  be  obtained  from   statical 

considerations.     One  more  equation  is  required  to  determine  the  four 

unknown  quantities,  0,  (f>,  6",  and  (f>'.     This  is  obtained  by  expressing 

that  the  length  of  mBm'  =■  k.     Evidently 

o  sin  0  ,   „    ,  of  sin  ff 


Bm  = 


in(0  +  <f>) 
a  sin  0 


!  and  Bin'  = 
a' sin  6' 


sin  (6' +(/)')' 


■  =  k. 


sin{d  +  4>)  '   sin{6'  +  <p')      '"  ^^' 

These   four   equations  determine  0,  <f>,  0^,  <^',   and   therefore  the 
position  of  equilibrium. 

8.  A  string,  BJIXP...  A,  whose  weight  is  neglected,  is  suspended 

from  two  fixed  points,  A  and 
B/  B;  and  from  given  points,  M, 
y,  P,  ...,  in  the  string,  are 
suspended  a  series  of  equal 
particles,  the  weight  of  each 
being  W.  Find  the  inclina- 
tions, (Jj,  flj,  0, of  the  suc- 
cessive portions  of  the  string 
to  the  horizon. 

Consider  the  equilibrium  of 
the  particle  at  J/.  This  par- 
ticle is  kept  in  equilibrium  by 
three  forces,  viz.,  TT  acting 
vertically,  T^,  the  tension  of 


Fig.  27. 


the  string  HB,  and  T„ ,  the  tension  of  JAV. 
Kesolving  these  forces  vertically, 

TT-f  Tj  sin  0„  —  T^  sin  0^  =  0; 
and,  resolving  horizontally, 

For  the  equilibrium  of  y,  resolving  horizontally. 


(1) 


Hence 


T„cos0^—T^cosd^  =  0. 
r,  cos  0,  —  T,  cos  0„  =  T,  cos  0,  = 
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or  in  other  words,  tlie  horizantal  components  of  the  tensions  in  the 
different  portions  of  the  string  are  cmislant.  Let  this  constant  be 
denoted  bv  T :  then 

T  T 

'         cos  d,  COS  0^ 

Substituting  these  values  in  (1),  we  have 


tan^j  =  tan02  + 


Similarly, 


T' 


W 


tan  0j  =  tan  0^+—, 


tanfl. 


Hence  the  tanfjents  of  the  successive  inclinations  form  a  series  in 
Arithmetical  Progression.     In  the  figure 

0,  =  0,  .-.  tau03  =  ^,  tan  0,  =  -^,  tanf^i  =  -^• 

If  the  suspended  weights  are  not  equal,  it  is  still  true  that  the 
horizontal  coiiiponents  of  the  tensions  are  all  equal. 

The  figure  formed  by  the  string  BMXP...A  is  called  \x  Funicular 
Polygon,  i.  e.,  a  rope  polygon  ;  but  the  term  is  also  used  in  a  much 
more  extended  sense,  as  will  be  seen  later. 


9.  To  construct  the  Funicular  Polygon,  when  the  horizontal  pro- 
jections, RQ,  Qp,  jm,  nm,  mh,  .  .  .  ,  of  the  successive  portions  of  tlie 
chain  are  all  of  the  same  length,  a,  and  one  portion  is  horizontal. 

Let  Pp  —  c;  then,  since  (last  example)  the  tangent  of  the  incli- 
nation of  FN  =  2  .  tangent  of  inclination  of  PQ,  it  follows  that,  Pn' 
being  horizontal,  Xn  =  2  Pp  =  2c.  Also  tan  of  inclination  of  MN 
=  3  tan  of  inclination  of  PQ  ;  .-.  Mm'  =  3e. 

Hence,  taking  the  middle  point,  0,  of  the  horizontal  portion,  RQ, 
as  origin,  and  the  horizontal  and  vertical  lines  through  it  as  axes  of  x 
and  y,  the  co-ordinates  oi  P  are  (fa,  c);  those  of  N  are  (fa,  c  +  2c); 
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those  of  M  are  (J a,  f  +  2c+  3c)  ;  and  thoie  of  the  n'l»  vertex  from  Q 
are  evidentlv 


!n+l 


2/  = 


m(w+1) 


The  value  of  the  ordinate,  y,  of  any  vertex  at  once  enahles  us  to 
determine  this  vertex. 

If  we  eliminate  ix  from  the  two  equations  for  x  and  y,  we  get  an 
equation  which  is  satisfied  by  all  the  vertices  indifferently.  This 
equation  denotes,  therefore,  a  curve  passing  through  all  the  vertices  of 
the  polygon.     Eliminating  «,  we  get 

ar  = y+  — • 

c  4 

This  denotes  a  parabola  whose  axis  is  the  vertical  line  Oy.     The 

vertex  of  the  parabola  is  vertically  below  0  at  a  distance  =  -• 

0 

The  smaller  the  distances  /?(?,  Qp,  im,  .  .  .  ,  the  more  nearly  does 

the  Funicuhir  Polygon  coincide  with  the  parabolic  curve. 

10.  To  represent  graphically  the  forces  in  the  general  case  of  the 
Funicular  Polj'gon. 

For  convenience,  let  the  vertices  of  the  string  or  chain  be  denoted 
by  the  numbers  1,  2,  3,  ...  ,  and  let  the  forces  P^,  P^,  .  .  .  act  at  the 
vertices.  Let  also  the  tension  in  the  portion  of  the  string  (1,  2)  be 
denoted  by  T",,,  &c. 


Fig.  29. 


Fig.  30. 


Now,  take  any  point,  0,  and  from  it  draw  the  line  t^^  parallel  to  the 
string  (5,  6),  and  proportional  to  the  tension  3^^.  From  the  extremity 
of  t^  draw  the  line,  }>■,,  parallel  and  proportional  to  the  force  P^.  It 
follows,  then,  that  since  the  forces  T^,  T^^,  and  P^  form  a  system  in 
equilibrium  at  the  point  (5),  the  third  side,  i,,,  of  the  triangle  t^,  p^, 
<^5  is  parallel  to  T^^,  and  proportional  to  it  (Cor.  2,  p.  23).  In  the 
same  way,  drawing p,  parallel  and  proportional  to  P^,  the  side  ij,  is 
parallel  and  proijortional  to  T^^ ;  and  continuing  tliis  construction,  the 
tensions  in  the  successive  portions  of  the  string  are  all  represented  by 
the  lines  <j.>,  t.-^,  t,^.  .  .  .  iu  the  new  figure  (Fig.  30). 
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The  figure  (Fig.  30)  which  represents  by  its  lines,  botii  in  raagnitudes 
and  in  directions,  all  the  forces  of  the  system  in  Fig.  29,  has  been 
called  by  Clerk  Maxwell  a  '  Force  Diagram '  of 
the  sys^tem.  (Transactions  of  the  Fvoyal  Society 
of  Edinburgh,  vol.  xxvi.) 

When,  as  in  example  8,  all  the  applied  forces, 
P^,  P3,  .  .  .are  parallel,  the  Force  Diagram  of 
the  system  consists  of  a  triangle  with  lines  drawn 
from  the  vertex  to  different  points  in  the  base. 
Thus,  taking  any  point,  0  (Fig.  31),  and  drawing 
Oh  parallel  to  MB  (Fig.  28),  and  proportional  to 
the  tension  in  it ;  and  then  drawing  bm  vertical 
and  proportional  to  the  weight  of  the  mass  sus- 
pended at  M,  it  follows  that  Om  will  be  [)arallel 
to  MN ,  and  projiortional  to  the  tension  in  it. 
Similarly  for  the  rest  of  the  figure.  If  all  the 
weights  are  etjual,  the  lines  hm,  mn,  np,  pq,  .  .  . 
are  all  equal,  and  Fig.  3 1  at  once  shows  that 
the  tangents  of  the  successive  inclinations  of  the  ''^'  • 

parts  of  the  chain  are  in  Arithmetical  Progression.  This  figure  also 
exhibits  the  constancy  of  the  horizontal  components  of  the  tensions 
Ob,  Dm,  On these  components  being  all  represented  by  Oq. 

11.  Masses  of  20,  14,  20,  16,  10,  and  18  kilogrammes  are  to  be 
suspended  from  the  vertices  of  a  funicular  polygon  ;  and  these  vertices 
are  to  be  on  vertical  lines  which  are,  res2)ectivelj',  3,  2,  2A,  2A,  and  4 
decim^res  apart ;  find  the  figure  of  the  polygon,  and  also,  by  scale 
measurement,  the  tensions  in  the  different  portions  of  the  string  so 
that  each  one,  successively,  of  the  following  conditions  is  satisfied  : — 

(a)  The  portion  of  the  string  between  the  third  and  fourth  lines  to 
lie  horizontal,  and  the  portion  which  is  attached  to  the  20  kilogrammes 

and  to  a  fixed  point  to  make  an  angle  of-  with  the  vertical. 

()i)  The  extreme  portions  of  the   string  (those   attached  to  fixed 

points)  to  make  each  an  angle  -  with  the  vertical. 

o 

(y)  The  tensions  in  the  portions  between  the  second  and  third  lines 
and  between  the  fourth  and  fifth  lines  to  be  each  equal  to  twice  the 
tension  in  the  portion  between  the  third  and  fourth  lines. 

(8)  The  extreme  tensions  to  be  60  and  70  kilogrammes'  weight, 
respectively. 

(«)  The  vertices  on  the  first  and  sixth  lines  to  be  in  the  same 
horizontal  line,  and  the  vertex  on  the  fourtii  line  to  be  5  decimetres 
below  that  on  the  first  line. 

Let  Fig.  27  represent  the  i)olygou,  the  given  vertical  linos  being 
those  marked  MW,  NW,  PW,  ....  and  the  fixed  ends  of  the  string 
being  B  and  A.     Draw  a  vertical  line  ;  let  a^  be  the  upperend  of  this 
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line;  measvire  off  lengths  ao''^i>  "i<'o>  "."s'  ^3^'ii  "i^s'  "s^e  respect- 
ively proportional  to  20,  14,  20,  16,  "lO,  18.  Then  the  solution 
consists,  in  each  case,  in  finding  a  proper  position  for  the  point  0, 
which  is  called  the  j'ole  of  the  funicular  polygon. 

Now  in  (a)  the  line  Oa^  is  to  be  horizontal,  so  that  0  must  be 
somewhere  on  the  horizontal  line  through  a,.     Also  since  the  line 

BM  makes  an  angle  -  with  the  vertical,  the  line  Oa^  mast  make  this 
6 

angle  with  the  line  «„  a..     Hence  0  must  lie  on  another  given  line ; 

and  0  is  therefore  determined.     In  every  case  the  actual  position  of 

the  first  vertex,  M,  is,  of  course,  arbitrary,  so  that  we  may  assume  B 

but  not  A,  or  vice  versd. 

Case  (^)  is  similarly  solved.  In  {y),  since  the  tensions  referred  to 
are  represented  on  the  scale  adopted  by  the  lengths  Oa„,  Oa^,  Oa^. 
we  must  have  Oa^  =  Oa^  =  20ay  Now  since  Oa„  =  Oa^,  the  point 
0  must  lie  on  the  line  bisecting  a,a^  perpendicularly;  and  since 
Oa„  =  2003.  the  pole  0  must  lie  on  a  circle  having  for  diameter  the 
line  joining  the  points  which  divide  the  line  a.j  a,  internally  and 
externally  in  the  ratio  2:1.     Hence  0  is  determined. 

In  (6),  the  lengths  Oa^  and  Oa^  are  given ;  .•.  0  is  determined.  To 
solve  (f),  let  0„,,S,,,  ....  (Jj,  be  tiie  inclinations  (all  measured  in  the 
same  sense)  of  the  portions  B^f,  MN,  ...  to  the  vertical ;  so  that 
0<J„a,  =  ^j,,  Oa-^a^  =  6^^,  .  .  .  Oa^a^  =  6.^.  Then,  taking  an  origin 
anywhere  on  the  vertical  line  J/ IK,  if  y,,  ^j.  2/3)  ■  •  •  are  the  vertical 
distances  in  decimetres  of  the  successive  vertices  below  this  origin,  we 
have        y^_y^  ^  3  cot  d„ ;  y^-y,  =  2  cotflj,  ;  y^-y,  =  2h  cote,, ; 

y.-Vt  =  ^  cot^u ;  ys-ys  =  * cotfl^,.  (i) 

Add  these,  and  observe  that  y^  is  given  equal  to  y,.     Hence 

3  cot  e,,,  +  2  cot  ^.a+^  cot  e^  +  2h  cot  0„ -1-  4  cot  ^55  =  0.  (2) 

Now  observing  that  a.  divides  the  line  0^(1^  so  that  -^—^=:  — ->    we 

have  (using  6  and  ((>  instead  of  0^^  and  17  — 5„),  from  Art.  36, 

cot  0,,  —  aV  ("8  cot  d  —  20  cot  (f)) ;  and  similarly  cot  0.^  =  ,V  (64  cot  $ 

—  34cot<^);  &c.     Substituting  these  in  (2)  we  have 

307cotfl-379cot<^=  0,  (3) 

which  shows  that  0  must  lie  on  a  horizontal  line  dividing  a^a^  in  the 
ratio  379  :  307. 

To  express  the  second  condition,  we  have  from  (1) 

y^-yi  =  3cot0,,+  2cotfl23+2icot03,  =  3; 

which  becomes         472  cot  0  —  263  cot<^  =  490,  (4) 

and  this  shows  (Art.  36)  that  0  must  lie  on  a  right  line  dividing  a^a^ 

in  the  ratio  263  :  472  and  making  with  it  the  angle  whose  cotangent 

98 
=  — -  >  i.  e.,  about  56°  19'. 
147 

The  two  loci  (3)  and  (4)  determine  0  completely. 
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12.  For  auy  given  system  of  vertical  lines  and  weights,  show  how 
to  construct  a  funicular  polygon  such  that  two  assigned  sides  of  it 
shall  pass  each  through  a  given  point. 

Ans.  Let  the  given  weights  at  the  vertices  be  v.\,  v\,  w,,  ...  and 
the  horizontal  dis^tauces  between  the  given  lines  Cjj,  c^,,  c„,  ...  Let  any 
two  sides — say  that  between  lines  2  and  3,  and  that  between  lines 
5  and  G — jiass  through  two  i)oint.s  whose  distances  from  auy  hori- 
zontal line  are  /3  and  //,  and  whose  distances  from  the  lines  3  and  5, 
respectively,  are  p  and  p'.  Then  with  the  notation  of  last  example, 
we  have 

y,-P  =  p  cot  e„^ ;  j/,-y3  =  C3,  cot  ^3, ;  y,-;/,  =  c,,  cot  6,^ ; 
/3'-y5=/cot^„; 

.'.     /3'-^=2)cot0j,  +  c,,cot<J3j  +  c„cot^,j+;/cot0j5.  (a) 

And  as  in  last  example,  we  have  (Art.  36) 

{w^  +  ^^\  +  w,+  ...)  cot  ^j,  =  {w,  +  u\+  ...)cotO- (lo,  +  ic„)  cot  <|), 
with  similar  values  of  cotflg,,  ...  so  that  (a)  becomes  of  the  form 

I  cot  6 — m  cot  (|)  z=  /3  — /3, 
where  I  and  m  are  given.     This  shows  that  the  locus  of  0  is  a  right 
line,  which  can  be  easily  drawn.    Auy  funicular,  therefore,  constructed 
from  a  pole  on  this  line  satisfies  the  given  conditions. 

13.  For  any  given  system  of  vertical  lines  and  weights,  show  how- 
to  construct  a  funicular  such  that  three  assigned  sides  of  it  shall  jjass 
each  through  a  given  jjoint. 

14.  Suspension  Bridge.  The  number  of  vertices  of  the  polygon 
being  very  great,  and  the  suspended  masses  all  equal,  the  parabola 
which  passes  through  all 

the  vertices  virtually  coin-  j^  g 

cidcs  with  the  chain  form- 
ing the  polygon,  and 
gives  the  figure  of  the 
Suspension  Bridge.  In 
this  bridge  the  masses, 
W,  W,... ,  suspended  from 
the  successive  portions  of 
the  chain  are  those  of  equal  portions  of  the  flooring.  The  weight  of 
the  chain  itself  and  the  weights  of  the  sustaining  bars  are  negligible 
in  comparison  with  the  weight  of  the  flooring  and  the  load  which  it 
carries. 

Fig.  31  may  be  taken  to  represent  the  Force  Diagram  of  the 
Suspensiou  Bridge,  the  vertical  line  ab,  representing  the  weight  of  the 
flooring,  being  divided  into  as  many  equal  parts  as  there  are  divisions 
of  the  chain.  If  these  parts  are  sufficiently  numerous,  the  lines  Ob, 
Om,  On,  &c.  are  parallel  to  tangents  to  successive  i)oints  of  the  chain. 
Let  the  span,  AB,  of  the  bridge  =  2a,  and  let  the  height  01I=h. 
Then,  the  equation  of  the  parabola  refeiTcd  to  horizontal  and  vertical 
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axes  of  y  and  a;,  respectively,  through  0  (Fig.  32)  is 

y^  ■=■  imx, 
in  being  a  constant  ;  and  the  tangent  of  the  inclination  to  the  vertical 
of  any  portion 

dy       2wi        y 

dx        y         2cB 
Hence  the  tangent  at  the  point  of  support,  B,  makes  with  the  horizon 

an  angle  whose  tangent  is  —  •  ".■  753^*'^^ 

Therefore,  Oq  (Fig.  31)  being  parallel  to  the  tangent  at  the  lowest 
point  of  the  bridge,  and  06  parallel  to  the  tangent  at  the  point  B, 

2/t 
tan  bOq  =  —  • 
a 

Hence,  since  hq  represents  half  the  weight  of  the  bridge,  and  Oh  the 
terminal  tension  of  the  chain  at  5, 

lenninal  tension  =  --^ — 7-—  =  11   ; j 

2ivahOq  4/4 

W  being  the  weight  of  the  flooring. 
Also,  the  vertical  tension  at  5  =  ^  TI'.  and  the  constant 

Horizontal  tension  =  IT  -— • 
\h 

15.  The  entire  load  of  a  suspension  bridge  is  160,000  kilogrammes, 
the  span  is  64  metres,  and  the  height  is  5  metres ;  find  the  tension  at 
the  points  of  support,  and  also  the  tension  at  the  lowest  jTOint. 

Ans.  Terminal  tension      =  268,208  kilogrammes'  weight. 
Horizontal  tension  =  256,000  „  „ 

16.  If  the  vertical  bars  which  support  the  roadway  of  a  suspension 
bridge  are  not  at  equal  horizontal  distances,  prove  that  the  vertices  of 
the  polj-gon  formed  by  the  chain  wiU  still  lie  on  a  parabola,  provided 
that  each  vertical  bar  supports  half  of  the  adjacent  portions  of  the 
roadway. 

This  follows  from  the  fact  that  the  cotangent  of  the  inclination  of 
any  chord  of  a  parabola  to  the  axis  is  proportional  to  the  sum  of  the 
ordinates  of  the  extremities  of  the  chord. 

17.  If  if  is  the  resultant  of  any  number  of  forces,  P^,  P^,  P3 

acting  in  one  plane  on  a  particle,  prove  that 

^  7?^  =  SP=+22P,P,cos(P,r/'2), 

where  P,,  P,  means  the  angle  between  P^  and  P^. 
(This  result  is  true  for  non-coplanar  forces.) 

18.  If  a  particle  is  in  equilibrium  under  the  action  of  any  forces, 
prove  that  the  sum  of  the  oblique  components  of  the  forces  along  any 
right  line  is  zero. 

If  2X  and  2  Y  denote  the  sums  of  the  components  along  two  lines 
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iucliiieJ  at  an  angle  =  w,  the  square  of  the  resultant  is  equal  to 
(2J)=  +  2(2J)(2r)cosa)  +  (27y; 

and  this         =  (2A-+2F)'cos^^  +  (2.Y-2r)^sin=^- 

Hence  the  result  follows  as  in  equations  (3),  p.  SO.  It  is  otherwise 
evident,  since  the  resultant  is  the  third  side  of  a  triangle,  two  of  whose 
sides  are  2  A'  and  2}',  so  that  both  sides  must  vanish. 

19.  If  in  example  7  the  masses  W  and  W,  instead  of  being 
knotted  to  two  given  points  in  the  string,  are  attached  to  two  smooth 
rings  which  are  capable  of  sliding  freely  along  the  string,  determine 
the  condition  and  position  of  equilibrium. 

Here,  since  the  string  passes  freely  over  and  under  smooth 
surfaces,  the  tension  is  constant  throughout  its  length.  Now,  the 
tension  in  Am  is  F,  and  that  in  Cm'=  I".     Hence 

For  the  equilibrium  of  m,  we  have,  resolving  vertically, 

W 
ir=2Psinfl;   .■.smd  =  ^; 

and  for  the  equilibrium  of  m', 

W'=z  2Psme';   .-.  sin  ( 


2P' 


20.  A  and  B  are  two  fixed  pegs  ;  over  A  passes  a  string  MAC,  and 
over  B  a  string  ySC,  knotted  each  at  6"  to  a  mass  of  weight  W,  and 
sustaining  at  their  free  ends,  M  and  S,  masses  of  weights  P  and  Q, 
respectively ;  find  the  position  of  equilibrium  of  the  system. 

Ans.  The  inclinations  of  ^16"  and  BC  to  the  vertical  are  at  once 
given  by  the  triangle  of  forces. 

21.  A  heavy  particle  is  attached  to  one  end  of  a  string,  the  other 
end  of  which  is  fixed.  Find  the  horizontal  force  which  must  be 
applied  to  the  particle  in  order  that  the  string  may  deviate  by  a  given 
angle  from  the  vertical,  and  find  also  the  tension  of  the  string. 

Ans.  li  F=  the  horizontal  force  required,  T  =  tension  of  string, 
W  =  weight  of  particle,  and  6  =  angle  of  string's  deviation, 

F=  Wtane,   T=  Wsecd. 

'  22.  A  string  ACB  (Fig.  25,  example  5)  has  its  extremities  tied  to 
two  fixed  points,  A  and  B  ;  to  a.  given  point,  C,  in  the  string  is 
knotted  a  given  mass,  W.  Find  the  tensions  in  the  portions  CA 
and  CB. 

Ans.  Since  AC  and  BC  are  given,  the  angles  CAB  and  C'BA  are 
also  given.  If  these  angles  are  denoted  by  6  and  6',  and  if  T  ami  T' 
are  the  tensions  in  CA  and  CB, 

JTcos^  JF^os^ 

sin(ti  +  e'y  sin(9  +  ^ 

23.  If  (same  figure)  the  extremities  A  and  B  are  fixed,  and  the 
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weight  W  is  that  of  a  smooth,  heavy  ring  at  C,  which  is  capable  of 
sliding  freely  along  the  string,  find  the 
horizontal  force  which  must  he  applied  to 
the  ring  C  in  order  that  the  system  may 
take  a  given  position  of  equilibrium. 

Arts.  If  the  angles  CAB  and  CBA  are  d 
and  ff,  and  F  =  the  required  force,       >^aj^ 

/^=„tan-—       V/ 

24.  ABCD  (Fig.  33)  is  a  system  of  pegs 
Fig-  33-  forming  a  square   in   a  vertical   plane ;    a 

string  attached  to  -1  and  B  passes  thi-ough 
a  heavy,  smooth  ring,  R,  while  another  string  is  attached  to  C  and 
a.  The  ring  is  kept  in  equilibrium  half  way  between  H,  the  middle 
point  of  CA,  and  0,  the  centre  of  the  square  ;  find  the  tensions  in  the 
strings  ARB  and  CR. 

Ans.  If  W=  weight  of  ring,  7'=  tension  in  ARB,  and  T'=  ten- 
sion in  CR, 


T=^ 


,  13-/5+  s-ZTs 


32 


W. 


y5  +  5-/l3 
16 


25.  In  the  last  example  if  the  tensions  in  the  two  strings  are  equal, 
find  the  point  at  which  the  ring  must  be  placed  on  OH. 

Ans.   If  -r-5:  =  a-',  X  is  determined  by  the  equation 

3a;*-3ar-10a;  +  6  =  0. 

This  equation  has  only  twa  real  roots, 
one  between  0  and  1,  and  the  other  be- 
tween 1  and  2. 

26.  A  string  whose  weight  is  neglected 
passes  over  three  smooth  pegs.  A,  B,  C 
(Fig.  34),  in  a  vertical  plane,  and  sus- 
tains two  equal  masses,  IF,  from  its  ex- 
tremities. Find  the  pressures  on  the 
pegs ;  and  find  also  the  magnitudes  of 
the  angles  a,  /3,  and  y,  when  the  system 
of  pegs  is  least  likely  to  break,  the  pegs  being  all  equally  strong. 
A  ns.  HP,  Q,  and  R  be  the  pressures  on  the  pegs  A,  B,  and  C,  respect- 

Q,  3  y 

ively,  P=  2  IF  cos  -  J  ^=  2  JF  cos  —  >  R  =  2  IF  cos  ^  ;  and  since  the  sum 

^  a  Lt 

of  a,  ^,  and  y  is  given  (=  2Tr),  it  follows  that  in  the  best  arrangement 

2  2 

a  =  /3  =  >'  =  — IT.     For,  ujiless  each  of  the  angles  =  ,",  some  one  of 

IT  . 

the  pressures  must  be  >  2  IF  cos  -  >  or  IF;  and  if  the  pegs  are  of  equal 

o 

strength,  i.  e.,  have  all  the  same  breaking  pressure,  and  the  suspended 


Fig.  34- 
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weight  W  is  gradually  increased,  the  breaking  pressure  on  the  peg  at 

which  the  angle  between  the  two  portions  of  the  string  is  least  will 

2 
be  reached  for  a  less  value  of  W  than  if  each  angle  =  ^  it- 

o 

27.  The  ends  of  a  string  are  attached  to  two  fixed  points,  A,  B, 
in  the  same  horizontal  line,  at  given  points,  C,  D,  in  the  string  are 
fastened  two  masses,  P  and  Q;  find  the  relation  which  must  hold 
between  the  given  magnitudes  so  that  the  portion  CD  of  the  string 
raav  in  the  position  of  rest  be  horizontal. 

Ans.  li  AB  =  a;  BC  =  1  (C  being  adjacent  to  B,  and  D  to  A) ; 
CD  =  m;  DA  =  n;  then 

F^^^^  +  P-n')  =  QiT^^^-P  +  n"). 

28.  In  the  last  if  the  portion  CD  is  to  make  a  given  angle,  t,  vnth 
the  horizon,  find  the  ratio  P  :  Q. 

Ans.  P {tan (f)  +  tan i)  =  Q{tan  0  —  tani),  where  6  and  (f>  are  the 
inclinations  of  BC  and  A  D  to  the  liorizon,  these  angles  being  thus 
determined :  from  B  draw  BE  at  the  lower  tide  of  BA,  equal  to  m 
and  making  ABE  =  i;  on  AH  construct  the  triangle  ADE  whosj 
.sides  A  D,  DE  are  w,  I,  respectively  ;  hence  the  quadrilateral  BCDA 
is  completely  determined. 

29.  Three  smooth  pegs,  A,  B,  C,  are  fixed  in  a  vertical  plane; 
three  light  strings  knotted  together  at  a  common  extremity,  0,  have 
taspended  from  their  other  extremities  given  masses,  P,  Q,  li,  and 
the  corresponding  strings  are  passed  over  the  pegs  A ,  B,  and  C  ;  find 
the  position  of  equilibrium. 

Ans.  Construct  a  triangle  whose  sides  are  proportional  to  the 
magnitudes  P,  Q,  R  ;  then  the  external  angles  of  this  triangle  are 
equal  to  the  angles  BOG,  COA,  AOB ;  so  that  the  point  0  is  de- 
termined as  the  intersection  of  circular  arcs  described  on  BC  and  CA . 

30.  If  in  the  last  example  the  knot  0  is  replaced  by  a  smooth 
ring  of  negligible  weight  which  is  tied  to  the  peg  C  by  a  string  of 
given  length,  while  another  string,  passing  freely  through  the  ling, 
passes  over  the  pegs  A  and  B,  and  Las  two  given  masses  suspended 
from  its  extremities;  find  the  position  of  equilibrium. 

Ans.  [The  suspended  masses  must  be  equal.]  Describe  an  ellipse 
having  A  and  B  for  foci  and  touching  the  circle  described  with  C  as 
centre  and  CO  as  radius.     See  ex.  39,  and  graphics  in  Chapter  III. 

31.  If  the  string  in  ex.  25  passes  over  any  number  of  equally  strong, 
smooth  pegs,  in  the  same  vertical  plane,  find  the  best  arrangement. 

Ans.  If  there  are  n  pegs,  each  of  the  angles,  a,  j3,y,b,...  must  be 

_  (n— 1)77 

n 

32.  In  example  19  calculate  the  pressures  on  the  pegs  A,  B,  C. 
Ans.  The  squares  of  the  pressures  are  respectively 

P{2P+W),l{^P'-+WW'-V{^P'-W^){4.P'-W")},P{2P-\-W% 

VOL.  I.  K 
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iu  which  X 


a 

cos- 


33.  If  the  strengths  of  the  pegs,  A.  B,  C,  in  example  25,  are  propor- 
tional to  I,  m.  n,  find  the  best  arrangement  of  the  system. 

Ans.  The  angle  a  is  given  by  the  equation 

2wi»iar'  +  (P  +  OT»+n')a;'-P  =  0, 

The  angles  /3  and  y  are  at  once  foand  from  a. 

34.  Prove  that  the  unknown  angles  in  ex.  7,  p.  39  may  be  found 
by  the  following  construction :  draw  a  right  line  OA  proportional  to 
W;  produce  this  line  through  A  to  (/  so  that  AO'  represents  IT'  ;  on 
00'  produced  take  a  point  Q  so  that  QO  :  QO' =  a  .  W'la' .W ; 
round  0  and  0'  describe  circles  whose  radii  represent  F  and  P', 
respectively;  on  the  line  QO  take  a  point,  L,  between  Q  and  0  such 
that  QL  =  k]VW':{a-W'  —  a'-W);  and  at  L  erect  the  perpendicular 
LM  to  QL.  Take  a  point  X  on  the  circle  round  0,  and  a  point  T  on 
the  cu-cle  round  0'  such  that  AX  =  yl  }' ;  let  OX  and  0'  Y  meet 
in  Z ;  draw  ZQ  meeting  i J/  in  B.  Then  if  X  is  so  chosen  that 
LR  =  AX  =  A  Y,  the  angles  XOA,  XAO,  YAO',  YO'A  are  the  com- 
plements of  0,  (f).  (f)',  0',  and  the  tension  of  the  part  of  the  string 
between  the  knots  is  represented  by  AX. 

35.  Let  A^A^...A^  (F'g-  35)  ^^  any  funicular  polygon,  with  masses 

whose  weights  are  7^, ,  P., ,  F, , 
J         <li        a.        Pi  suspended  at  its  vertices 

^ '         ^~~^'  A^,  A^,A, ,  A^ ,  respectively ; 

draw  any  line,  a^  a^,  meeting 
the  verticals  tlirough  A^,  A^, 
...  in  the  points  a^,di,  d^,  ... 
and  let  A^  A^  meet  these  ver- 
ticals in  .^5,  i),,  Dj,  ...  Now 
construct  a  new  polygon, 
a^a,  a,. ..a,^,  by  taking rf,  Oj  = 
J  Z),  ii;  VjOj  =  i  Z>2  A.,; 
and  so  on,  n  being  any 
number. 

Prove  that  the  new  poly- 
gon, whose  fixed  ends  are  a, 
and  CTj ,  will  be  kept  in  equilibrium  by  the  £et  of  forces  P^,  P„,  P^,  P^ 
applied  at  its  vertices  «,,  a„,  a^,  a^. 

Although  this  may  be  readily  proved  geometrically  by  principles  of 
Graphic  Statics,  the  student  will  do  well  to  establish  it  by  the  method 
of  examjjle  8.  He  will  easily  prove  that,  if  a  and  /3  are  the  incli- 
nations of  A^  A^  and  a^a^  to  the  horizon,  ^^^,  6^,  ...  the  inclinations 
of  the  sides  Af,A^,  A^A^,  ... ,  and  </)(,,,  (f)^^,  ■■■  those  of  a, Oj,  a^a^,  ...  to 
the  horizon,  we  shall  have 

tan  (^,,  —  tan/3  =  -  (tau^^n  — tana),• 


tan  <^jj— tan  ./3  =  -  (tan  5,j— tan  a),  &c. 
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But  if  T  denotes  the  constant  horizontal  tension  in  a  funicular 
polygon,  the  conditions  of  its  equilibrium  are 

P  P 

tanfl„,-tanO,,  =  y;   tan  fl,„-tan  0,3  =  -^;   &c. 

These  conditions  are  satisfied  in  the  polygon  a^a^f.-.a^  on  the 
supposition  tliat  the  horizontal  component  of  tension  in  \i  =  nT; 
and  it  is  axiomatic  that  if  internal  forces  can  presei-\-e  equililirium, 
they  will. 

Of  course  all  the  ordinates  (and  not  merely  those  through  tlic 
vertices)  of  the  derived  polygon  are  proportional  to  the  corresponding 
ordinates  of  the  original. 

36.  Show  that  the  last  example  enables  us  to  construct  for  a  givea 
parallel  system  of  forces  a  funicular  polygon  which  shall  pass  through 
three  given  points. 

(A  solution  of  this  problem  for  any  system  of  forces  will  be  given 
in  a  subsequent  chapter.) 

37.  Given  the  base,  NS  (Fig.  36),  of  a  triangle  NFS,  and  also 
the  sum  of  the  cosines  of  the  base  angles, 
SNP  and  ysP;  let  the  curve  locus  of/" 
be  constructed.  Prove  that  if  a  particle 
be  placed  at  any  point  of  the  curve  and 
acted  on  by  two  forces,  one  repulsive  from 

y  and  equal  to  -,.f,„j  and  the  other  at- 

tractive    towards    S   and   equal    to  ^-^-j' 

the  resultant  force  is,  at  every  position  of 

the  particle,  dii-ected  along  the  tangent  to  the  curve. 

N.B. — This  curve  is  called  the  '  Magnetic  Curve,'  being  one  of  those 
in  which  small  iron  filings  would  arrange  themselves  under  the  influence 
of  a  fixed  magnet  whose  poles  are  N  and  ,S'. 

It  is  to  be  observed  that  each  little  piece  of  iron  is  a  magnet, 
having  two  poles  at  its  extremities,  and  that  it  must  therefore  set  at 
the  point,  P,  where  it  is  placed,  in  the  direction  of  the  resultant  force 
on  either  of  its  poles. 

38.  Prove  that  the  line  of  action  of  the  lesultant  force  of  a  magnet 
on  a  magnetic  pole  at  P  divides  XS  externally  in  the  ratio  NP^.SP^. 

39.  Iron  filings  are  sprinkled  over  a  sheet  of  paper  on  which  a 
magnet  rests;  prove  that  all  those  filings  which  dip  towards  tlie  same 
point  on  the  line  of  the  magnet  lie  on  a  circle  (neglecting  their  mutual 
actions). 

40.  In  ex.  30  show  that  the  position  of  the  ring  0  may  be  thus 
found  :  let  CD  ( =  d)  be  the  diagonal  of  the  parallelogram  whose  sides 
are  CA,  CB ;  let  CA  =  h,  CB  =z  a,  CO  ^  >;  L  OCD  ^  4>,  e  =  Z  be- 
tween CD  and  bisector  of  Z  6';  then 

ab  sin  2  {<!>  —  ()  =  rd  sin  (j>. 

E  2 


CHAPTER  III. 

THE   EQriLIBEIUM    OF    A    PARTICLE    ON    PLANE    CrE\'ES. 

Section  I. 

Smooth  Curvei. 

37.1  Smooth  surface,  ^lien  a  body  is  placed  in  contact  with 
a  surface,  it  is  e\4dent  that,  in  addition  to  the  given  forces  acting 
on  the  hody,  there  is  a  certain  force  produced  by  the  surface — 
the  force,  namely,  which  the  surface  exerts  to  prevent  the  body 
from  passing  through  it.  This  force  is  called  the  Eeaction  of 
the  surface.  Now,  the  surface  being  supposed  to  be  rigid,  there 
is  evidentlv  no  limit  to  the  magnitiide  of  the  force  with  which  it 
is  capable  of  reacting  ;  but  the  direction  of  the  force  depends  on 
the  natiue  of  the  surface  itself.  If  the  surface  be  perfectly 
smooth,  it  can  react  on  any  body  in  contact  with  it  only  in  the 
direction  of  the  normal  to  the  sm-face  at  the  point  where  the 
body  is  in  contact  with  it.     Thus  (Fig.  o,y),  if  a  body,  M,  acted 

on  by  any  given  system  of  forces, 
be  in  contact  at  a  point  0  with 
a  smooth  surface,  AB,  the  force 
which  this  surface  exerts  on  the 
bod}'  takes  the  direction,  ON,  of 
the  normal  to  the  surface  at  the 
point  of  contact,  0,  and  its  mag- 
Fig.  37.  nitude  ■will  be  such  as  to  destroy 
the  effect  of  all  the  other  forces 
acting  upon  M.  To  the  magnitude  of  the  reaction,  R,  there  is 
no  limit ;  so  that  if  each  of  the  other  forces  acting  on  M  were 
increased  100  times,  for  examj)le,  the  sirrface  would  react  with  a 
force  equal  to  too  jff;  but  the  direction  of  iZ  is  strictly  limited  to 
that  of  the  normal.  We  may,  then,  define  smooth  sm-faces  thus — 
JJ'hen  two  smooth  ladies  are  in  contact,  their  mutual  reaction  is 
normal  to  the  surface  of  contact. 
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Fig.  38. 


nv 


38.]  Example.  If  i^  (Fig.  38)  is  a  heavy  piulicle  whose 
weight  is  Jr,  placed  on  a  smooth  spherical  surface  whose  vertical 
diameter  is  AB,  what  is  the  position  of  emiilibriuni  ? 

Here  the  forces  acting  on  P  are  only  two 
in  number — namely,  its  weight,  /r,  and  It, 
the  reaction  of  the  smooth  surface.  Now, 
this  reaction  takes  place  in  the  direction  of 
the  normal,  PO,  to  the  sphere  at  P;  and 
since  the  particle  is  in  equilibrium  under 
the  action  of  only  two  forces,  these  must  be 
equal  in  magnitude,  and  act  in  opposite 
directions.  Hence,  since  //acts  vertically, 
PO  must  be  a  vertical  line ;  that  is,  P  must 
be  placed  at  A,  the  lowest  point  of  the 
sphere,  or  outside  the  surface  at  B,  the 
highest  point. 

Whatever  be  the  smooth  surface  on  which  the  particle  is 
placed,  it  is  evident  that  the  points  on  it  at  which  the  particle 
will  rest,  under  the  inlluencc  of  its  weight  and  the  reaction  alone, 
are  points  the  normals  at  which  are  vertical  lines.  And,  gene- 
rally— 

A  particle  will  resi  at  those  points  of  a  smooth  surface  at  which 
the  normal  coincides  with  the  direction  of  the  resultant  of  all  the 
forces  acfhui  on  the  particle. 

39.]  Normal  to  a  Curve.  The  normal  to  a  curve  at  a  given 
point  is  not,  like  the  normal  to  a  surface  at  a  given  point,  a 
definite  line,  but  is  any  line  whatever  in  the  plane  perpendindar  to 
the  tawjent  at  the  p)oint. 

Hence,  for  the  equilibrium  of  a  particle  jjlaced  inside  a  smooth 
tube  of  any  form,  the  resultant  force  on  the  i)article  need  not  act 
in  a  given  right  line,  but  must  act  in  a  given  plane — namely,  the 
plane  which  is  normal  to  the 
tube  at  the  point  where  the 
particle  is  placed.  Thus,  for 
example,  let  AB  (Fig.  39)  be 
a  smooth  tube  of  any  form, 
and  let  P  be  a  particle  placed  inside  it.  If  we  imagine  a  string 
attached  to  P,  coming  out  of  the  tube  tlirough  an  opening  at  P, 
which  is  not  sufficiently  large  to  allow  P  to  come  out,  it  is 
evident  that  we  may  pull  at  P  with  any  force  however  great 


Fig-  39- 
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in  the  plane  normal  to  the  tube,  and  in  all  directions  round  P 
and  the  equilibrium  of  the  particle  will  not  be  disturbed.  But 
if  we  incline  the  string'  ever  so  little  to  the  normal  plane  at  P, 
motion  will  ensue  along  the  tube. 

40.1  Plane  Curve.  In  the  present  chapter  we  shall  con- 
sider only  2>Iane  ciincs,  i.e.,  curves  which  lie  altogether  in  one 

plane. 

^loreover,  when  a  particle  is  i)laced  on  a  curve,  and  acted  on  by 
given  forces,  we  shall  suppose  that  all  the  forces  act  in  the  plane 
of  the  cu^^"e. 

Now,  it  is  evident  that  the  only  effect  wliich  a  ciu-\-e  produces 
on  a  particle  placed  upon  it  is  a  normal  reaction  of  some  definite 
magnitude.  If,  then,  we  produce  upon  the  particle,  by  any  other 
means,  a  force  identical  with  this  reaction,  we  may  dispense  with 
the  curve  altogether.  This  being  so,  if  we  call  the  reaction  of 
the  curve  R,  we  may  suppose  the  particle  acted  upon  by  all  the 
given  forces,  and  also  by  a  new  force  equal  to  B,  this  latter 
acting  in  the  direction  of  the  normal  to  the  curve.  Thus,  the 
case  is  the  same  as  that  treated  in  the  last  chapter — namely,  the 
equilibrium  of  a  particle  acted  upon  by  any  number  of  forces  in 
one  plane  ;  and  in  \\Titing  down  the  equations  of  equilibrium, 
we  shall  merely  have  to  include  the  new  force  B  among  all 
the  others. 

41.]  Graphic  Solution  of  Equations.  It  often  happens  that 
a  position  of  equilibrium  is  defined  by  two  angles  for  which  two 
equations  are  given.  The  equation  for  either  variable  which 
results  from  eliminating  the  other  may  be  one  of  high  degree,  the 
approximate  solution  of  which  by  the  methods  of  the  Theory  of 
Equations  would  be  very  troublesome.  In  such  cases  it  is  often 
possible  to  obtain  a  solution  suflieiently  accurate  for  practical 
purposes  by  constructing  curves  corresponding  to  the  equations 
and  taking  their  points  of  intersection.  For  this  purpose  a  box 
of  mathematical  instruments  is  required. 

A  few  illustrations  of  the  method,  as  well  as  some  examples 
of  frequent  oecm-rence,  are  here  given,  but  in  numerous  instances 
of  like  character,  which  will  present  themselves  subsequently,  the 
student  must  exercise  his  ingenuity  in  obtaining  graphic  solutions 
for  himself. 

(a)  If  J  and  B  are  two  fixed  points  and  P  a  variable  point, 
whose  position  is  defined  by  the  angles  PAB  ( =  &)  and  PBA 
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( =  (/)).  what  locus  is  represented  V)y  the  equation 
a  cot  {e  —  a)  +  b  cot  (<^— /3)  —  c, 

where  a,  b,  e,  a,  /3  are  constants  ? 

It  will  be  easily  found  that  it  denotes,  in  general,  a  conic 
cii'cumscribing'  the  triangle  ABC,  where  C  is  determined  by 
drawing  JC  making  Z  CAB  =  a,  and  BC  making  Z  CBA  =  /3. 

But  if  a  cot  a  +  4  cot  /3  +  c  =  0,  it  will  be  found  that  the 
equation  represents  a  right  line,  the  conic  becoming  the  product 
of  this  line  and  the  line  AB  itself. 

In  particular,  a  cot9  +  l>  eot<)>  —  c  denotes  a  right  line,  which  is 
constructed  by  jtroducing  AB  to  IJ,  so  that  AB  :  BD  —  h  —  a:a: 
and  at  I)  drawing  the  line  LC,  making  the  angle 

c 


CBB  =  cot- 


h-a 


N 


(/3)  "With  the  same  meanings  of  Q  and  </>,  construct  the  locus 
represented  by  the  equation 

a  cos  9  +  i  cos  </)  =  c. 

With  the  points  A  and  B  as 
centres  describe  two  circles,  S  and 

2'(Fig.4o)ofradii -.J^and-  .  AB,       ^, 

respectively.  Draw  any  common 
ordinate  I^'LQ  meeting  them  in  L 
and  N;  then  the  lines  AL  and  BK 
intersect  in  a  point,  P,  on  the  re- 
quired locus ;  for 

AQ+QB=jIB,  or 

AL .  cos  5  +  BN.  cos  0  =  AB. 

-  •  AB  cos  ^  +  -  •  AB  cos  <b  =  AB, 
c  c 

which  is  the  given  equation. 

By  drawing  an  indefinite  number  of  lines,  such  as  NQ,  perpen- 
dicular to  AB  to  cut  both  circles,  we  determine  as  many  points 
as  we  choose  on  the  curve,  which  is  represented  in  the  figure  by 
the  thick  line. 

In  the  particular  case  in  which  a  =  I  the  locus  is  the  Magnefic 
Curve  (p.  51). 


Fig.  40. 


or 
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(y)  To  find  ^  and  (f>  from  the  equations 

a  6 

-. — -  +  -. —  =  c'  and  cos  0  =  k  cos  d>, 
sm  6       sin  </> 

where  a,  b,  c,  k  are  constants. 

Take  two  points,  A  and  B  (Fig.  41),  such  that  AB  =  a  +  b; 
t&ke' AO  =  a,  OB  =  b,  and  draw  OB  perpendieulai-  to  AB ;  with 
A  as  centre  and  c  as  radius  describe  a  circle ;  draw  any  radius, 
AC,  of  this  circle,  meeting  OB  in  L;  inflect  BJ  equal  to  XC; 
then  P,  the  point  of  intersection  of  AC  and  BJ,  is  a  point  on 
the  locus,  the  angles  d  and  <^  being  ALO  and  BJO,  respectively. 
The  full  curve  represents,  half  the  locus,  there  being  a  similar 

portion  below  AB. 

Also  the  equation  cos  0  =  k  cos  <^  gives 

^       sin P AB  =  1-. sin PB A,  or PB  =  l:.  PA, 

so    that    the    locus   representing    this 

equation  is  a  circle  whose  diameter  is 

the  line  joining  the  points  which  di^^de 

AB  internally  and   ext-emally  in    the 

ratio    1 :  L      The   values   of   0   and   <p 

which  satisfy  both  equations  are  those  belonging  to  the  points 

of  intersection  of  this  circle  and  the  preN-ious  curve. 

(6)  To  find  6  from  the  equation 

asinO  +  b  cos 6  =  c. 
We  may,  of  course,  form  a  quadratic  for  either  sin  6  or  cos  6,  but 
when  (7,  b,  c  are  numerically  given,  this  method  would  often  be 
veiy  troublesome. 

Divide  out  by  a,  and  put  -  =  tan  a ;   multiply  by  cos  a,  and 

we  get  •     //,       \       ^ 

"  sin(o  +  a)=  -cos  a. 

^         '       a 

The  angle  o  is  known  from  a  table  of  natural  tangents,  so  that 
this  last  equation  gives  0  at  once. 

As  a  numerical  example,  let  it  be  required  to  find  the  inclina- 
tion of  a  smooth  plane  on  which  a  mass  of  7-5  kilogrammes  can 
be  sustained  by  an  up-plane  force  of  2-4,  and  a  horizontal  force  of 
3-6  kilogrammes'  weight.     The  equation  for  /,  the  inclination,  is 
7-5  sin  i  — 3-6  cos  i  —  2-4. 

Dividing  out  by  7-5,  and  looking  in  the  tables  for  tan~^  —  , 
we  have  gi^  /-cos  i  tan (25°  38'  28")  =  -32. 
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Multiplying  by  cos  (25°  38'  28"),  we  have 

sin(/-25°  38'  28")  =  -2884871  =  sin(16'  46'  3"), 
.-.    i  =  42'  24'  31". 


Examples. 

1.  A  heavy  particle  is  placed  on  a  smooth  inclined  plane,  Ali 
(Fig.  42),  and  is  sustained  by  a  force,  F,  which  acts  along  AB  in  the 
vertical  plane  which  is  at  right 

angles  to  AB;  find  /•',  and  also  the 
pressure  on  the  Lucliued  plane. 

The  only  effect  of  the  inclined 
plane  is  to  produce  a  nonnal  re- 
action, li,  on  the  particle.  Hence, 
if  wo  introduce  this  force,  we 
may  imagine  the  plane  removed. 
Let  W  be  the  weight  of  the  par- 
ticle, and  i  the  inclination  of  the 
plane  to  the  horizon. 

llesolviug  the  forces  along  AB,  we  have 

F-Wsu\i=(),  or  F=  Wsuii; 
and,  resolving  perpendicularly  to  AB, 

R-  Il'cos  i  =  0,  or  R  =  Wcoa  t. 

If,  for  example,  the  mass  of  the  particle  is  4  grammes  and  the 
inclination  of  the  plane  30°,  there  will  be  a  normal  pressure  of  2'/3 
grammes'  weight  on  the  plane,  and  the  force  F  will  be  2  grammes' 
weight. 

2.  In  the  previous  example,  if  F  act  horizontally,  find  its  magni- 
tude, and  also  that  of  R. 

Resolving  along  xLB,  and  pei-pendicularly  to  it,  we  have,  successively, 

il'cos  t— IT  sin  i  r=  0,    or    F=Wtaai; 

W 

and  ^sin i+  Wcos  i- 


■  R  =  0, 


R  = 


R  is  therefore  in  this  case  greater  than  it  was  before,  as  is  sufficiently 
evident  a  i/riori. 

3.  If  the  particle  is  sustained  by  a  force, 
F,  making  a  given  angle,  Q,  with  the  in- 
clined plane,  find  the  magnitude  of  this 
force,  and  of  the  pressure,  all  the  forces 
acting  in  the  same  vertical  plane. 

Resolving  along  the  plane  (Fig.  43), 

_  „       Tl'sini 

Fcosfl— IFsmz"  =  0,  ori^= ^; 

cos  0 

and  resolving  perpendicularly  to  the  plane, 

RJrFsmQ—WcoBi=^0,.-.R—..  . 

^  cos  9 
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The  student  will,  of  course,  observe  that  these  values  of  -Faml  B 
could  have  lieen  at  once  obtained,  without  lesolutiou,  by  the  equation 
(a),  p.  15. 

4.  A  heavy  particle,  whose  weight  is  W,  is  sustained  on  a  smooth 

W 
inclined  plane,  by  three  forces  applied  to  it,  each  equal  to  -^ ;   one 

acts  vertically,   another  horizontally,  and  the  tliird  along  the  plane 
(Fig.  44)  ;  find  the  inclination  of  the  plane. 

Since  we  do  not  require  the  value  of  R,  the  pressure  on  the  jilane, 
we  shall  resolve  forces  at  right  angles  to  J\',  that  is,  along  the  plane. 

^"'''  w  .   .     w    w      .    ^  . 

—  sm *  +  ";r  +  "S"  *^°^  t—  n  sm  ?  =  0, 
o  00 


or 


2  sin  i  =  1  +  cos  /, 


It  1 

2  sin  2  <^"s  2  ~  '^°^'  2 


(1) 


If  we  reject  the  factor  cos  —  •  for  the  present,  we  have 

t      '        1 
*'"2  =  2' 
which  determines  the  inclination. 

i 
Now  the  expulsion  of  the  factor  cos^  from  equation  (1)  amounts  to 

rejecting  the  solution 

?' 
cos  X  =  0. 

But  in  this,  as  well  as  in  many  phy- 
sical and  geometrical  problems,  such  a 
solution  ought  not  to  be  rejected,  unless 
it  is  shown  to  be  irrelevant  to  the  ques- 
tion. So  long  as  our  equations  are 
perfect  interpretations  of  the  physical 
or  geometrical  conditions  of  the  pro- 
blem, no  factor  can  furnish  an  irrelevant 
solution.  It  is  only  when  an  equation  expresses  more  or  less  than 
is  implied  in  the  given  conditions  that  irrelevant  factors  can  present 
themselves.  Instances  of  these  factors  frequently  occur  in  the  opera- 
tions of  Algebra  and  Analytic  Geometi-y — as,  for  example,  when  we 
rationalize  an  equation  by  the  process  of  squaring.  If,  before  this 
process,  the  square  root  of  a  quantity  was  affected  with  a  minus  sign, 
this  sign  will  be  indifferent  in  the  rationalized  result,  and  this  latter, 
consequently,  expresses  more  than  was  contained  in  the  original 
equation.  Hence  it  may  happen  that  the  result  will  furnish  us  not 
only  with  what  is  relevant,  but,  in  addition,  with  what  is  wholly 
irrelevant. 

In  the  present  instance  the  equation  cos  —  =  0  would  give  the  in- 
clination  of  the  plane  =  180^.  and  the  figure  would  then  become  Fig. 


Fig 


^4• 


41.] 


EXAMPIiES. 


59 


4.-,,  in  which  the  particle  is  placed  uuderneath  the  plane  in  such 

way  that   equilibrium   is  manifestly 

imj)Ossible. 

Hence  it  appears  as  if  the  equa- 

t  ion  cos  —  =  0  were  wholly  without 


meaning. 

A  little  reflection,  however,  will 
show  that  it  is  quite  relevant.    For 

equation  (1)  is  merely  the  analytical  expression  of  (he  physical  con- 
dition that  the  component  of  the  acting  forces  along  the  plane  shall  be 
zero,  the  reaction  of  tlie  plane  being  presumed  to  assume  such  a  value 
as  to  render  the  total  comiionent  of  force  equal  to  zero  in  the  normal 
direction.  Now  it  is  not  enough /or  equilibrium  that  the  comj)iinent 
along  some  one  line  shall  be  zero  ;  for  this,  the  component  along 
some  other  line  must  vanish  as  well.  Hence  our  result  does  not 
express  the  complete  condition  of  the  particle's  equilibrium,  but 
merely  a  part  of  that  condition  ;  and  each  of  the  equations 

i       \  1         i       ^ 

tan  -  =  - )  and  cos  x  =  0, 

expresses  perfectly  all  the  physical  conditions  contained  in  (1).     For 

W 
when  the  inclination  is  180°,  the  force  —  which  acted  along  the  in- 
clined plane  becomes  a  horizontal  force  opposite  to  the  given  hori- 
zontal  force  — ;  and  the  vertical  —  furnishes  no  component  along  the 

Q  O 

jjlane.  But  in  this  position  the  normal  force  should  consist  of  a  pvll, 
i.e.,  cither  the  particle  should  be  placed  on  the  other  side  of  the  jjlane, 
or  the  plane  should  be  replaced  by  a  rod  to  which  the  particle  may  be 
attached  by  a  small  ring. 

2 

The  magnitude  of  .K  is  —  W. 

5.  A  heavy  particle,  P(Fig.  46),  is  placed  inside  a  smooth  parabolic 
tube  whose  axis  is  vertical,  and  is  acted 
upon  by  a  horizontal  force,  F,  equal  to 
\i.PM,  PM  being  the  ordinate  of  the  point 
P  ;  find  the  position  of  equilibrium. 

Here  the  forces  acting  are  W,  the 
weight  of  the  particle,  R,  the  normal 
reaction  of  the  tube,  and  F.  We  shall 
obtain  an  equation  between  F  and  Tl' 
without  R,  by  resolving  along  the  tan- 
gent at  P.  If  6  =  angle  between  the 
tangent  at  P  and  the  vertical,  -^S-  ^^• 

W  cosd  -^  F  sin  6  =z  ^y  .  sin  6,  where  y  =  PM. 

Hence,  for  the  position  of  equilibrium,  retaining  the  factor  cos  6, 
cose{W-iJ.i/taue)=  0. 
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But  if  the  equation  of  the  parabola  is  y-  =  4  j».r,  tau  0  =  —  •   Hence 

the  equation  is  ^^^ g ^ I)'- 2/xm)  =  0.  (1) 

This  equation  of  equilibrium  can  be  satisfied  in  two  waj-s.     Firstly, 

we  can  have  ^^s  ^  =  0,  (2) 

or  dJ  =  - )  which  gives  the  vertex  of  the  tube  as  the  position  of  equi- 
librium. This  position  is  a  jyriori  evident,  since  the  particle  would 
at  the  vertex  be  acted  upon  only  by  its  weight  and  the  reaction  of  the 
tube,  the  force  inhere  being  =  0. 

Secondly,  the  equation  will  be  satisfied  if 

ir-2fx»t  =  0.  (3) 

Now,  this  is  simply  a  relation  between  the  constants  of  the  problem, 
and  gives  no  value  of  6 — that  is,  no  definite  position  of  equilibrium. 
In  fact,  if  the  equation  (3)  is  satisfied,  (1)  will  be  satisfied,  no  matter 

what  6  may  be.  The  result,  then,  is  as  follows  :  if  fi  =  - — ,  the  par- 
ticle will  rest  in  all  positions  ;  and  if  this  relation  does  not  hold,  the 
vertex  is  the  only  position. 

It  is  well  for  the  student  to  observe  that  y.  is  here  the  quotient  of 
a  force  by  a  line,  the  force  being  expressed  in  the  same  units  as  those 
of  IT,  and  the  line  in  the  same  units  as  those  of  PM.  For,  since 
we  have  put  F  =  fj.  PM,  ii  Q  is  a  force  in  the  same  units  as  those  of 
IT,  and  I  a  line  in  the  same  units  as  those  of  PM,  it  is  clear  that 
the  proper  representation  of  F  would  be  something  of  the  form 
^PM  Q 

6.  A  heavy  paiiicle,  resting  on  a  smooth  inclined  plane,  is  attached 
to  a  string  which,  passing  over  a  smooth  pulley,  sustains  another 
heavy  particle  :  tind  tlie  conditions  and  position  of  equilibrium. 

Let  W  be  the  weight  of  the  particle  on  the  plane,  P  that  of  the 
hanging  particle,  and  0  the  inclination  of  the  string  to  the  inclined 
plane  in  the  position  of  equilibrium. 

For  the  equilibrium  of  the  particle  on 
the  plane,  we  have,  resolving  along  the 
plane  (since  the  tension  of  the  string  =: 

P), 

W  sin  i  =:  P  cos  6  ; 

.       Wsin  i 

.  .   cos  0  = p —  • 

In  order  that  there  may  be  a  position 
of  equilibrium,  this  value  of  cos  9  must 
be  <  1,  .■.  TTsin  i  must  be  <  P. 

Explain  the  result  when  P  =  W. 

7.  Three  particles,  whose  masses  are 
»!j,  ?»2,  m„  are  jilaced  at  three  points.  A, 
B,  C  (Fig.  47),  inside  a  smooth  circular  tule  ;  they  attract  or  repel 
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each  other  with  forces  directly  proportional  to  their  masses  and  their 
distances  ;  find  the  position  of  equilibrium  of  the  system. 

Consider  the  equilibrium  of  «!,  at  A.  It  is  acted  upon  hy  two 
forces  proportional  to  m,^AB  and  ni^AC,  in  the  directions  AB  and 
AC.  The  resultant  of  these  must  he  normal  to  the  tube  at  A.  But 
(Cor.  2,  p.  21)  the  re.=ultant  acts  towards  a,  the  centre  of  gravity  of 

Sin  7/        wi 
m„  and  m.,  and  if  0  is  the  centre,  OB  =  OC.    Hence    .       =  -^  ;  and, 


by  considering  the  equilibrium  of  B,  we  have  -: — -__ 


sins 
m. 


Therefore 


sin  a; :  sin  y  :  sin  »  =  TO, :  m., :  vi^.  Also  x  +  y  +  z  =  w  ;  therefore  x,  y, 
and  z  arc  the  angles  of  a  triangle  whose  sides  arc  proportional  to 
»H,,  TO.,,  audTOj.    These  angles  being  known  from  some  such  equations 

as  cos  X  =  — = ^ — — -  J  &c.,  the  i-elative  positions  of  the  particles 

are  at  once  determined.  The  centre,  0,  of  the  tube  is  the  centre  of 
gravity  of  the  particles. 


Fig.  48- 


8.  Two  smooth  heavy  rings,  A  and  C  (Fig.  48),  slide  on  l;wo  rods 
which  are  inclined  to  the  horizon  at  angles  i  and  i' ;  a  string  con- 
necting A  and  C  passes  through  a  smooth  hea\-y  ring,  B.  Find  the 
condition  of  equilibrium. 

Let  the  weights  ot  A,  B,  C,  be  P,  TT,  P',  respectively,  and  let  P 
and  P'  be  the  reactions  of  the  rods  on  A  and  C.  Construct  the  force- 
diagram  of  the  system  by  drawing  Om  from  an  arbitrary  origin,  0, 
parallel  and  proportional  to  P'  and  mn  parallel  and  proportional  to 
P';  then  on  will  be  parallel  to  BC  and  proiwrtional  to  the  tension  in 
it.  Drawing  again  7ip  parallel  and  proportional  to  IT,  Op  will  be 
parallel  to  BA,  and  represent  its  tension.  Finally,  ii  pj  represents 
P,  Oq  will  represent  P.  Since  the  tension  in  ABC  is  constant, 
On=  Op;  .-.a  perpendicular  from  0  on  mq  bisects  np.  The  length 
of  this  perpendicular  is,  on  the  one  hand,  {mn  +  hnp)i&ai',  and  on 
the  other,  (pq  +  \  np)  tan  i.  Hence,  equating  these,  we  have 
(P'  +  I  TT)  tan  i'  =  (P  +  ^  W)  tan  i. 
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This  is  a  relation  between  the  constants  of  the  proLlem,  and  it  there- 
fore constitutes  a  condition  that  equilibrium  should  be  at  all  possible. 
If  this  condition  is  fulfilled,  there  will  be  an  infinite  number  of  posi- 
tions of  equilibrium.  For  if  6  is  the  angle  which  the  string  jBC  makes 
with  the  vertical,  we  have  from  the  force-diagram 


tan  0  — 


W+2P' 

r 


tan  i' : 


and  it  can  be  easily  proved  that  if  the  two  rods  are  taken  as  axes 
of  X  and  y,  the  locus  of  B  is 

X  sec  {0 —i')  +  y  sec  {6  —  i)  =1  cosec  {i  +  {'), 
which  is  a  given  right  line. 

9.  Two  heavy  rings,  whose  weights  are  F  and  P'  (Fig.  49),  rest  on 
the  circumference  of  a  smooth  vertical  circle,  and  are  connected  by  a 


Fia 


49. 


■weightless  string  on  which  a  hea\-j-  ring,  who;e  weight  is  Q,  slides 
freely.     Find  the  position  of  equililirium. 

Construct  the  force-diagram.  Let  6  and  d'  be  the  inclinations  of 
the  radii  CA  and  CA'  to  the  vertical,  and  let  (f>  be  the  inclination 
of  the  portions  of  the  string  AB  and  BA'  to  the  vertical. 

The  force-diagram  then  gives  the  statical  ec[uations 


(|-fP)tan5z=(|  +  P')tau6'. 
(|  +  P)tanO  =  |tan</>. 


(1) 


(2) 


To  these  must  be  added  the  geometrical  equation  which  connects  the 
length,  I,  of  the  string  with  the  radius,  a,  of  the  circle. 

Since    the  horizontal   projections   of   the  broken    lines  AC'A'  and 
ABA'  are  the  same,  we  have 

«  (sin  0 -t- fin  0')  =  ;  sin  </>.  (3) 

Equations  (1),  (2),  and  (3)  are  sufficient  to  determine  the  unknown 
angles  0,  & ,  and  <^. 
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10.  A  body,  whose  mass  is  10  kilogrammes,  is  supported  oii  a, 
smooth  inclined  plane  by  a  force  of  2  kilogrammes'  weight  acting 
along  the  plane  and  a  horizontal  force  of  5  kilogi-ammes'  weight  ;  find 
the  inclination  of  the  plane.  3 

Ans.  sin~'(-j- 

'  11.  A  heavj-  body  is  sustained  on  a  smooth  inclined  plane  (inclina- 
tion i)  by  a  force  P  acting  along  the  plane,  and  a  horizontal  force,  Q. 
The  inclination  being  halved,  and  the  forces  F  and  Q  each  halved, 
the  body  is  still  observed  to  rest ;  find  the  ratio  of  P  to  Q. 

-P       „       ,  » 
Ans.  -—  =  2  cos'  —  • 
Q  4 

12.  A  mass  of  10  kilogrammes  is  to  be  sustained  on  a  smooth 
inclined  plane  of  25°  inclination  by  a  horizontal  force  of  5  kilogrammes' 
weight  and  a  force  unknown  in  magnitude  and  direction ;  determine 
this  force  in  both  respects  so  that  there  shall  be  a  normal  pressure  of 
2  kilogrammes'  weight  on  the  plane. 

Ans.  The  force  =  9'07  kilogrammes'  weight,  and   it   makes  an 
angle  of  about  1°  54'  with  the  normal,  having  a  downward  component. 

13.  Find  the  inclination  of  a  smooth  inclined  plane  if  a  mass  of 
24  kilogrammes  resting  on  it  is  sustained  by  a  horizontal  force  of  7 
and  a  force  of  16  kilogrammes'  weight  (of  unknown  direction),  while 
the  normal  pressure  is  a  force  of  15  kilogrammes'  w^eight;  find  also 
the  unknown  direction. 

Ans.  i  =  inclination  of  plane  ^53   53  . 

6  =  angle  made  by  force  with  plane  =  17"^  28'. 

14.  Find  the  inclination  of  a  smooth  inclined  plane  if  a  mass  of 
20  kilogrammes  resting  on  it  is  sustained  by  an  up-plane  force  of  5 
and  a  force  of  15  kilogrammes'  weight  of  unknown  direction,  while 
the  normal  pressure  is  2  kilogrammes'  weight ;  and  find  the  unknown 
direction. 

Ans.  i=  49°  28';  0=  47°  9'. 

15.  Find  the  inclination  of  a  smooth  inclined  plane  if  a  mass  of 
given  weight,  W.  resting  on  it  is  sustained  by  a  given  horizontal  force, 
P,  and  a  force  Q  of  given  magnitude  but  unknown  direction,  while 
the  normal  pressure  is  a  given  force  N ;  find  also  the  unknown 
direction.  ^ 

Ans.   If,  for  convenience,  tan  a  is  put 

for  -^j  we  have 


cos  (i  —  a)  = 


i9  = 


16.  Two  masses,  P  and  Q  (Fig.  50),  rest  "'  ^  ' 

on  a  smooth  double-inclined  plane,  and  are  attached  to  the  extremities 
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of  a  string  which  passes  over  a  smooth  peg,  0,  at  a  point  vertically 
over  the  intersection  of  the  planes,  the  peg  and  the  masses  heing  in 
a  vertical  plane.     Find  the  position  of  equilibrium. 

Ans.  If  ?  =  the  length  of  the  string,  and  CO  =  7i,  the  position  of 
equilibrium  is  defuied  by  the  equations 

„  sin  a  _  -.  sin  /3  cos  a      cos/3  _  Z 

cos  0  cos(f)  Bin  9      sin(f>       h' 

which  belong  to  case  (y),  p.  56. 

1 7.  Two  masses,  P  and  Q,  hang  from  the  circumference  of  a  smooth 
vertical  circle  by  two  small  rings  connected  by  a  string  which  lies 
along  the  convex  side  of  the  circle.  Find  the  position  of  equilibiium, 
and  show  that  the  heavier  mass  will  be  higher  wp  on  the  circle  than 
the  lighter. 

Ans.  If  the  radius  of  the  circle  drawn  to  P  make  an  angle  6 
with  the  vertical  diameter,  I  =  length  of  the  string,  and  a  =  radius  of 
the  circle,  the  position  of  equilibrium  is  defined  by  the  equation 

P  sin  6  =  Q  sm(^-  —  dV 

6  being  circular  measure. 

18.  Show,  by  considering  the  equilibrium  of  P  and  Q  (in  the  last 
example)  as  one  system,  that  their  centre  of  gravity  lies  in  the 
vertical  radius  of  the  circle. 

19.  Two  rods  are  fixed  in  the  same  vertical  jilane  at  inclinations  a 
and  /3  to  the  horizon ;  two  rings,  whose  weights  are  P  and  Q,  are 
connected  by  a  string  of  given  length  and  placed  one  on  each  rod  ; 
find  the  position  of  equilibrium. 

Ans.  If  P  is  placed  on  the  rod  of  inclination  a,  the  inclination, 
6,  of  the  string  to  the  vertical  is  given  by  the  equation 

{P+Q)cot6  =  Pcoil3-Qcota. 

20.  Two  heavy  rings,  P  and  Q,  connected  directly  by  a  string  of 
given  length,  rest  on  a  smooth  circular  wire  fixed  in  a  vertical  plane ; 
find  the  position  of  equilibrium. 

Ans.  If  2  a  is  the  angle  subtended  at  the  centre  of  the  circle  by 
the  string,  the  inclination,  6,  of  the  string  to  the  vertical  is  given  by 
the  equation  (P  +  (?)  cot  5  =  (P  -  (?)  tan  a. 

21.  Two  heavy  rings,  P  and  Q,  connected  directlj^  by  an  elastic 
string  whose  tension  is  jjroportioual  to  its  length  *,  rest  on  a  smooth 
circular  wire  fixed  in  a  vertical  plane  ;  find  the  position  of  equilibrium. 

Ans.  If  C  is  the  magnitude  of  the  tension  of  the  string  when  the 
string  is  stretched  to  the  length  of  the  radius  of  the  wire,  construct  a 
triangle  whose  base  and  two  sides  are  respectively  proportional  to 


*  The  student  will  aftei-wards  see  that  this  would  be  the  case  if  the  natural 
length  of  the  string  were  so  small  as  to  be  negligible  In  the  problem. 
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I'Q 


I  P,  Q.     Then  Ihe  base  augles  of  tliis  triangle  are  those  made 


with  the  vertical  by  the  radii  of  the  wire  drawn  to  the  rings. 

22.  A  mass  W  is  hung  from  a  small  ring  which  can  slip  over  a 
buiooth  circular  wire  fixed  iu  a  vertical  plane  ;  the  ri)ig  is  also  tied  to 
a  string  which,  passing  as  a  chord  of  the  circle  over  a  fixed  jieg  at 
the  top  of  the  circle,  sustains  a  given  nia.=s  F;  find  the  position  of 
equilibrium  and  the  pressure  on  the  circle. 

Ans.  If  0  is  the  angle  made  by  the  radius  drawn  to  the  ring  with 

P 

the  vertical,  sin  \0  ■=  — .,,;  and  the  normal  pressure  =  11'. 

23.  In  the  same  vertical  plane  are  fixed  a  smootli  rigid  circular 
wire  and  a  smooth  rigid  rod ;  a  heavy  ring  A  slips  along  the  circle, 
and  another,  B,  slips  along  tlie  rod,  these  rings  being  connected  by  a 
string  of  given  length  ;  find  the  position  of  equilibrium. 

Ans.  If  r  =  radius  of  circle  ;  I  =  length  of  string  A  B;  2'  =  per- 
pendicular from  centre  of  circle  on  rod ;  P  and  Q  ^  weights  of  rings 
A  and  7)',  respectively;  0  =  angle  between  radius  drawn  \o  A  and 
perpendicular  to  rod;  (|)  =  angle  between  yl^  and  jierpeudicular  to 
rod ;  i  =  inclination  of  rod  to  horizon,  then  we  lia\e 

rcosO  +  l cos  <p  =  2>, 
(?cot(e)-i)  +  (P  +  <?)cot((^  +  t)  =  Pcoti. 
Tlie    second  belongs  to   the  rectilinear  case  (a)  of  p.  54,  so  that  0 
and  (\)  can  be  constructed  from  cases  (a)  and  {p). 

24.  Two  very  small  rings,  A  and  B,  capable  of  slipping  along  the 
circumference  of  a  smooth  circular  wire  fixed  in  a  vertical  plane, 
have  masses  P  and  Q  suspended  i'rom  them  ;  the  rings  are  attached 
to  tlie  extremities.  A,  B,  of  a  string  ACB  which  passes  over  a  peg 
fixed  at  C  vertically  over  the  centre  of  the  circle ;  find  the  position 
of  equilibrium. 

Ans.  Let  I  =  length,  ACB,  of  string  ;    CA 
we  have 

''-p+Q'     '        P^q' 

25.  Two  masses  rest  on  the  convex  side  of 
a  parabola  whose  axis  is  vertical,  and  are  con- 
nected by  a  string  wliieh  passes  over  a  smooth 
peg  at  the  focus;  show  that  equilibrium  is  im- 
possible unless  the  weights  are  equal. 

20.  Two  masses,  P  and  Q  (Fig.  51),  rest 
on  the  concave  side  of  a  parabola  whose  axis 
is  horizontal,  and  are  connected  by  a  string 
which  passes  over  a  smooth  peg  at  the  focus 
F.     Find  the  position  of  equililirium. 

Ans.    Let  I  =  length  of  the  string  ;   6  = 
the  angle  which  FP  makes  with  the  axis;   4m  =  the  latus  rectum  of 
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CB  -  r'  ;    then 


Fig-  5'- 
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the  parabola ;  then 


cot  -  = 


^' 


2       y/P^+Q--   V         rn 
27.  A  particle  is  placed  on  the  convex  side  of  a  smooth  ellipse,  and 
is  acted  upon  by  two  forces,  F  and  F',  towards  the  foci,  and  a  force, 
F",  towards  the  centre.     Find  the  position  of  equilibrium. 

Ans.  If  r  =  the  distance  of  the  particle  from  the  centre  of  the 

F—F' 
curve  ;  6  =  semi-axis  minor  ;  and  n  =  — =77—  ;  then 


28.  A  heavy  particle,  P,  \a  placed  on  the  concave  side  of  a  smooth 
vertical  circle  whose  lowest  point  is  A  and  highest  point  B.  If  the 
particle  is  acted  upon  by  two  forces,  in  the  directions  AP  and  BP, 
equal  to  }t.BP,  and  y-AP,  respectively,  find  the  position  of  equi- 
librium. 

Ans.  Let   ir  =  the  weight  of  the  particle  ;  6  =  the  angle  made 
with  the  vertical  by  the  radius  to  P;  a  ■=  tlie  radius  of  the  circle ;  then 

....  =  ^- 

29.  A  particle,  P,  is  acted  upon  by  two  forces  towards  two  fixed 

points,  S  and  H,  these  forces  being  — —  and  jy^,  respectively;  prove 

that  P  will  rest  at  all  points  inside  a  smooth  tube  in  the  form  of  a 
CMxyt  whose  equation  is  SP .  PII  =  .1",  k  being  a  constant. 

30.  A  particle,  P,  is  placed  inside  a  smooth  circular  tube,  and 
acted  upon  by  two  forces  towards  the  extremities,  A  and  B,  of  a  fixed 
diameter,  AB ;  the  forces  are  respectively  proportional  to  PA  and 
PB  :  prove  that  the  particle  will  rest  in  all  positions. 

31.  Two  masses,  P  and  Q,  connected  by  a  string  rest  on  the  convex 
side  of  a  smooth  cycloid.     Find  the  position  of  equilibrium. 

Ans.  If  I  =  the  length  of  the  string,  and  a  =  radius  of  generating 
circle,  the  position  of  equilibrium  is  defined  by  the  equation 

.   e         Q       I 

'"'2=P^'ra' 

where  0  is  the  angle  between  the  vertical  and  the  radius  to  the  point 
on  the  generating  circle  which  corresponds  to  P. 
[The  string  is  supposed  to  lie  along  the  curve.] 
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Section  II. 
Rough  Curves. 

42.]  Friction.  The  curves  and  surfaces  which  we  have  hitherto 
considered  were  supposed  to  be  incapable  of  offering  resistance  in 
any  other  than  a  normal  direction.  Such  curves  and  surfaces, 
however,  exist  only  in  the  abstractions  of  Rational  Statics,  and 
are  not  to  be  found  in  natiu-e.  Everj'  surface  in  nature  possesses 
a  certain  degree  of  roughness,  in  virtue  of  which  it  resists  the 
sliding  of  other  surfaces  upon  it. 

Now,  there  are  two  ways  in  which  a  surface  may  resist  a 
sliding  motion,  firstly,  it  may  possess  small  inecjualilies  whieli 
act  as  Jixcd  ohdade^  to  sliding ;  and,  secondly,  there  may  exist 
an  adhesion  between  its  substance  and  that  of  another  body  in 
contact  with  it.  In  virtue  of  inequalities,  the  two  surfaces  get 
interlocked,  and  an  effort  to  cause  one  to  slide  on  the  other  causes 
a  strain  in  each  of  the  surfaces,  the  force  which  resists  this  sliding 
being  called  Friction.  Rankine  [Ajiplied  Mechanics,  p.  209)  dis- 
tinguishes adhesion  from  friction  on  the  ground  that  adhesion 
between  two  surfaces  is  independent  of  the  force  by  which  they 
are  pressed  together,  and  is  analogous  to  shearing  stress,  i.e.,  lo 
the  force  (called  cohesion)  which  resists  an  attempt  to  divide  a 
solid  by  causing  one  part  of  it  to  slide  on  another. 

At  the  same  time  he  holds  [Mechanical  Text-Book,  p.  153)  that 
friction  is  a  kind  of  shearing  stress,  and  this  view  gives  probably 
the  most  real  and  vivid  conception  of  its  nature. 

43.]  Laws  of  Friction.  Experiments  made  by  Coulomb  and 
Morin  have  established  the  following  laws  of  friction  : — 

1°.  The  tangential  force  necessary  to  establish  the  beginning 
of  a  sliding  motion  is  a  constant  fraction  of  the  normal  pressure 
between  the  two  surfaces  in  contact. 

2°.  AVith  a  given  normal  pressure,  the  tangential  force  neces- 
sary to  establish  the  beginning  of  a  sliding  motion  is  independent 
of  the  extent  of  the  surface  of  contact. 

Subsequent  experiments  have,  however,  considerably  modified 
the  first  of  these  laws,  and  shown  that  it  can  be  regarded  onlj'  as 
an  approximation  to  the  truth.  If  N  be  the  normal  pressure 
between  the  bodies,  /''the  force  of  friction,  and  fx  the  constant 
ratio  of  the  latter  to  the  former  tohen  slipping  is  about  to  ensue, 
we  have  F  —  [t.N.  (a) 

F   2 
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The  fraction  /x  in  this  equation  is  called  the  coeffiolent  offriclioii, 
and  if  the  first  law  were  true,  fi  would  be  strictly  constant  for 
the  same  pair  of  bodies,  whatever  the  magnitude  of  the  normal 
I)ressure  between  them  might  be.  This,  however,  is  not  the 
case.  For  great  differences  of  normal  pressure  there  are  con- 
siderable differences  in  the  value  of  ju.  When  the  normal  pressm-e 
is  nearly  equal  to  that  which  would  crush  either  of  the  surfaces 
in  contact,  the  force  of  friction  increases  more  raj)idly  than  the 
normal  jiressure.  Equation  (a)  is  nevertheless  x'ery  nearly  true 
when  the  differences  of  normal  pressure  are  not  verj'  great,  and 
in  what  follows  we  shrill  assume  this  to  be  the  case. 

44.]  Causes  which  Modify  the  Coefficient  of  Friction. 
Friction  being  a  force  called  into  play  by  the  mutual  action  of 
two  boilirs  in  contact,  /x  depends  on  the  i)artieular  pair  of  bodies 
in  contact,  and  is  not  a  quantity  pertaining  to  any  one  body  by 
itself.  Moreover,  it  varies  for  the  same  two  bodies  according  as 
the  state  of  each  body  varies.  Thus,  it  is  not  the  same  for  iron 
and  dry  oak,  as  for  iron  and  the  same  piece  of  oak  with  a 
moistened  surface.  Neither,  again,  is  it  the  same  for  two  pieces 
of  wood  when  their  fibres  are  parallel  as  when  they  are  perjien- 
dicular.  In  fact,  when  great  accuracy  is  required,  a  special  ex- 
periment should  be  made  to  ascertain  the  coefficient  of  friction 
between  two  bodies  which  in  any  case  are  to  act  upon  and  sustain 
each  other.  Tables  of  the  coefficient  of  friction  between  bodies  in 
sjaecified  states  are  to  be  found  in  most  practical  treatises  on  Statics. 

45.]  Independence  of  the  Extent  of  the  Surface  of  Contact. 

The  second  law  of  Friction  may  at  first  sight  a2)pear  strange  ; 

but  a  little  reflection  will  remove  objections  against  its  truth. 

If  the  total  normal  pressure  between  two  bodies  be  N,  and  the 

area  of  the  siuface  of  contact  S,  the  pressure  per  unit  of  area 

N 
(which  is  called  the  intensiti/ of  pressure)  is  -s--      If  now,  while  the 

normal  pressure  remains  the  same  as  before,  the  surface  of  contact 

is  doubled,  the  jiressure  per  unit  of  area  is  only  — ^i  which  is  just 

half  as  great  as  before.  Hence,  though  the  area  over  which 
friction  acts  is  doubled,  the  intensity  of  pressure  is  halved  ;  and 
it  is  consistent  with  common  sense  that  the  friction  per  unit  of 
area  should  be  halved  also.  Thus,  on  the  whole,  the  same  total 
tangential  force  is  required  to  set  up  sliding  in  both  cases. 
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46.]  Actual  Magnitudes  of  Coefficients  of  Friction.  I<  is 
well  that  the  student  should  have  some  notion  of'the  actual  mag-ni- 
tudes  of  coefficients  of  friction  between  bodies.  P'or  this  purpose 
he  should  look  at  a  table  of  these  coefficients.  Practically  there 
is  no  observed  coefficient  much  greater  than  1.  In  Rankine  s 
table  the  coefficient  for  damp  clay  on  damp  clay  is  given  as  1 , 
and  that  for  sliingle  on  gravel  is  at  the  most  1-11.  Most  of  the 
ordinary  coefficients  are  less  than  \. 

47.]  Other  Coefficients  of  Friction.  It  is  found  bj'  ex- 
periment that  the  friction  which  resists  the  beginning  of  sliding 
is  greater  than  that  which  resists  its  continuance.  Again,  the 
resistance  which  is  opposed  to  the  rolling  of  one  surface  on 
another  is  distinguished  by  the  special  name  of  Boiling  Friclion, 
but  it  would  more  properly  be  called  Resistance  to  Rolling. 
At  present  we  shall  limit  oiu-selves  to  the  consideration  of 
the  friction  of  the  beginning  of  motion  which  is  expressed 
by  the  equation  t^  _      y 

48.]  Reaction  of  a  Rough  Curve  or  Surface.  Let  AB 
(Fig.  52)  be  a  rough  curve  or  surface ;  P  the  position  of  a 
])article    on    it ;    and    suppose    the  . 

forces  acting  on  P  to  be  confined  \  / 

to   the   plane    of   the   paper.     Let  r^V "A 

N  =  PR,  =  the  normal  resistance  of  \     /   \ 

the  surface,  acting  in  the  normal,  |/ ____jjL— — - 

PN,  and  F  =  the  force  of  friction,       ---;;;::::==^°°°'pt  B 

acting  along  the  tangent,  PT.  J^  \ 

The  resultant  of  N  and  /'  is  a  ' 

force  which  we  shall  caU  the  Total  ^'^-  ="" 

Resistance  of  the  surface.  It  is  represented  in  magnitude  and 
direction  by  the  line  PR  =  R,  which  is  the  diagonal  of  the 
parallelogram  determined  by  N  and  F.  We  have  seen  that  the 
total  resistance  of  a  smooth  surface  is  normal ;  but  this  limitation 
does  not  apply  to  a  rough  surface.  The  angle,  </>.  between  R  and 
the  normal  is  given  by  the  equation 

F 

tancf,  =  ^^ 

I  Hence,  <ji  will  be  a  maximum  when  the  force  of  iriction  bears 
[the  greatest  ratio  to  the  normal  pressure.  But  this  greatest 
\ratio  is  what  we  have  called  the  coefficient  of  friction,  ^i ;  and 
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this  ratio  is  attained  when  the  particle  is  just  on  the  point  of 
slipping  along'  the  surface.  Therefore  the  greatest  angle  hy  ic/iich 
the  Total  Be^istance  of  a  rough  curve  or  gurface  can  deviate  from  the 
normal  is  the  angle  v;hose  tangent  is  the  coefficient  of  friction  for  the 
ladies  in  contact  j  and  this  deviation  is  attained  when  slipping  is 
about  to  commence. 

49.]  Angle  of  Friction.  The  angle  between  the  normal  and 
the  total  resistance  of  a  rough  surface  when  slij)ping  is  about  to 
take  place  is  called  the  Angle  of  Friction.  It  is  sometimes  called 
the  Angle  of  Repose.  "We  shall  throughout  denote  it  by  A. ;  and 
if  IX  is  the  coefficient  of  friction, 

Ian  X  =  ji. 

50.]  Experimental  determination  of  ju.  Let  *  P  be  the  posi- 
tion of   a    heavy  particle,  whose   weight    is    W,   on    a    rough 

jtlane,  AB,  whose  inclination  is  gra- 
dually increased  until  P  is  on  the 
point  of  slipping  down.  Consider  the 
equilibrium  of  P  in  these  circum- 
stances. It  is  acted  upon  by  ttco 
forces,  namely,  its  weight,  W,  and 
the  total  resistance,  R,  of  the  plane. 
For  equilibrium  these  forces  must  be 
■ '  equal    and    act    in    opposite    senses.' 

Hence  R  acts  in  a  vertical  line ;  and  since  slipping  is  about  to 
take  place,  the  angle  between  R  and  the  normal,  PX,  to  the 
plane  must  (Art.  48j  be  equal  to  A,  the  angle  of  friction.  But 
the  angle  between  the  vertical  and  FN  is  also  equal  to  the 
inclination  of  the  plane  to  the  horizon.  Hence  the  inclination 
of  a  rough  plane  on  which  a  particle,  acted  upon  solely  by  its  own 
weight,  is  just  about  to  slip,  is  the  Angle  of  Friction. 

This  result  might  have  been  proved  by  the  resolution  of  forces. 
Thus,  if  iV^be  the  normal  pressure,  the  force  of  friction  acting 
up  the  plane  is  /x.V,  since  slipping  is  about  to  l>egin.  Hence, 
resolving  forces  horizontally  for  the  equilibrium  of  P, 

X  sin  i  —  nN  cos  i  =  0, 
i  being  the  inclination  ;  or  tan  i  =  }j.\  .■.  /  =  A.. 


*  P  ought  to  be  represented  in  the  figure  as  h.iving  aflat  base  in  contact  with 
the  plane.     The  student  Avill  similarly  correct  all  the  subsequent  figures. 
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Morin  detcnnined  the  coefficient  of  friction  ])et\veen  two 
substances  by  placing  one  on  a  fixed  horizontal  plane  made  of 
the  other,  and  then  measnring  the  least  horizontal  force  which 
should  V)e  api)lied  to  the  body  resting  on  the  ])lanc  to  cause  it  to 
slide.  The  ratio  of  this  force  to  the  weight  of  the  body  is  the 
required  coefficient  of  friction. 

51.]  Limitation  of  the  Total  Resistance.  As  in  the  case  of 
the  resistance  of  a  smooth  curve  or  surface,  there  is  no  limit  to 
the  magniUuU  of  the  total  resistance  of  a  rough  curve  or  surface 
— for  the  surfaces  with  which  we  are  at  present  concerned  are 
supposed  to  be  capable  of  resisting  penetration  to  any  extent — 
the  only  limitation  to  which  the  total  resistance  is  subject  being 
one  of  direction,  and  this  limitation  is  thus  expressed : — 

The  Tvlal  Jlemtance  of  a  rough  curve  or  surface,  ihongh  un- 
restricted in  magnitude,  can  never  make  with  the  normal  an  angle 
greater  than  the  angle  cf  friction  corresjmuling  to  the  two  lodies  in 
contact. 

^Vithin  this  limit,  the  total  resistance  can  assume  any  magni- 
tude and  direction,  so  that  we  at  once  deduce  the  following 
important  principle : — 

If  the  Total  Resistance  can  mai?itaiu 
equilibrivm,  it  will  do  so. 

Thus,  let  P  (Fig.  54)  be  a  heavy  par- 
ticle placed  upon  a  rough  plane  whose 
inclination  is  less  than  \,  the  angle  of 
friction.  Then  it  is  clear  that,  to  keep 
P  at  rest,  the  total  resistance,  R,  has 
only  to  be  equal  and  opposite  to  W,  the 
weight  of  P. 

But,  drawing  PQ,  making  the  angle  of  friction,  A,  with  the 
normal,  PX,  we  see  that  the  direction  of  R  falls  within  the 
prescribed  limit ;  and  therefore  the  equilibrium  will  subsist,  no 
matter  how  great  W  may  be,  for  there  is  no  limit  as  to  the 
magnitude  of  R. 

52.]  Limiting  Equilibrium.  A  particle  acted  upon  by  any 
forces  and  placed  upon  a  rough  surface  is  said  to  be  in  Juniting 
equilihrium  when  it  is  in  such  a  position  that  the  total  resistance 
of  the  surface  makes  the  angle  of  friction  with  the  normal.  In 
such  a  position  if  any  slight  change  should  occur  in  the  circum- 
stances of  the  particle,  in  virtue  of  which  the  total  resistance 
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would  be  compelled  to  make  a  greater  angle  with  the  normal, 
ecinilibrium  could  subsist  no  longer ;  for  the  total  resistance  can 
never  be  inclined  to  the  normal  at  an  angle  greater  than  the 
angle  of  friction.  Or  we  may  put  the  matter  thus.  In  every 
case  the  equilibrium  of  a  particle  restricted  to  a  rough  curve 
or  surface  is  broken  only  by  some  circumstance  which  compels 
the  total  resistance  to  make  with  the  normal  an  ang-le  erreater 
than  the  angle  of  friction.  The  manner  in  which  this  is  supposed 
to  happen  depends  on  the  particular  problem.  For  example,  let 
us  enquire  into  the  circumstances  of  the  equilibrium  of  a  heavy 

particle,  whose  weight  is  JF,  on  a  rough 
curve,  AB  (Fig.  55),  whose  plane  is 
vertical,  the  particle  being  acted  upon 
by  a  horizontal  force,  F. 

The  problem  proposed  for  solution 
may  be  any  one  of  the  three  fol- 
lowing : — 

(a)  Determine  the  least  horizontal 
force   that  will   sustain  a  particle,  of 
weight  W ,  at  a  given  point,  P,  of  a  given  rough  curve,  JB. 

(h)  Determine  the  point  at  w^hich  a  particle,  of  W'eight  //  , 
will  be  just  sustained  by  a  given  horizontal  force,  F,  on  a  given 
rough  curve,  AB. 

(f)  Detei-mine  the  least  coefficient  of  friction  that  will  allow 
a  particle,  of  weight  JF,  to  rest  at  a  given  point,  P,  of  a  curve, 
AB,  the  particle  being  act^ed  on  by  a  given  horizontal  force,  F. 

If  PX  be  the  normal  at  P,  and  PR  be  drawn  making  the 
angle  of  friction,  X,  with  it,  PR  will  be  the  dii-ection  of  the  total 
resistance,  since,  by  supposition,  the  particle  is  about  to  slip 
down.     All  three  problems  are  solved  by  the  equation 

IF 

-p^  cot(^-A), 

Q  being  the  inclination  of  the  tangent  at  P  to  the  horizon. 
But  the  manner  in  which  equilibrium  is  supposed  to  be 
broken  is  not  the  same  in  each  of  them.     If,  in  the  first  case, 

F<  /Ftan  (d  —  X),  in  the  second,  fl  >  A  +  tan~^(^j  >  and  in  the 

Fx 
third,  X<d  —tavr'^-i^-Tr-j  ,  the  particle  will  not  rest  at  P.     Thus 

the  equilibrium  may  be  broken  by — 
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(a)  a  sliffht  clianfjo  in  some  of  the  acting-  forces ; 

(4)  a  slig-ht  cliango  in  the  position  of  the  iiarticlc  ;   or 

(c)  a  slight  change  in  the  nature  of  the  supporting  surface, 
i.  e.  a  diminution  of  its  roughness. 

If  the  particle  is  in  limiting  equilibrium  (i.e.  if  the  total 
resistance  makes  the  angle  of  friction  with  the  normal  to  the 
supporting  surface)  it  is  evident  that  equilibrium  will  always  be 
Inoken  if  the  tliinl  of  these  changes  occurs ;  but  it  may  not  be 
broken  by  either  of  the  others.  Take,  for  example,  a  heavy 
particle  placed  on  an  inclined  plane  whose  inclination  to  the 
horizon  is  the  angle  of  friction.  It  is  evident  that  any  change 
may  be  made,  either  in  its  weight  or  in  its  position  on  the 
plane,  and  e(inilibrium  will  still  subsist ;  for  in  neither  case  is 
the  total  resistance  (equal  and  opposite  to  W)  compelled  to  make 
with  the  normal  an  angle  >A. 

In  every  ease  of  equilibrium  it  is  to  be  observed  that  the  Force 
of  Fric/iou  (Art.  43)  acts  in  the  sense  opposite  to  that  hi  which 
motion  would  ensue  if  the  bodies  in  contact  lecame  gradually  smoother, 
and  this  is  the  ndc  for  determining  the  side  of  the  normal  at 
which  the  Total  Resistance  acts. 

53.]  Friction  in  non-limiting  equilibrium.  The  beginner  is 
very  prone  to  assume  that,  if  fx  is  the  coeflicient  of  friction  be- 
tween two  bodies,  in  every  case  in  which  one  of  these  bodies  rests 
against  the  other  the  force  of  friction  is  ^iN,  where  j\  is  the 
normal  pressure  between  them.  That  this  is  not  so  he  will 
easily  see  by  considering  the  case  in  which  a  heavy  piece  of 
metal  rests  on  a  horizontal  plane  of  wood,  the  coefficient  of  friction 
between  the  metal  and  the  wood  being,  say,  i,  and  no  forces, 
other  than  its  weight  and  the  resistance  of  the  plane,  acting  on 
the  body.  So  far  from  the  force  of  friction's  being  |  of  the  normal 
pressure,  the  force  of  friction  is  zero,  and  will  come  into  existence 
only  when  some  horizontal  force  is  applied  to  the  body.  The  force 
of  friction  will  always  be  equal  to  this  horizontal  force  and  will 
attain  the  value  %N  only  when  slipinng  is  about  to  take  place. 

The  changes  both  in  magnitude  and  in  direction  which 
the  Total  Resistance  between  two  rough  surfaces  in  contact 
undergoes  while  equilibrium  changes  from  a  state  bordering  on 
motion  in  one  direction  to  a  state  bordering  on  motion  in  the 
opposite  direction  may  be  very  simply  illustrated  by  solving  the 
following  problem :  — 
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A  heavy  body  of  weight  TF  is  held  on  a  rough  inclined  plane 
of  inclination  i  by  a  horizontal  force  P;  the  force  P  being  varied 
gradually  from  the  value  requii-ed  just  to  sustain  the  bodv 
to  the  value  required  just  1o  di-ag  it  up  the  plane,  it  is  required 
to  represent  graphically  the  difterent  magnitudes  and  direc- 
tions of  the  Total 
Jf''^^         'K-^^x .''i  /  Resistance  corre- 

sponding to  the 
successive  values 
of  P. 

Let  0  (Fig.  56) 
be  the  position  of 
the     body,     and 
measure      off     a 
^'S-  f6.  vertical  line  OW 

to  represent  the  magnitude  of  W. 

Then,  for  different  values  of  P,  the  resultant  of  IF  and  P  will 
be  represented  by  lines  drawn  from  0  and  terminating  on  the 
horizontal  line  JFIT.  The  Total  Resistance  of  the  plane  on  the 
body  is,  of  course,  equal  and  opposite  to  the  resultant  of  P  and  Jf, 
and  it  wUl  therefore  be  represented  by  a  line  drawn  from  0  to  a 
horizontal  line,  TPj/?,,  dra^\-n  at  the  same  distance  above  0  as 
the  line  WII  is  below  it. 

Let  OX  be  the  normal  to  the  plane  at  0,  and  draw  the  lines 
OPj  and  07?2  making  the  angle,  A,  of  friction  wath  the  normal 
at  opposite  sides  of  it.  Let  these  lines  be  produced  to  meet  the 
line  //  //  in  the  points  r^  and  ■/•.,. 

Then,  for  equilibrium,  the  resultant  of  P  and  IF  must  be  re- 
presented by  some  line  between  0;-j  and  0/:,. 

"When  the  resultant  of  P  and  ff  is  0/\ ,  the  Total  Resistance 
of  the  plane  is  OPj ,  and  since  this  makes  the  angle  of  friction 
with  the  normal,  the  body  is  on  the  point  of  sli]iping  do^\Ti. 
T\"hen  the  resultant  of  P  and  IF  is  Or^,  the  Total  Resistance  is 
Oi?2 ,  and  the  body  is  on  the  point  of  slipping  up. 

The  values  of  P  which  will  just  sustain  the  body  and  just 
drag  it  up  are,  respectively, 

^tan  (i-A)  and  TF  tan  (i  +  X), 
as  appears  at  once  from  the  figure  or  by  calculation. 

If  P  has  a  value  between  these  limits,  the  Total  Resistance, 
OP,  will  be  intermediate  between  OPj  and  OP,,  and  the  equi- 
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librium  will  not  be  limiting-,  i.e.  the  body  will  not  be  on  the 
point  of  slipping  either  up  or  down  ;  and  the  force  of  friction, 
which  is  the  component  of  R  along  the  plane,  will  not  be  y. 
times  the  normal  pressure,  except  in  the  two  states  bordering 
on  motion. 

If  P  has  the  value  W  tan  i,  which  is  intermediate  between  its 
extreme  values,  the  Total  Kesistance  will  be  normal  to  the  plane, 
and  in  this  state  there  will  be  no  force  of  friction  exerted  between 
the  plane  and  the  body. 

IncUned  Plane  Diagram.  The  magnitude  of  the  force  which, 
acting  at  0  in  any  direction,  will  just  sustain  or  just  drag  up 
the  body  is  easily  represented  in  the  above  figure  (Fig.  56). 
For,  draw  from  tlie  point  W  a  line  parallel  to  the  line  of  action 
of  the  force  in  (question,  meeting  the  lines  Or^  and  Or.,  in  the 
points  /j  and  f^  (not  represented  in  fig.),  respectively;  then 
the  lengths  Vf  and  Wf,  represent  the  values  of  the  force  w-hich 
will  just  sustain  and  just  drag  up  the  body,  respectively,  on  the 
scale  which  represents  the  weight  by  the  length  OW ;  and  the 
coiTcsponding  Total  Resistances  are  represented  by  the  lines 
/jO  and  ffi,  respectively.  In  particular,  if  from  //"  we  draw 
a  line  parallel  to  the  inclined  plane,  its  intercepts  made  by  Or^^ 
and  Or.,  will  give  the  up-plane  forces  which  will  just  sustain  and 
just  drag  up  the  body.  These  forces  arc,  respectively, 
^^sin(z-X)^^^sin(/  +  X) 
cos  A  cos  A 

54.]  Passive  Resistances.  The  force  of  friction  between  a 
body  and  a  rough  surface  belongs  to  a  class  of  forces  called 
Passive  Resisfances,  i.e.  forces  which  come  into  existence  only  on 
account  of  the  action  of  other  forces  and  which  always  endeavovu' 
to  destroy  the  effect  of  these  other  forces.  To  this  class,  indeed, 
belongs  also  the  normal  pressure  between  any  two  bodies,  and 
also  the  resistance  of  air  or  any  other  fluid  to  a  body  moving 
through  it. 

And  it  is  an  axiom  with  regard  to  all  passive  resistances  that 
if  they  can  preseiTC  equilibrium  they  will. 

Examples. 

1.  A  heavy  particle  is  placed  on  a  rough  plane  inclined  to  the 
horizon  at  an  angle  less  than  the  angle  of  friction  ;  find  the  limits  of 
the  direction  of  the  force  required  to  drag  it  down. 
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Let  ry  (Vig-  57)  lie  the  normal  to  the  inclined  plane,  and  let  PQ 
be  drawn,  making  the  angle  XPQ  =  A,  the  angle  of  friction.  Now, 
the  necessary  and  sufficient  condition  that  equilibrium  should  exist  is 

that  the  resultant  of  the  weight,  1)',  and 
the  force  applied,  F,  should  fall  within 
the  angle  yPQ.  Hence,  producing  yP 
and  Q2^  to  n  and  q,  we  sec  that  no  force 
applied  to  P  within  the  angle  nPq  will 
disturb  the  equijibriura.  F  must,  there- 
fore, be  applied  within  the  angle  yPq, 
and  act  from  P  towards  the  left  of  the 
figure. 

2.  Two  he.ivy  particles,  whose  weights 

are  P  and  Q,  rest  in  limiting  equilibrium 

on  a  roiigh  doidde-inelined  plane,  and  are  connected  by  a  string  which 

passes  over  a  smooth  peg  at  a  point,  A  (Fig,  58^,  vertically  over  the 

intersection,  li,  of  the  two  planes.     Find  tiie  position  of  equilibrium. 

Let  the  inclinations  of  the  planes  he  a  and  3 ;  let  the  length  of  the 

string  be  /,  and  AB  =  h ;  and  let  the 
portions  of  the  string  make  angles  0 
and  1^  with  the  planes. 

Suppose  that  P  is  on  the  point  of 
ascending,  and  Q  of  descending.  Then, 
since  the  motion  of  each  body  is  about 
to  ensue,  the  total  resistances,  li  and 
S,  must  each  make  the  angle  of  friction 
with  the  corresponding  normal ;  and 
since  the  mass  P  is  about  to  move 
upwards,  R  must  act  towards  the  left 
of  the  normal,  while,  since  Q  is  about 
to  move  downwards,  S  must  act  to 
the  left  of  the  corresponding  normal. 

If  T  is  the  tension  of  the  string,  we  have  for  the  equilibrium  of  P, 

sin(a  +  A) 


Fig,  58. 


cos  ((J  — A) 


;aAv'«MV«>^»A'^"^5  I<JK 


Again,  for  th.e  equilibrium  of  Q, 
T-  Q. 


sin  (/3  — A) 
cos  (<J)+ A) 


Hence,  equating  the  values  of  T, 
sin  (a  +  A) 


=  Q 


sin  (^  — A) 


(1) 


cos(0— A)  cos(<^  +  A) 

This  is  the  only  statical  equation  connecting  the  given  quantities, 
AVe  obtain  a  geometrical  equation  by  expressing  that  AB  and  the 
length  of  the  string  are  given.     This  is,  evidently, 

-.-^  +  S£i|)  =  ,  (2) 


Af^ 
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Equations  (1)  and  (2)  deiermine  the  values  of  0  and  </),  and  con- 
fstitute  the  sohuion  of  the  problem.  These  equations  can  be  solved 
grajihically,  (2)  giving  the  curve  in  case  (y)  of  Art.  41,  while  (1)  gives 
a  curve  of  the  fourth  degree  defined  thus — through  Ji  (I'ig.  41,  ]).  50) 
draw  an  indefinite  right  line,  BE,  making  the  angle  J'JBA  =  A  ;  then 
F  being  auy  jwint  on  the  curve  which  represents  (1),  if  AT  meets 
BE  in  B,  we  shall  have 

Br  =  k.rB, 

i     i       •     /'sin(a  +  X)        n-,  .     ,  , 

where  k  is  a  given  constant,  viz.-—, — — — -{■     Ihis  locus  can  be 

Qiin(.i  —  A) 

practically  constructed  with  case  thus — Draw  any  indefinite  lino,  BI/, 

tlirough  B;  take  points  J/,  ..V,  S  on  this  line,  in  ordt-r  from  B,  such 

that  BM :  J/.V  =  1  :  /.•  =  BS :  SiV.    Then  draw  any  line  .1  JiP  through 

A  meeting  BE  in  li ;  draw  A'E  ;  from  il/draw  J//''  and  from  .S'draw 

SG  both  parallel  to  i\7i  and  meeting  BE  in  F  and  G  resi)ectively ; 

describe  a  circle  on  FG  as  diameter;   then  the  line  AB  intersects 

this  circle  iu  points  on  the  required  curve. 

Other  Solution.     Instead  of  considering  the  total  resistances,  B  and 

.S',  we  may  consider  two  normal  resistances,  X  and  A'',  and  two  forces 

of  friction,  jJ-N  and  juA'',  acting  respectively  down  the  plane  a  and  up 

the  ]>lane  (i.     In   this  case,  considering  the  equilihriuiu  of  F,  and 

resolving  forces  along  and  perpendicular  to  the  plane  a,  we  have 


Fsina+  jjiX  =  TcosO 
7' cos  a  =  X  +  Ts\ 


;:::!  « 


and  for  the  equilibrium  of  Q, 


Q  sin  (i  =  /x.V  +  Tcos(f),)  ,  j,, 

(?cos/3=    N'+Tsm4>S  ' 

Eliminating  N,  N',  and  T  from  the  systems  (A)  and  (B),  we  arrive 
at  the  same  statical  equation  as  before. 

The  method  of  considering  total  resistances  instead  of  their  normal 
and  tangential  components  is  in  many  cases  more  simple  than  the 
sejiarate  consideration  of  the  latter  forces. 

3.  If  in  tlie  last  question  F  is  given,  what  are  the  limits  of  Q  con- 
sistent with  equilibrium  ? 

If  Qhe  so  huge  that  it  is  about  to  drag  F  up,  its  value,  Q,,  will  be 

given  by  equation  (1),  .     ,        ^^         ,,      ^^ 

^     ^  ).'      „    sin(a  +  A)cos((|)  +  A). 

^'~      ■sin(/3-A)cos((J-A)' 
and  if  Q  be  so  small  that  F  is  about  to  descend,  its  value,  Q^,  will  be 

sin  (a — X)cos(<^  — A) 
''■'  ^      ■  sin  (/3  + A)  cos  (6)  + A)  ' 

the  angles  Q  and  <^  being  connected  by  equation  (2). 

4.  A  heavy  ring  is  placed  on  a  rough  vertical  circle;  find  the 
limits  of  its  position  consistent  with  equilibrium. 

Ans.  Draw  two  diameters  making  the  angle  of  friction  with  the 
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vertical  diameter.  The  ring  will  rest  anywhere  on  the  circumference 
between  the  two  upper  extremities,  or  between  the  two  lower  extremi- 
ties, of  these  diameters. 

5.  A  body  whose  mass  is  20  kilogrammes  is  just  sustained  on 
a  rough  inclined  plane  by  a  horizontal  force  of  2  and  a  force  of  10 
kilogrammes'  weight  along  the  plane  ;  the  coefficient  of  friction  is 
2 

-;  find  the  inclination  of  the  plane.  „. 

6.  A  heavy  particle  is  placed  on  a  rough  plane  whose  inclination  to 

the  horizon  is  sin"'^- j,  and  is  connected  by  a  string  passing  over  a 

smooth  pulley  with  a  particle  of  equal  weight,  which  hangs  freely. 
Supposing  that  motion  is  on  the  point  of  ensuing  up  the  plane,  find 
the  inclination  of  the  string  to  the  plane,  the  coefficient  of  friction 

being  -. 

Ans.  By  resolving  forces  along  the  inclined  plane,  we  have,  if  9  = 
inclination  of  the  sti-ing  to  the  plane, 

1    •    d       1  n  1    ■    ^         ^         •  -^ 

—  sin  0  =  1  — cos  P,     or  -  sin— cos -  =  sin-  — 3 

^  u  ^  ^  ^ 

one  solution  of  which  is  6  =  0,  and  the  other  is  tan  —  =  — . 

■  7.  In  the  second  solution  of  the  last  question,  exhibit  the  position 
of  the  string,  and  explain  the  result. 

I  8.  A  heavy  particle  acted  upon  by  a  force  equal  in  magnitude  to  its 
weight  is  just  about  to  ascend  a  rough  inclined  plane  under  the 
influence  of  this  force ;  find  the  inclination  of  the  force  to  the  inclined 
plane. 

Avs.  If  0  is  the  required  inclination,  \  =  angle  of  friction,  and 
i  =  inclination  of  the  plane, 

0  =  '^-{,  and  0  =  2\  +  i-'^ 

are  possible  solutions.     (Q  is  here  supposed  to  be  measured  from  the 

ufper  side  of  the  inclined  plane.  If  ^  >  2X  +  i,  the  applied  force  will 
act  towards  the  wilder  side.)  " 

9.  In  the  first  solution  of  the  last  question,  what  is  the  magnitude 
of  the  pressure  on  the  plane  ? 

Ans.  Zero.     Explain  this. 

10.  What  angle  must  a  given  force  P  make  with  a  rough  incline  so 
that  when  a  mass  of  weight  IJ^  is  just  sustained,  the  normal  pressure 
shall  be  equal  to  Wi  siu  i  —  u. 

Ans.  cot"' -.• 

1  — cosi 

11 .  A  mass  of  500  kilogrammes  can  be  just  sustained  on  a  rough 
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incline  by  a  horizontal  force  of  120  kilogrammes'  weight,  and  also 
(separately)  by  an  up-plane  force  of  132-6  kilogrammes'  weight;  find 
/i  antl  i. 

Ans.  fx=  .539;   i=  41° 51'. 

12.  Two  masses  rest  on  a  rough  double  inclined  plane,  being  con- 
nected by  a  cord  which  passes  over  a  smooth  pulley  at  the  vertex  of 
the  double  incline ;  the  inclinations  of  the  planes  are  48°  and  32° ; 
for  both  the  angle  of  friction  is  28°  ;  if  the  mass  on  the  first  is  560 
kilogrammes,  and  is  just  on  the  point  of  slipping  down,  calculate  the 
other  mass. 

Ans.  221  kilogrammes,  nearly. 

13.  A  heav)'  body  is  to  be  dragged  up  a  rough  inclined  plane; 
find  the  direction  of  the  least  force  that  will  suffice. 

Ans.  The  direction  of  the  force  must  make  the  angle  of  friction 
with  the  plane.  This  follows  at  once  either  by  resolution  of  forces  cr 
by  drawing  the  Inclined  Plane  Diagram,  p.  75  ;  for  Fig.  56  shows  at 
once  that  the  least  force  that  will  just  sustain  the  Iwdy  is  represented 
in  magnitude  and  direction  by  the  perpendicular  from  the  point  ]V 
on  the  line  0>\,  while  the  least  force  that  will  drag  the  body  up  is 
represented  by  the  perpendicular  from  W  on  Or, .  In  the  first  case 
the  least  force,  being  at  right  angles  to  the  Total  Resistance,  makes 
the  angle  of  friction  with  the  lower  side  of  the  plane,  while  in  the 
second  the  least  force  makes  this  angle  with  the  upper  side. 

N.B.  This  result  is  often  expressed  thus  : — the  lest  angle  0/ traction, 
up  a  rough  inclined  j)lane  is  tlie  angle  of  friction. 

14.  Prove  that  the  horizontal  force  which  will  just  sustain  a  heavy 
particle  on  a  rough  inclined  plane  will  sustain  the  particle  on  the 
same  plane  supposed  smooth,  if  the  inclination  is  diminished  by  the 
angle  of  friction. 

1 5.  "WTiat  is  the  least  coeflScient  of  friction  that  will  allow  of  a  heavy 

body's  being  just  kept  from  sliding  down  an  inclined  plane  of  given 

inclination,  the  body  (whose  weight  is  IT)  being  sustained  by  a  given 

horizontal  force,  P  ? 

IF  tan  I-/' 
Ans.  -^f^ — jr- .• 

Explain  ci  ])riori,  why  we  get  a  negative  value  for  the  coefficient  of 
friction  unless  Wia.ni>P. 

•  16.  It  is  observed  that  a  body  whose  weight  is  known  to  be  IF  can 
be  just  sustained  on  a  rough  inclined  plane  by  a  horizontal  force  P,  and 
that  it  c;in  also  be  just  sustained  on  the  same  plane  by  a  force  Q  \ip 
the  plane;  express  the  angle  of  friction  in  terms  of  these  known 
forces. 

PW 
Ans.  Anffle  of  frictions  cos  ' . 

Q'/p'+  \r- 

■  1".  It  is  observed  that  a  force,  (?, ,  acting  up  a  rough  inclined  plane 
will  just  sustain  on  it  a  body  of  weight   W,  and  that  a  force,  Q^, 
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p  ;  fiud 


acting  up  the  plane  will  just  drag  the  same  body  up  ;  fiud  the  angle 
of  friction. 


Ans.  Angle  of  friction  =  siu . 

2VW'-Q,Q, 

18.  In  example  8,  p.  61,  if  the  rings  A  and  C  are  equally  rough, 
find  the  condition  that  there  raaj'  be  a  limiting  eijuilibrium  in  which 
each  is  about  to  slip  down. 

Atis.  If  \  is  the  angle  of  friction,  the  required  condition  is 

(P'  +  y)tau  (t'-A)  =  (P  +  ^)  tan  {i-k). 

In  this  case  the  lines  Om  and  Oq  must  be  drawn  malcing  angles 
j'— A,  and  ?'  — A,  respectively,  with  the  line  mq. 

If  the  above  condition  is  pati^ficd,  there  will  be  an  infinite  number 
of  positions  of  equilibrium,  as  in  ex.  8,  p.  61,  those  of  D  all  Ij'ing  on 
a  certain  right  line. 

19.  In  the  same  example,  if  one  of  the  rings,  C,  is  in  a  position  of 
limiting  equilibrium,  find  the  direction  of  the  string,  the  position  of 
the  other  ring.  A,  and  the  direction  of  the  total  resistance  at  it. 

Ans.  The  position  of  the  string  is  determined  by  the  equation 

^ .  tan  0  =  (^  +  P')  tan  (i'±  A), 

the  +  or  —  sign  being  used  according  as  C  is  about  to  slip  up  or 
down.  AVhen  d  is  known,  the  position  of  A  is  known  ;  and  the 
direction  of  the  total  resistance  at  A  is  found  from  the  etjuation 

(y  +  P)  tan  Oqm  ^  (^  +  P')  tan  (i' +  \). 

20.  Two  small  rings,  from  which  hang  two  masses,  P  and  Q,  are 
fitted  on  a  rough  circular  wire  fixed  in  a  vertical  plane,  and  are  con- 
nected directly  by  a  string  of  given  length  ;  find  the  limiting  positions 
of  equilibrium. 

With  the  notation  of  example  20,  p.  04,  if  P  is  about  to  descend, 
(P+(?)  cote  =  (2 tan  (a  +  A)-Ptan  (a-A). 

21.  T\vo  masses,  P  and  Q,  hang  from  two  small  rings,  A  and  B, 
fitted  on  a  rough  circular  wire  fixed  in  a  vertical  plane,  the  rings 
being  connected  by  a  string  passing  along  the  circumference;  fiud  the 
limits  of  the  position  of  equilibrium,  sujiposing  no  friction  between 
the  .string  and  the  wire. 

Ans.  If  6  be  the  angle  made  by  the  radius  to  A  with  the  vertical, 
I  —  tlie  leugth  of  the  string,  and  a  =  the  radius  of  the  circle,  6  may 
have  any  value  between  6^  and  6.,,  these  being  given  by  the  equations 

Qi^in(-+\)+PsmX 

taUt'i   =    r ) 

Qcos(^-+  X'j+Pcosk 


tan  Cj  = 
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<?sinf--A)-/'sinX 

Q  cos  ( K\-\-  I'  cos  \ 

A  being  tlie  angle  of  friction. 

22.  If  the  wire  in  the  last  question  is  in  the  form  of  any  curve, 
show  that  in  the  limiting  positions  of  equilibrium  the  total  resistances 
at  A  and  B  intersoct  on  the  circle  passing  through  A,  B,  and  the  jwint 
of  intersection  of  the  normals  at  A  and  B. 

23.  Two  heavy  particles,  P  and  Q  (Fig. 
59),  rest,  one  on  a  rough  diameter,  AB,  of 
a  rough  vertical  circle,  and  the  other  on  the 
convex  side  of  the  circle,  the  particles  being 
connected  by  a  string  which  passes  over  a 
smooth  peg  at  the  upper  extremity,  B,  of 
the  diameter.  Find  the  position  of  equili- 
brium, the  string  being  supposed  to  be 
nowhere  in  contact  witli  any  rough  surface, 
and  the  coefficients  of  friction  for  P  and  Q 
being  different. 

Am.  If  a  =  the  inclination  of  AB  to  the  vertical,  Q  =  inclination 

of  the  radius  drawn  to  Q  to  the  vertical,  y.  =  coefficient  of  friction 

between  /'  and  AB,  /x' =  coefficient  of  friction  between   Q  and  tlie 

circle,  the  limiting  positions  of  equilibrium  are  given  by  the  equations 

Q  (sin  0,  +  fx'  cos  0,)  =  P  (cos  a  —  ^  sin  a), 

Q  (siu  0^  —  ijl'  cos  6^)  =  P  (cos  a  +  fx  sin  a). 

24.  Three  particles  of  weights  w,,  Wj,  v-,  rest  on  a  rough  horizontal 
table ;  tL\  is  connected  with  ic^  by  a  string  fully  stretched,  and  tv^  is 
similiirly  connected  with  w,.  Find  the  magnitude  and  direction  of 
the  least  force  which,  applied  to  v\,  will  move  all  the  pai-ticles. 

Ans.  For  the  possibility  of  the  motion  the  angle  between  the  line 
iPj  Wj  and  the  Hue  v\  ti\  produced  tlirough  ic^  must  be  acute.  Take 
any  point,  0,  and  through  it  draw  OA  parallel  to  the  line  v\  u\  and 
proportional  to  f/io,;  from  A  draw  AB  parallel  to  the  line  tCj  w,,  and 
inflect  OB  proportional  to  fj.  w., ;  draw  OB'  equal  and  parallel  to  AB, 
and  draw  OC  perpendicular  to  OB'  towards  AB  and  pruportional  to 
/xti'j.  Then  the  diagonal  through  0  of  the  rectangle  determined  by 
OC  and  OB'  gives  the  required  direction  and  magnitude  of  the  force 
to  be  applied  to  u\. 

25.  If  in  the  last  example,  w,  and  ic^,  instead  of  being  connected 
with  each  other,  are  each  connected  with  u\,  find  the  direction  and 
magnitude  of  the  least  force  which,  apjilied  to  vi.,  will  move 
them  all. 

26.  Any  number  of  particles  of  weights  u;,  u\,  v:^.  .  .  .  m'„,  lie  on  a 
rough  "horizontal  table,  m',  and  u\  being  connected  by  a  tight  string, 
as  also  u\  and  OTj,  ic,  and  w, ,  and  so  on.  Find  the  magnitude  and 
direction  of  the  least  force  which,  applied  to  the  last  ijarticle,  w„ ,  will 
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cause  the  ■whole  set  to  move  simultaneously,  and  find  the  conditions 
that  such  movement  shall  he  possible. 

Ans.  Take  any  point  0,  and  draw  OA,^  parallel  to  the  string  ic\  v}^ 
and  proportional  to  y.tv^  ;  draw  0A„^  parallel  to  the  string  lo^  w,,  and 
inflect  vljj/lj,  proportional  to  fxw^  ;  draw  0A^^  parallel  to  the  string 
WjW,,  and  inflect  vl.^^,,  proportional  to  ii-it\;  and  so  on,  until  the 
vertex  A  „_, ,  „  is  reached ;  then  draw  A„_^.„P  perpendicular  to  OA  „_, ,  „ 
and  proportional  to  y.tu„.  The  line  OP  represents  the  required  force 
in  magnitude  and  direction.  The  lines  OAy,,  OA.^,  0A.^^,  . .  .  represent 
the  tensions  of  the  strings ;  and  for  the  possibilitj'  of  the  motion  the 

angles  OA^^A^,  OA^A^,  OA^A,, . . .  must  each  te>-  • 

27.  Two  heavy  particles,  P  and  Q 
(Fig.  60),  rest  on  two  rough  circular  arcs 
which  have  a  common  vertical  tangent  at 
0  ;  P  and  Q  are  connected  by  a  string 
which  passes  over  a  smooth  pulley  at  0 ; 
find  the  positions  of  limiting  equilibrium. 

Ans.  Let  6  and  <^  be  the  angles  sub- 
tended   hy  the   arcs   OP  and   OQ  at  the 
centres  of  the  corresponding  circles,  a  and 
'^'    °'  h  the  radii  of  the  circles,  A  and  t  the  angles 

of  friction  for  P  and  Q,  respectively,  and 
I  the  length  of  the  string ;  then,  if  P  is  about  to  slip  down,  the 
equations 

cos(e-t-A)    _        cos((^  — f) 


<2  +  X)  co<2-') 


2 

.    6     ^   .    ^       1 
and  a  sin  -  +  0  sin  —  =  -  j 

determine  the  position  of  equilibrium.     Changing  the  signs  of  A  and  f , 
we  obtain  the  position  in  wliich  Q  is  about  to  slip  down. 

[Instead  of  particles  on  the  circular  arcs,  we  may  suppose  small 
rings  from  which  the  masses  P  and  Q  are  suspended.] 
'  28.  A  particle  rests  on  a  rough  curve  whose  equation  isf{x,7/)  =  0, 
and  is  acted  on  hy  forces  the  sums  of  whose  components  along  the 
axes  of  X  and  y  are  X  and  Y;  prove  that  the  particle  will  rest  at  all 
points  on  the  curve  at  which 

dx         du 
■ •  >  cos  A. 

29.  Two  rings  whose  weights  are  P  and  Q  are  moveable  on  a  rough 
rod  inclined  to  the  horizon  at  an  angle  i;  these  rings  are  connected 
by  a  string  of  given  length  which  passes  through  and  supports  a 
smooth  heavy  ring  W;  find  the  greatest  distance  between  P  and  Q. 
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Ans.  If  0  is  tlie  inclination  of  either  portion  of  the  .'(ring  to  the 

vertical,  the  greiitest  distance  hetween  tlie  rings  is  obtained  by  giving 

tan  6  the  less  of  the  values 

"'+20        ,,      .        11+27'        ,^      .. 
— ^tan(X-0,     -^j^tan(\  +  r), 

Q  being  the  upper  nng. 

30.  DE  and  £F  are  two  rough  inclined  planes  intersecting 
at  right  angles  at  H  (foiniing  a  double  inclined  plane)  ;  on  these 
planes  are  placed  two  given  masses,  P  and  Q,  respectively,  connected 
bj'  a  cord  over  a  pulley  at  £,  the  coefficients  of  friction  being  the 
same  for  both.  P  is  on  tlio  point  of  dragging  Q  up  ;  but  if  the 
plane  EF  is  removed,  and  Q  allowed  to  hang  vertically,  Q  is  on  the 
point  of  dragging  P  up.  Trove  tiie  following  construction  for  finding 
the  values  of  the  inclination,  i,  of  J)E  and  the  angle,  A,  of  friction  : 
draw  a  right  line  OA  proportional  to  Q,  and  on  OA  as  diameter 
describe  a  circle,  whose  centre  is  J5  ;  at  7?  draw  a  line  BC  pro- 
portional to  P  and  making  the  angle  OJiC  =  tan"'  -  ;    on  JiC  as 

diameter  describe  a  circle  ;  then  find  a  point  Ji  on  the  first  circle 
such  that  if  7jA'  meets  the  second  circle  in  .S',  we  shall  have  OR  =  OS. 
The  angle  AOIi  =  X,  and  i  =  \  +  OBC. 

[If  P=150  and  (2=140,  scale  measurement  and  subsequent 
correction  will  give  \  =  11°  31',  and  i  =  54°  32'.] 

31.  A  mass  IT  is  placed  on  a  face  of  a  rough  wedge  inclined  at  an 
angle  i  to  the  ground,  on  which  the  wedge  rests,  the  mass  of  the  wedge 
being  II",  the  coefficient  of  friction  between  TF  and  the  wedge  being 
fx,  and  that  between  the  wedge  and  the  ground  being  i/.  If  a 
horizontal  rope  is  attached  to  W  and  pulled  with  gradually  increasing 
force,  find  how  motion  will  ensue. 

[Thus,  if  ir  =  200,  11"  =m,  ix  =  ^,  /  —  i.  tan  i  =  j^,  the  two 
bodies  will  move  as  one.] 

32.  A  mass  on  a  rough  inclined  plane  is  attached  by  a  tight  cord 
to  a  fixed  point  in  the  plane,  the  direction  of  the  cord  making  a  given 
angle,  0,  with  the  line  in  which  the  plane  interr^ccts  the  ground  ;  if 
the  inclination  of  the  plane  is  gradually  increased,  when  will  the  body 
begin  to  slip  1 

Ans.   When  tan  {  =  — ^j  where  jj.  is  the  coefficient  of  friction. 
CCS  0 
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Section  I. 

A  Single  Particle. 

55.]  Orthogonal  Projection.     Let  0.t  and  JB  (Fiw.  6i)  be 

any  two  right  lines  inclined  at  an 

angle  0.    If  from  the  extremities, 

A  and  J>,  of  the  right  line  AB. 

two   peqiendiculars,  Aa  and  Ub, 

be  let  fall  on   Ox,  the  line  ab  is 

^     called  the  orthogonal  projection  of 

AB  on  0.r.     If  the  lines  Aa  and 

Bh  had  been  each  drawn  parallel 

to  a  given  line,  which  is  not  pei-pendicular  to  Ox,  atj  would  be  an 

oljlique  projection  of  AB. 

In  the  case  of  orthogonal  projection  it  is  evident  that  at)  = 
AB  co3  e. 

56.]  Projection  of  a  Broken  Line.  Let  ABCJD  (Fig.  62)  be  a 
zigzag  or  broken  line.  Then  it  is  e^^dent  that  the  projection 
(orthogonal  or  oblique)  of  the  line  AD,  joining  the  first  and  last 


Fig.  61. 


Fig.  62. 


Fig.  63. 


points,  A  and  B,  is  equal  to  the  sum  of  the  projections  of  the 
separate  lines,  AB,  BC,  and  CD,  on  any  line  0.r. 

This  is  also  true  when  the  line  Ox,  on  which  the  projection 
takes  place,  cuts  any  or  all    of  the  lines  AB,  BC,  ...  between 
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the  vertices,  ./,  B,  C, ...,  of  the  polygon  formed  by  them,  as  in 
Fig.  63. 

If  the  sides  of  a  closed  polygon  taken  In  order  be  marked  with 
arrows  pointing  from  each  vertex  to  the  next  one,  and  if  their 
projections  be  marked  with  arrows  flying  in  the  same  directions, 
then,  lines  measured  from  left  to  right  being  considered  positive, 
and  lines  from  right  to  left  negative,  we  may  evidently  state  this 
result  as  follows  : — 

Tlie  sum  of  the  projections  of  the  sides  of  a  dosed  polygon  on  a/iy 
right  line,  allowance  being  made  for  positive  and  negative  projections, 
is  zero. 

57.]  Virtual  Displacement.  Virtual  Work.  If  a  point  at 
0  (I'ig.  64)  be  conceived  as  displaced  to  A,  OA  may  be  called  the 
virtual  displacement  of  the  point. 

Let   01  be    the  direction  of  a  M.-- 

force,  P,  and  let  AN  he  drawn  per- 
j)endicular  to  it ;  then  ON  is  the 
projection  of  the  ^'irtual  displace- 
ment along  OP,  and  the  product 
of  the  force,  P,  by  the  projection, 

ON,  of  the  virtual  displacement  is  ^.    , 

Fig.  64. 
called  the  virtual  work  of  the  force. 

We  shall  therefore  say  that — 

The  Virtual  Wokk  of  a  force  is  the  product  of  the  force  and  the 
projection  along  its  direction  of  the  Virtual  Jjisplacemenl  of  its  point 
of  application. 

If  Q  be  the  angle  between  the  force  and  the  virtual  displace- 
ment, 

The  Virtual  Work  =  P.ON  =P.  OA  cos  (?  =  P  cose.OA. 
Now  P  cos  d  is  the  projection  of  the  force  along  the  direction  of 
displacement,  and  is  equal  to   OAf,  if  PJI  is  perpendicular   to 
OA.     Hence  we  may  also  define  the  vii'tual  work  of  a  force  as 
follows : — 

The  virtual  icork  of  a  force  is  the  product  of  the  virtual  displace- 
ment of  ifs  point  of  application  and  the  projection  {or  component^  of 
the  force  in  the  direction  of  this  displacement. 

This  latter  definition  is  for  some  purposes  more  convenient 
than  the  former.  It  is  to  be  observed  that  the  projection  of  a 
line  AB  (Fig.  61),  of  given  length,  remains  unaltered  in  magni- 
tude when  AB  is  moved  parallel  to  itself  into  any  position. 
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58.1  Theorem.     T/ie  virtual  work  of  a  force  is  equal  to  ihe  mm 
of  the  virtual  works  of  its  components,  reclangidar  or  o/Ji<]i>,: 

Let  a  force  F,  represented  by  OJ! 
(Fig.  65),  act  at  0,  and  let  its  com- 
ponents be  P  and  Q,  represented  bv 
OF  and  OQ.  Let  OA  be  the  virtual 
displacement  of  0,  and  let  its  pro- 
jections on  F,  P,  and  Q,  be  r,  j),  and 
q,  respectively.  Tlien  the  virtual 
works  of  these  forces  are  R.r,  P.p, 
Q  .  q.  Draw  Pm  and  Fn  perpen- 
dicular to  OA.  Then  On  is  the  pro- 
jection of  F  in  the  direction  of  the  displacement,  and  by  the  end 

of  Art.  57.  „  n  I      n 

F .  r  =  OAx  Oh. 

Similarly         P.p  -  OA  x  Om,  and   Q.q  =  OAx  mn. 

Hence 

P.p+q.q  =  OA  ( Om  +  mn)  =  OA  x  On  =  7.' .  /•.— Q.  E.  D. 

59.]  Theorem.      T/ie  sum  of  the  virtual  works  of  any  number  of 
forces  acliiifi  at  a  imnt  is  equal  to  the  virtual  work  of  the  resultant. 

This  may  be  proved  by  taking  the  forces  two-and-two,  and 
using  the  last  Theorem,  or  by  making  use  of  the  polygon  of 
forces  (see  Fig  i  [,  p.  23).  The  sum  of  the  virtual  works  of  the 
forces  is  equal  to  the  virtual  displacement  multiplied  by  the  sum 
of  the  projections  along  it  of  the  sides  of  the  polygon  parallel  to 
the  forces  (Art.  .")7).  But  (Art.  5G)  the  sum  of  these  projections 
is  equal  to  the  projection  of  the  remaining  side  of  the  polygon, 
and  this  side  represents  the  resultant.     Therefore,  &c. 

It  follows,  then,  that — 

When  a  system  (//'forces  acting  at  a  jmint  is  in  equili/jrium,  the 
suvi  of  the  virtual  icorks  of  the  forces  —  0. 

For,  such  a  system  will  be  represented  by  a  closed  polygon,  and 
(Art.  56)  the  sum  of  the  piojections  of  the  sides  of  the  polygon 
along  any  right  line  =  0. 

60.]  Convention  of  Signs.  If  the  \-irtual  displacement,  OA 
(Fig.  66),  project  on  the  line  of  the  force  P  in  a  sense  opposite 
to  that  in  which  P  acts,  the  projection  ON  is  to  be  considered 
negative,  and  the  virtual  work  is  negative.  In  this  case  P 
will  also  project  on  the  line  of  displacement  in  a  sense  opposite 
to  OA. 
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In  Fig-.  67  the  virtual  displacement,   OA,  is  such  as  to  give 
positive  projections,  Or  and  Oj),  along  the  forces  R  and  P,  and 


Fig.  66. 


Fig.  67. 


a  negative  projection,  Og,  along  Q.  And  if  in  this  case  the 
lengths  of  Or,  Op,  and  Orj  are  denoted  by  r,  j),  and  y,  the  equation 
of  virtual  work  will  be  11  .r  =  P  .p—Q.  q. 

61.]  Kature  of  the  Displacement.  It  must  be  carefully 
observed  that  the  displacement  of  the  particle  on  which  the 
forces  act  is  both  viutial  and  perfectly  .vubitiliry.  In  the 
motion  of  the  particle,  treated  of  in  Kinetics,  the  displacement 
is  often  taken  to  be  that  w-hich  the  particle  actually  undergoes  ; 
but  in  the  statical  problem  of  the  equilibrium  of  forces,  the 
relation  between  them,  expressed  in  an  equation  of  virtual  work, 
holds,  whatever  the  displacement  may  be — -that  is,  it  holds 
whether  the  displacement  be  an  actual  or  merely  an  imagined 
one.  The  second  characteristic  of  the  displacement,  namely 
its  arhitrarinem,  is  most  important, 
as  will  presently  appear. 

62.]  General  Equation  of  Vir- 
tual Work.  Let  several  forces,  P^ , 
P.,.  ...(Fig.  68),  act  in  equilibrium 
on  a  particle,  0,  and  let  OA  be  any 
conceived,  or  virtual,  di.«placement 
of  0.  Letting  fall  perjiendiculars, 
AJ)^ ,  Ap.^ ,-...,  on  the  forces,  the 
projections  Op.,,  Op^,  and  Op^,  are 
all  positive,  while  C/;,  and  O/;;  are 
negative  (Art.  60).  Hence  the  equation  of  virtual  work  is 
-P, .  Op^  +  P^ .  Op.,  +  P, .  Op,  +  P,.  Op,-P,.Op,  =  0. 

If  the  projections  of  the  displacement  be  denoted  by  p^ ,/;.,,  . . ., 
and  if  these  quantities  are  supposed  to  carry  their  proper  signs 
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with  them,  this  equation  becomes,  the  number  of  forces  being 
anv  whatever, 

P,  .Jh  +  P,-J>2  +  ^z-P3  +  ••■  -  0,  (1) 

or  2(P./)=0.  (2) 

63.]  General  Displacement  of  a  Particle.  The  most  general 
displacement  of  a  single  particle  is  a  simple  motion  of  translation 
from  the  point,  0,  which  it  occupies,  to  another  point,  A.  It  is 
true  that  in  Molecular  Dynamics,  very  small  portions  of  matter 
are  conceived  as  capable  not  only  of  translations  but  also  of 
rotations  about  axes  through  themselves.  Indeed  everj-  portion 
of  matter,  since  it  must  possess  extension  in  space,  must  be 
capable  of  both  kinds  of  displacement ;  but  any  consequences 
resulting  from  rotational  displacement  of  a  particle  may  be  at 
present  entirely  neglected. 

64]  Deduction  of  the  Equations  of  Equilibrium  from  the 
Equation  of  Virtual  Work.  Through  0  draw  any  two  axes,  Ox 
and  Oy,  rectangular  or  oblique,  and  let  a  and  /3  be  the  projections 
of  the  virtual  displacement,  O.l,  along  these  axes.  Replace  the 
force  Pj  by  its  components,  Jj  and  1\,  along  Ox  and  Oy.  Then 
(Art..  58) 

Similarly,  P^.p.,=  aX.,  +  fi  Y., , 


Hence  equation  (1)  of  Art.  G2  becomes 

a{j^+x.,+x\+ ...)+^(}\  + }:,+}-,+  ...)  ^  0, 

or  a2X+^2r=0.  (I) 

Now  a  and  ji  are  perfectly  independent  of  each  other.  For, 
the  displacement  OA  may  be  chosen  so  as  to  keep  a  constant 
while  varying  /3  at  pleasure,  or  vice  rersd.  Suppose,  then,  that 
)3'  and  a  are  the  projections  of  a  new  virtual  displacement,  and 
we  shall  have  ,a^I+^2r=0.  (2) 

Subtracting  (2)  from  (1),  we  have 

(^-/3')2r=0. 
Now  /3  — ^  is  not,  =  0,  therefore  SI' must  =  0  :  and  in  the  same 
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way  2A'=  0.     Hence  we  arrive  at  the  C([uations  of  resolution  of 

^'''''  2A-=0,  vr=o, 

which  were  deduced  in  Chap.  II.* 

65.]  Elementary  Virtual  Work.  In  the  general  equation  of 
virtual  work,  for  forces  acting  in  icjiiililjrium  on  a  single  particle, 
namely, 

no  limitation  lias  been  placed  upon  the  magnitude  of  the  virtual 
displacement.  This  equation  is  true,  independently  of  its 
magnitude  ;  but  it  is  generally  more  convenient  to  assume  the 
virtual  displacement  to  be  infinitesimal,  even  in  the  case  of  tlie 
equilibrium  of  a  single  particle,  and  it  is  absolutely  necessarj'-  to 
do  so  (as  will  presently  be  seen)  in  treating  of  the  equilibrium  of 
a  connected  system  of  particks. 

If  the  virtual  displacement  is  infinitesimal,  its  projections, 
Pi,  Po'  •••)  oJi  the  several  forces  acting  upon  the  particle  are  all 
infinitesimal.  We  shall,  therefore,  denote  these  small  projections 
in  future  by  bj)^,  bj).,,  ...,  and  the  equation  of  elementary  virtual 
work  will  be 

Pj .  6/;i  +  P.^ .  bp.,  +  Pg  .  bj),,  +  . . .  =  0, 

or  SP6;)  =  0. 

66.]  Case  in  which  the  Virtual  Work  of  a  Force  vanishes. 
If  a  force  P  act  at  a  point  0,  and  if  the  virtual  displacement  OA 
is  at  right  angles  to  the  direction  of  P,  it  is  clear  that  bp,  the 
projection  of  O.l  on  the  direction  of  P,  is  equal  to  zero.  Hence, 
w/ie>i.  the  virtual  displacement  is  at  right 
angles  io  the  direction  of  the  force,  the 
virtual  work  of  the  force  =  0,  and  the 
force  will  not  enter  into  the  equation 
of  virtual  work.  Such  a  virtual  dis- 
placement is  always  a  convenient  one 
to  choose  when  we  desire  to  get  rid  of 
some  unknown  force  which  acts  upon 
a  particle  or  a  system.  For  example, 
let  a  particle,  0,  of  weight  If^  be  sus- 
tained on  a  smooth  inclined  plane  by  a  force,  P,  making  an  angle 


*  These  equations  are,  of  course,  implied  in  the  proof  of  the  principle  of 
virtual  work  ^Axt.  59). 


90 


THE    PRINCIPLE    OF    VIPvTUAL    WORK. 


[66. 


Fig.  70. 


0  with  the  plane.  If  we  wish  to  find  the  magnitude  of  P  in 
terms  of  JF,  without  bringing  the  unknown  reaction,  i?,  into  our 
equation,  we  conceive  0  as  receiving  a  virtual  displacement,  OA 
(the  magnitude  of  which  is,  in  the  present  case,  unlimited),  at 
right  angles  to  R,  that  is,  along  the  plane.  Drawing  Am  and 
An  perpendicular  to  IF  and  P,  respectively,  the  equation  of 
virtual  work  is 

//".  Om-P.  0)1  =  0. 

But  Oi/i  =  OA  .  sin  /,  and  Ou  =  OA  .  cos  0  ;  therefore 

//'sin  i~P  cos  0=0. 

As  a  second  example,  let  us  suppose 
that  the  plane  is  rough,  and  that  the 
particle  is  on  the  point  of  being 
dragged  up  the  plane.  The  normal 
resistance  will  then  be  replaced  by 
the  total  resistance,  B,  inclined  to 
the  normal  at  an  angle  =  A,  the 
angle  of  friction.  Let  the  virtual 
displacement,  OA  (Fig.  70),  now  take 
place  perpendicularly  to  R.    Then  the  equation  of  ^artual  work  is 

-W.Om  +  P.  Ou  =  0. 

But  0>i!  =  OA.sin  ('  +  X),  and  On  =  OA  .cos(\-fl) ;    therefore 

ir.  sin  {i  +  \)  =  P  cos  (A-S). 

As  a  third  example,  let  us  find  the  horizontal  force  which  is 
necessary  to  keep  a  heavy  particle  in  a  given  position  inside  a 

smooth  circular  tube  (Fig.  71). 

Let  the  virtual  displacement, 
OA,  be  an  indefinitely  small  one 
=  d-9,  along  the  tube.  Then 
since  ds  is  infinitesimal,  the  pro- 
jection of  OA  on  E  will  be  zero. 
Also  Om  =  ds  .  sin  6,  and  On  = 
ds  .  cos  0  ;  therefore  the  equation 
of  virtual  work  is 
—  Jf'ds  .  sin  ^  +  Pds .  cos  ^  =  0, 
or  P  =  IF  tan  0. 

If  the  tube  is  rough,  and  the  particle  in  limiting  equilibrium, 
instead  of  the  normal  reaction  we  must  draw  the  total  resistance. 


Fig.  71. 
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making  the  angle  \  with  the  normal  at  the  right  or  left  hand 
side,  according  as  1'  is  the  force  which  jiid  nug/ai/is  the  particle, 
or  the  force  which  will  Jud  drag  it  up  the  tube,  and  take  the 
virtual  displacement,  not  along  the  tube,  but  at  right  angles  to 
the  total  resistance.  In  this  case  we  obtain 
P=  7rtan(0  +  A). 

67.]  Condition  of  Equilibrium  of  a  Particle  as  determined 
by  the  Principle  of  Virtual  Work.  It  will  now  be  sullicicntl} 
clear  that — 

For  the  equilibrium  of  a  free  particle  acted  on  hy  any  forces  in  one 
jilane  it  is  necessary  and  sufficient  that  the  virtual  wvrk  of  the  system 
of  forces  for  every  arbitrary  displacement  whatsoever  should  vanish. 

First,  it  is  necessary  that  the  virtual  work  should  vanisli  for 
every  displacement.  For,  the  sum  of  the  virtual  works  of  the 
forces  is  equal  to  the  virtual  work  of  their  resultant,  and  if  this 
sum  did  not  vanish,  the  resultant  force  covdd  not  vanish,  and 
therefore  the  particle  could  not  be  in  equilibrium. 

Secondly,  it  is  sufficient  that  this  sum  should  vanish  for  everj' 
displacement.  This  sum  is  equal  to  the  virtual  work  of  the  re- 
sultant, and  if  this  vanishes  for  all  possible  displacements,  the 
resultant  force  itself  must  be  zero,  and  therefore  the  particle  is 
at  rest.  For,  if  possible,  let  there  be  a  resultant  B,  which  is  not 
zero.  Then,  since  the  virtual  displacement  is  quite  arbitrary,  we 
may  choose  it  so  that  it  gives  a  projection  =  br  (which  is  not 
=  0)  on  the  direction  of  R.  Now,  since  the  virtual  work  of  the 
system  vanishes,  we  have         Rhr  =  0. 

But  since  hr  is  not  =  0,  R  must  be  =0,  and  the  particle   is, 
therefore,  at  rest.^ 

68.]  Normals  to  Curves.  The  equation  of  virtual  work 
furnishes  a  ready  method  of  draw- 
ing normals  to  certain  curves.  For 
example,  to  draw  a  normal  at  any 
point,  0,  of  an  ellipse  (Fig.  72) 
let  a  particle  be  placed  at  0  inside 
a  smooth  elliptic  tube  whose  foci 
are  F  and  F',  and  let  it  be  kept  in 
equilibrium  by  two  forces,  P  and 
P" ,  directed  towards  the  foci.     Let 

OF  —  r,  OF'  =  r.     Then  by  the  property  of  the  ellipse, 
;•  +  /  =  a  constant. 
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Hence,  proceeding-  to  a  close  point,  A.  we  have,  v^' 

6r  +  a/=0.  '^5^  (1) 

Now  the  resultant  of  P  and  P'  is  normal  to  the  cuive,  and  is 
destroyed  by  the  normal  reaction.  Drawing  Am  and  Am'  per- 
pendicular to  P  and  P',  the  equation  of  virtual  work  is 

P.Om-P' .  Om'  ^  0. 

But  Om  =  —or,  and  Om'  =  5 / ;  therefore  this  equation  becomes 

P.br  +  P'.br  =0.  (2) 

Equation  (l)  gives  8/=  —  br  ;    therefore,  substituting  in  (2), 
we  have 

P=P'. 

or  the  forces  towards  the  foci  must  be  equal.  But  the  resultant 
of  two  eqnal  forces  bisects  the  angle  between  them. 

Hence  the  normal  at  any  point 
of  an  ellipse  bisects  the  angle 
between  the  focal  radii  drawn  to 
the  point. 

Again,  the  ovals  of  Cassini  are 
given  by  the  equation 

r/  =  /t2, 
r  and  /  being  the  distances  of  a 
point,  0,  on  the  cur\-e  (Fig.  73),  from  two  fixed  points.  Fund  I'. 
If  two  forces,  P  and  P" ,  act  at  0  towards  i^  and  P',  their  resultant 
being  normal  to  the  curve,  we  have  for  a  small  virtual  displace- 
ment along  the  curve 

Plr+Flr'  =Q.  (1^ 

But,  differentiating  the  equation  of  the  curve, 

/8/-  +  rS/=  0.  (2) 

Hence  from  (1)  and  (2) 

P_/ 

P'~  r- 
Now,  if  C  is  the  middle  point  of  FF' ,  we  have 

/  _  sin  P  _  sin  COF 
7  ~  sin  F'  ~  sin  COF' ' 

Therefore  P  _  sin  COF 

T  ~  sin  COF' ' 
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T?ut  if  Oy  be  the  direction  of  the  resultant, 

P  _  sin  NOF' 

F'~  sin  NOF' 
Hence  NOF'  =  COF;  and  the  normal  is,  therefore,  constmcted 
liy  joining  the  point  0,  on  the  curve,  to  the  middle  point  of  the 
line  joining  the  foci,  F  and  F\  and  then  drawing  the  light 
line  ON  so  that  I  NOF'  =  I  COF.  The  line  ON  is  the  normal 
at  0. 

Examples. 

1.  If  the  equation  of  a  curve  is  expressed  in  the  form  -  =  k, 

k  beiug  a  constant,  and  r,  )•'  the  distances  of  any  point  on  the  curvi;  from 
two  fixed  points,  A,  B,  show  that  the  normal  to  the  curve  divides  yIZi 
externally  in  the  ratio  k- :  1 ,  and  that  the  curve  is  therefore  a  circle. 

2.  Prove  that  the  normal  to  the  curve  —  +  -,7,  =  -r,  divides  AB  in 

r       r         a 

the  ratio  (-,)"+'• 

3.  Give  a  simple  construction  for  the  normal  to  a  Cartesian  oval, 
whose  equation  is  lr  +  7nr'  =  a. 

4.  The  equation  of  the  magnetic  curve  is  cos  (o  +  cos  u>'  =  /r 
(example  37,  p.  51).  If  iV  and  yS"  are  the  poles,  prove  that  the 
noimal  at  a  point  P  is  constructed  by  measuring,  on  lines  per- 
pendicular to  FX  and  PS,  lengths  proportional  to  PS'  and  PN'-, 
respectively,  and  proceeding  as  in  last  Article. 

5.  Tlie  equation  of  any  curve  being  /(r,  r')  =  0,  prove  that  if  the 
normal  is  constructed  by  measuring  constant  lengths,  Pa  and  Pb. 
from  a  point  P  on  the  curve,  along  the  lines  PA  and  PB,  tlie  cui-\e 
must  belong  to  the  Cartesian  ovals. 

.  lif  J    (If 

[This  follows  at  once  from  the  integral  of  the  equation    ,    =  /c   '-, ; 

for  this  integral  gives  /=  <^(kr  +  r');  therefore  all  such  curves  give 
hr  +  r'  =■  const.] 

6.  Show  that  for  cun'cs  given  by  the  equation  /(<u,  o/)  =  0,  a 
construction  similar  to  that  in  the  last  example  (except  that  the 
constant  lengths  are  measured  on  per2)eudiculars  to  PA  and  PB)  will 
hold  only  when  the  equation  is 

tan"  ^  tan'"  ^  =  ^. 

[This  follows  from  the  integral  of  the  equation 

1   df       k   df  .        df  ,  df 

-  -^  =  — ,  ~, ,     or     sin  to  --—  =  k  sin  w  -^—,  > 
r  dtii       r  diu  do)  aw 
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for  the  method  of  obtaining  whicli  integral  see  Boole's  Differential 
Equations,  p.  328]. 

7.  Apply  the  result  in  the  last  example  to  construct  the  normal  to 
an  ellipse  at  any  point. 

[The  equation  of  the  ellipse  is  tan  —  •  tan  —  =  k.] 


where 


r,,    i\ 


The  general  theorem*  of  which  these  are  particular  eases  i< 

the  following  : — Let  the  equation  of  any  cur\-e  he  expressed  in 

the  form  .,  , 

/(r„  r.,,r^,...r„)  =  0, 

denote  the  distances  of  any  point,  ]'. 
{Fig.  74),  on  the  cui've,  from  a  number 
of  fixed  points,  A^,A.,,A^,...A„;  then, 
if  on  PA^ ,  PA.-, .  PA^ ,' . . .  PA„ ,  we  mea- 
sure off  lengths  Pa^ ,  Pa., ,  Pa^ , ...  Pa„ 
proportional  to 

^V    <V    df        ,if 


(Ir.^ '    dr^ ' 


flr„ 


dr.. 


and  find  G,  the  centroid  ('  centre  of 
gravity ')  of  the  points  Oj ,  ffg ,  flg , ...  a„. 
PG  will  be  the  nonnal  to  the  cun'e  at  P.  [f  is  used  for  shortness 
instead  of/(r,,  r.,,  r^,  ...  r,,)]. 

The  proof  of  this  theorem  is  exceedingly  simple  from  a  statical 
point  of  view.  Suppose  a  number  of  forces,  Pj,  P.,,  P^, ...  P„, 
to  act  at  P  along  the  lines  PA^,  PA.,,  PA^,  ...  PA„;  then  these 
forces  will  have  a  resultant  normal  to  the  curve  if 


P^br^  +  P.,br.-,  +  P3bi\...  +P„br„=  0. 


But 


dr^  dr^ 


r.,+  -^  br. 


dr„ 


'IL. 


V .  'V .  'V . 


henceif       P,.P,.P,.  ...P.  =  ^  ^^  ^^ 

the  resultant  acts  in  the  direction  of  the  normal.  The  rest 
easily  follows  by  Leibnitz's  graphic  method  of  representing  the 
resultant  of  any  number  of  concurrent  forces  (see  j).  21). 

This  theorem  may  be  extended  to  cun-es  given  by  equations 
of  tlie  form  .,  , 

/((Oi,  (Oo,  (O3,   ...0),,)  r=  0, 


*  This  t}ieorem  is.  I  belic>o,  due  to  T.schirnhaiisen. 
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where  m^,  oi.^,  ca.^,  ...  io„  are  the  ano^los  wliieh  7'./,,  J' A.,,  ]'J.^, 
...  PA„  make  with  a  fixed  line. 

Let  forces  Q^,  Q.^,  Q^,  ...  Q„,  act  at  P  perpendicularly  to  the 
lines  PA^,  PA.^,  PA,„  ...  PA„.  Then  the  virtual  work  of  Q,  for 
a  displacement  alon<if  the  curve  is  evidently  (?/,  8  co, .  Hence  the 
forces  will  have  a  resultant  normal  to  the  curve  if 

Qiri6Q),+  (?2^26a)2+  §3/380)3...  +  Q„/-„8(o„  =  0. 

But  ,^S(Oi+  y^6a),+  ^80)3...  +-^  8(o„=  0: 

therefore  the  resultant  will  he  normal  if 

I    df    1    r/f    I    df         \    df 

0  ■  0  ■  0  •      0  = -  '  — —  '  —  -^ •  •■  -  —  • 

Yi  ■  Y- ■    (-:)■•••  Y,i       r^dcd^'  r.^d 00,    r^du>^         ''n ''«>„ 

Conseqiienlly,  the  rule  is — measure  off  lengths,  Plt^,  Ph.,,  &e., 

\    df      \    df       g  ..  ,  .J, 

proportional  to --r^>   --r—'   &c-,  on   lines  drawn  at  /    jier- 
'     '  r^dw^      r.^dm., 

pendicularly  to  PA^,  PA.^,  &c.,  in  the  directions  in  which  the 

angles  toj,  o).,,  &c.,  increase;  find  the  centroid  of  the  points,  i,. 

h.,,  &c. ;  then  the  line  joining  this  point  to  P  is  the  normal  to 

the  curve. 

Section  II. 

./   Sy.sfi'ii/  'if  fjro  Partlde.i. 

69.]  Projection  of  a  Displaced  Line  of  Constant  Length. 
Let  a  line,   AB  (Fig.    75),  be  a 
right  line  which  is  displaced  into 
any  close  position,  A'B',  its  length     ^  ^ 
remaining  constant.     Let  8<?  be 
the  small  angle  between  AB  and 

/i'^',and  let  ah  be  the  projection  oi  A'B'  on  its  original  position. 
Then  Aa,  the  projection  of  the  displacement  AA',  is  equal  to  BO, 
the  projection  of  the  displacement  BB',  if  infinitesimals  of  a 
higher  order  than  the  first  are  neglected. 

Tor,  ah^A'B'.cos{he)=A'B'{\-  ^^'  +  ...). 

Hence  the  difference  between  ab  and  A'B'  (or  AB)  is  of  the  order 
oi{b6f;  and  therefore,  rejecting  [hef,  we  have 

AB  =  ab, 

.:     Aa  =  Bb. 
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Tlie  result  may  be  thus  stated: — the  difPerence  between  AB 
and  al  is  infinitesimal  compared  with  the  greatest  displacement 
in  the  figure. 

70  ]  Projection  of  a  Displaced  String  of  Constant  Length. 
hetAl-'Ji  be  a  string  which  passes  over 
a  peg  at  P,  and,  the  length  of  the 
string  remaining  the  same,  let  the 
extremities,  A  and  £,  be  slightly  dis- 
placed to  A'  and  J^.  Let  Aa  and  -Si 
be  the  ])rojections  of  the  displacements 
AA'  and  ££'  on  the  original  portions 
of  the  string  (l''ig.  76).  Then  Aa 
=  Bb. 

For  Pa  =  PA' .  cos  aPA'  =  PA',  as 
in  the  last  Article. 

Also  Pb  =  PIT.  Hence,  since  PA' 
+  PB'  =  PA+PB,  Pa  +  Pd  =  PA  + 
PB,  therefore  Aa  =  B/j. 

If  in  the  last  Article  /  =  the  length 
f>f  AJB,  and  in  the  present,  /  =  length  of  the  string,  both  results 
are  expressed  in  the  equation 

6/=  0. 

71.]  Virtual  Work  of  the  Tension  of  an  Inelastic  String 
In  Fig.  76  siijipoje  the  peg  to  be  smooth.  Let  ,/  and  B  be  two 
particles  which  are  acted  on  b}^  any  forces  wliich  keep  the 
system  in  equilibrium  in  the  position  indicated  by  the  figure. 
Then  if  we  consider  the  equilibrium  of  A  alone,  we  may  replace 
the  string  by  a  force  =  T  (the  tension)  acting  in  AP.  Con- 
sidering then  a   virtual   displacement  AA',  the   tension  would 

furnish  the  term  ,r     ,  m    ^ 

I  .  Aa,  or  —  1  .  ar, 

to  y/'s  equation  of  virtual  work,  the  length  PA  being  denoted  by 
r.  Similarly,  considering  the  equilibrium  of  B,  the  tension 
would  furnish  to  its  equation  of  virtual  work,  for  the  virtual 
displacement  BB',  the  term 

-T.BIj,  or -T.hr', 
/  denoting  the  length  of  PB. 

If  we  combine  the  two  equations  by  addition,  the  term  con- 
tributed by  the  tension  will  be 

-r(8r  +  6/),  or  -T .hi. 
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which  =  0,  since  the  particles  A  and  B  are  ima<jined  to  be 
simultaneously  disi)laccd  in  such  a  manner  that  the  length  of 
the  connecting  string  is  constant.     Hence — 

For  any  small  virtual  (lisplacemeni  in  which  the  length  of  a 
string  is  linallered,  the  virtual  work  of  its  tension  =  0. 

In  the  same  way,  if,  in  Fig.  74,  the  rod  AB,  connecting  two 
particles  A  and  B,  be  subject  to  a  tension,  T,  in  the  direction 
of  its  length,  the  virtiuil  work  of  this  tension  for  the  disjtlace- 
ment  A'B'  will  be 

T.{Aa-BL),  or -T.bAB, 

which  =  0,  because  the  length  o?  AB  is  constant. 

Hence — The  virtual  work  of  the  tension  of  a  rod  connecting  tiro 
points  whose  mutual  distance  is  unaltered  in  the  virtual  displace- 
ment is  zero. 

72.]  Typical  Expression  for  the  Virtual  Work  of  a  Force. 

Example. — We  have  seen  (Art  05)  that  if  a  force,  P,   act  on 

a  particle,  0,  whose  virtual  disj)lacement,  OA,  has  a  projection 

—  bp  on  the  line  of  action  of  P  in  the  direction  in  which  P  acts, 

the  virtual  work  of  P  is  ,,   .. 

P.  bp. 

Generally,  if  p  denote  the  co-ordinate,  referred  to  some  fixed 
axis,  of  the  point  of  apjjlication  of  a  force,  P,  whose  direction,  is 
perjiendicular  to  the  axis,  the  virtual  work  of  the  force  is  P.bp,  bp 
l/eing  supposed  to  l/e  a  positive  increment,  and  the  co-ordinate  being 
measured  in  the  sense  in  which  P  acts. 

As  an  example,  let  us  determine  the  relation  between  the 
two  connected  masses, 
P  and  P'  (Fig.  77), 
which  rest  on  two 
smooth  inclined  jilanes, 
of  inclinations  1  and  /'. 
Let  y  and  y'  denote 
the  co-ordinates  of  the  -^'S-  77- 

centres  of  gravity  of  the  masses,  referred  to  a  horizontal  plane 
through  0.  Then  the  equation  of  virtual  work  for  the  system, 
the  displacements  being  imagined  to  be  along  the  planes,  is 

P.by  +  P'.by'=0.  (1) 

[Here  it  will  be  observed  that  the  normal  reactions  do  not 
enter,  because  the  virtual  displacements  take  place  at  right 
angles  to  them  (see  Art.  C6) ;  and  the  tension  does  not  enter, 
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since  the  virtual  displacement  does  not  alter  the  length  of  the 
string  (see  Art.  71)]. 

To  this  must  be  added  the  geometrical  equation  connecting 
y  and^'.     If  /  be  the  length  of  the  string,  we  have,  clearly, 

sin  t       sin  I 
Differentiating  this  equation,  we  have 

-J^.  +  ~^,  =  0.  (2) 

sin  t       sm  t  ' 

Hence,  from  (l)  and  (2), 

P  sin  /  =  P'  sin  i', 

an  equation  which  is,  of  course,  otherwise  evident. 

If  the  masses  are  connected  as  in  example  16,  p.  63,  we  have 

still  the  equation  of  virtual  work, 

Pbj^+Qb/  =  0,  (3) 

y  and  y'  denoting  the  vertical  distances  of  P  and  Q  in  the  figure 
of  that  example  from  a  horizontal  plane  through  C. 

From  (3)  we  can  deduce  the  relation  between  P  and  Q  in 
terms  of  the  angles  6  and  4>  given  in  example  16,  p.  63.  For, 
y=  A  cos  a  (sin  a  cot  d  +  cos  a),  with  a  similar  value  of  ^ ;  therefore 

//sin  a  cos  a  ,  // sin  ^  cos  ^ 

0>/= 7—r- 60:    01/    = :-— --bd). 

■^  sin-  6  ■     -^  sm-  <^  ^ 

_   ,  cos  a       cos  &       h  ,        -._  ..  ..  , 

Jiut  -. — -  +  -. —  =  T  '  ••   bv  dinerentiating   this,    we    have 
sin  6       sinip       I 

cos  a  cos  6    ^  ^      cos  B  cos  <i)    .  ,  ,    .(>V  sin  a  cos  (t> 

— r-^-; —  .  be  +  — i-r. ^  .  6(6  =  0.  SO  that  -^,  = ^~- ^  = 

sm^  0  sm''  (\)  by  sm  ^  cos  0 

and  this  —  —-^,   by  (3).     Hence    the    relation    between    the 

masses  before  obtained. 

73.]  Forces  of  Constraint.  When  a  particle  is  compelled  to 
satisfy  some  geometrical  condition — as,  for  instance,  to  rest  on  a 
given  smooth  surface,  or  to  preserve  a  constant  distance  from 
some  other  particle — this  condition  is  equivalent  to  the  action  of 
a  certain  force  on  the  particle.  If  the  particle  is  compelled  to 
rest  under  given  forces  on  a  smooth  inclined  plane,  we  have  seen 
that  this  condition  may  be  removed  if  we  produce,  by  any 
means,  a  force  exactly  equal  to  the  normal  reaction  of  the  plane 
on  the  particle.     In  the  same  way,  the  connexion  of  the  particle 
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with  another  by  means  of  a  rigid  rod  may  ha  severed  if  we 
produce  on  the  particle  the  force  which  is  actually  impressed 
upon  it  by  the  rod. 

Forces  proceeding  fiom  geometrical  connexions  arc  sometimes 
isalied  (/eoi/ie/ricaljorceg,  ov  forces  of  coHsfrainf.  and  if  these  forces 
are  actually  produced  on  the  particle  by  other  means,  the 
conditions  may  bo  violated,  and  the  particle  considered  absolutely 
free  from  constraint. 

74.]  Choice  of  Virtual  Displacements.  \Mien  two  or  more 
particles  constituting  a  system  are  connected  by  rods  or  strings, 
and  constrained  to  rest  on  given  smooth  curves  or  surfaces, 
there  is  an  advantage,  when  seeking  for  the  position  of  equi- 
librium, in  choosing  stick  virtual  displacements  as  do  not  violate 
any  of  these  conditions  ;  because,  as  we  have  seen,  the  tensions  of 
the  connecting  rods  or  strings,  and  the  reactions  of  the  smooth 
curves  or  surfaces,  will,  for  such  virtual  displacements,  contribute 
nothing  to  the  equation  of  virtual  work  of  the  system.  Thus 
we  get  rid  at  once  of  all  such  unknown  forces.  Of  course,  any 
geometrical  condition  may  be  violated  in  a  virtual  displacement 
at  the  expense  of  bringing  into  the  equation  of  virtual  work  the 
corresponding  force  of  constraint. 

For  example,  if  a  particle,  0 
(Fig.  78),  is  placed  on  a  smooth 
plane  whose  inclination  is  /,  and 
we  wish  to  find  the  horizontal 
force,  P,  which  will  sustain  it, 
the  best  displacement  to  choose 
is  one  along  the  plane,  i.  e.  one 
which  does  not  violate  the  geome- 
trical condition,  because,  if  this  is 
chosen,  the  unknown  reaction,  B, 

will  not  appear  in  the  equation  of  virtual  work.  But  we  shall 
still  get  a  valid  e([uation  if  wc  choose  a  virtual  displacement, 
OA,  which  does  violate  the  condition.     This  equation  is 

R.Or-P.  Ojj-IF.  Ow  =  0, 

Of,  Ojj,  and  Ow  being  the  projections  of  OA  on  the  directions  of 
Jt,  P,  and  IV,  respectively. 

On  the  other  hand,  if  we  wish  to  determine  7?,  without 
determining  P,  the  best  virtual  displacement  to  choose  is  one 

H  2 
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at  light  angles  to  P,  i.  e.  a  vertical  displacement,  which  does 
violate  the  geometrical  condition. 

In  the  typical  expression,  Php,  for  the  virtual  work  of  a  force 
the  letter  6  has  been  used  to  signify  that  the  small  displacement 
is  any  whatever ;  hut  it  is  usual  in  the  Differential  Calculus  to 
denote  small  increments  of  the  co-ordinates  of  a  point  on  a  curve 
or  surface  by  the  lett«r  d,  when  we  pass  from  the  point  to  an 
adjacent  one  which  also  lies  on  the  cttrre  or  surface.  Hence  in  the 
following  examples,  in  which  such  passage  alone  is  contemplated, 
we  shall  denote  small  displacements  on  the  curves  considered 
by  this  letter. 


Examples. 

]§^  1.  Two  heavy  particles,  P  and  P'  (Fig.  79),  rest  on  the  concave 

side  of  a  smooth  vertical  circle,  and  are  connected  by  a  string  passing 

over  a  smooth  peg,  A,  at  the 
extremity  of  the  vertical  dia- 
meter. If  the  particles  are 
acted  upon  by  two  horizontal 
forces,  F  and  F',  proportional 
to  the  distances,  PQ  and 
P'Q',  of  the  ])articles  from 
the  vertical  diameter,  find 
the  position  of  equilibrium 
by  the  principle  of  virtual 
work. 

Let  d  and  6'  be  the  angles 
which  the  radii  to  P  and  P' 
make  with  the  vertical ;  let 
the  weights  of  the  particles 
be  ir  and  W' ;  the  radius 
the  string  =  /,  and  the  forces 
Finallv,    let    the 


of 
F 


the 
and 


circle  =  a,  the  length   of 
F'  =  \x.PQ   and    ^I'.P'Q',    respectively, 
distances  PQ  and  P' (^  be  a;  and  x' ,  and  let  the  vertical  distances 
of  P  and  P'  below  the  liorizontal  diameter  of  the  circle  be  y  and  y' . 

Then,  choosing  virtual  displacements  of  P  and  P'  along  the  circle 
in  such  a  manner  that  the  length  of  the  connecting  string  remains 
unaltered,  we  have 

irdy+  W'dy'  +  Fdx  +  F'dx'  ^  0, 
or  irrfy-l-  W'dy'  +  ixx .  dx  +  n'x'.  dx'  -  0,  (1) 

Now     y  ^  a  cos  9,     y'  =  a  cos  0',     x  :=  a  sin  6,     a/  =  a  sin  0'. 
Hence  (1)  becomes 

(W-iJiacos$)smede  +  {W-ij.'acose')sm6'de'=  0.         (2) 
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2  o  cos  -  J     .1 P'  ■■ 


Again,  AP 

Hence  the  geometrical  equation  is 

e 


2  a  COS  - 


6' 


6'        I 


cos  -  +  COS  —  = 


2a 


Differentiating  tliis,  we  have 


0  6' 

sin  -  •  dd  +  sin  —  •  (Z6'  =  0. 


From  (2)  and  (4),  we  have,  therefore, 


(IF— juacos6)cos^  =  (Vi" —[la  cos  6^ cos-  ■ 


(3) 


(4) 


(5) 


The  solution  of  the  problem  is  contained  in  equations  (3)  and  (5). 

2.  Two  heavy  particles,  P  and  P\  rest  on  two  smooth  curves  in  a 
vertical  plane,  and  are  connected  by  an 
inextensible  string  which  passes  over  a 
smooth  peg,  A  (Fig.  8o),  in  the  same 
plane.  Prove  that  in  the  position  of 
equilibrium,  the  centre  of  gravity  of  the 
particles  is  at  the  greatest  or  least  height 
above  the  horizon  that  it  can  occupy  con- 
sistently with  the  given  conditions. 

Let  y  and  y'  denote  the  vertical  dis- 
tances of  P  and  F  from  a  horizontal  line 
through  A  (or  through  any  other  fixed 
point).  Then,  the  displacement  being 
made  consistently  with  the  geometric^il  conditions,  we  have 

Wdy-^W\hJ=Q,  (1) 

W  and  TI''  being  the  weights  of  P  and  P' . 
Now,  the  depth  of  the  centre  of  gravity  is  y,  where 

.        Wy+W'/ 

y  = 


(2) 


w+  w 

Hence,  differentiating  (2), 

{W+W')dp=  Wdy  +  W  dy'  =  0  ;  (3) 

and  y  is  therefore  a  maximum  or  minimum. 

If  equation  (3)  holds  in  all  pcsitions  of  the  particles,  they  will  rest 
in  all  positions,  and  their  centre  of  gravity  is  at  a  constant  height. 

3.  Solve  example  12,  p.  19,  by  Virtual  "Work. 

(Choose  a  displacement  of  0  along  the  diameter  of  the  circle.) 

4.  If  the  normals  at  P  and  P'  (Fig.  8o)  meet  the  vertical  lice 
through  A  in  re  and  nf,  prove  that  in  the  position  of  eciuilibrium 

An  An 

a  result  which  is  at  once  evident  from  the  triangle  offerees. 
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5.  If  the  particle  P  bang  freely,  find  the  curve  on  which  P'  will 
rest  in  all  positions  of  the  system. 

Ans.  A  conic  having  A  for  focus. 

G.  If  P  and  P'  rest  in  all  positions,  and  if  the  curve  on  which  P' 
re.sts  is  given,  find  that  on  which  P  rests. 

Alls.  Let  the  horizontal  line  through  A  be  taken  as  axis  of  x, 
I  =  the  length  of  the  siring,  y'  ^f[AP')  be  the  equation  of  tlie  given 
curve,  and  Wi/+  Wy'  =  k;  then  the  equation  of  the  other  curve  will  be 

IFy  =  k-  ]V\f(l-r).     or     r  =  <f)  (y), 
where  »•  =  AP. 

7.  A  particle  is  attracted  towards  two  fixed  points  by  two  constant 
forces:  find  the  curve  on  which  it  will  rest  in  all  positions. 

Ans.  A  Cartesian  oval. 

8.  A  particle  is  acted  upon  by  forces  emanating  from  a  given 
number  of  fixed  points  and  proportional,  respectively,  to  the  distances 
of  the  particle  from  the  fixed  points ;  find  (by  Virtual  Work)  the 
surface  on  which  the  particle  will  rest  in  all  positions. 

ylji-s.  A  Sphere.     [See  also  p.  22.] 

9.  Show  from  p.  94  that  the  two  systems  of  curves  obtained  by 
varying  C  and  C'  in  the  equations 

m^logr^  +  m.^\ogr^  +  m^\ogr,+  ...=  C, 

m^e^+m,e..+m,e,+...  =r, 

cut  each  other  orthogonally. 

10.  A  small  ring  is  cariied  on  a  smooth  wire  bent  into  the  shape 
of  the  magnetic  curve  ;  what  is  the  relation  between  two  forces 
directed  towards  the  poles  if  they  keep  the  ring  in  equilibrium  ? 

A71S.  If  the  forces  towards  iVand  .S'  are  P  and  P',  both  attractive 
or  both  repulsive,  and  if  /.XPS  =  o),  while  XP  =  r,  SP  =  /, 
P  {r^—r'-  cos  0))  +  P'  {r"—r''  cos  a>)  =  0. 

[The  student  is  recommended  to  solve  some  of  the  examples  in 
pp.  64-66  by  the  Principle  of  Virtual  Work.] 


CHAPTER    ^'. 

COMPOSITION    AND    RESOLUTION    OF    FOKCES   ACTING    IN    ONE 
PLANE    ON    A    RIGID    BODY. 


75.]  Resultant  of  two  Parallel  Forces.  Let  two  parallel 
forces,  P  and  Q  (Fig.  81),  act  at  points  A  and  B,  in  the  same 
sense,  on  a  rigid  bodj-.  It  is  required  to  find  the  resultant 
of  the  forces  P  and  Q. 

At  A  and  B  introduce  any  two  equal  and  opposite  forces,  F. 
The  introduction  of  these  forces  will 
not  disturb  the  action  of  P  and  Q, 
since,  the  body  being  indeformable 
(see  Art.  22),  the  force  F  at  A  may 
be  supposed  to  be  transferred  to  B, 
at  which  point  it  would  be  directly 
opposed  to  the  other  force,  F.  Com- 
pound P  and  F  a.t  A  into  a  single 
force,  B,  and  compound  Q  and  F  at  B 
into  a  single  force,  S.  Then  let  E 
and  S  be  supposed  to  act  at  0,  the 
point   of   intersection  of  their  lines 

of  action,  which  is  to  be  considered  as  rigidly  attached  to 
the  body.  At  this  point  let  them  be  resolved  into  their  com- 
ponents, P,  F,  and  Q,  F,  respectively.  The  forces  F  at  0  destroy 
each  other,  and  the  components  P  and  Q  are  superposed  in 
a  right  line,  OG,  parallel  to  their  lines  of  action  at  A  and  B. 
The  macjnUude  of  the  resultant  is,  therefore,  P  +  Q.  To  find 
the  point,  G,  in  which  its  line  of  action  intersects  AB,  let  the 
extremities  of  P  and  B  (acting  at  ./)  be  joined.  Then  the 
triangle  PAH  is  evidentlv  similar  to  the  triangle  GOA  ;  there- 
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P      Off    „.   .,   ,      q 

1'        GA  '      t 


OG 
G£' 


therefore,  by  di\-ision, 


Hence- 


fore 

P  _GB 

Q~G2' 

The  resultant  of  two  parallel  forces  acting  in  the  same  sense 

at  the  extremities  of  a  given  line  divides  this  line  internally  into  tiro 

segments  in  such  a  way  that  each  segment  is  inversely  proportional 

to  the  force  acting  at  its  extremity. 

Suppose,  now,    that   the    parallel   forces,  P   and    Q,   act   in 

opposite  senses.  At  A  and  B  (Fig. 
82),  let  two  equal  and  opposite  forces, 
F,  be  introduced,  as  before  ;  and  let 
R,  the  resultant  of  P  and  F,  and  S, 
the  resultant  of  Q  and  F,  be  trans- 
ferred to  0,  their  point  of  intersec- 
tion, supposed  to  be  rig-idly  attached 
to  the  body.  If  at  0  the  forces  R 
and  S  are  decomposed  into  their  ori- 
ginal components,  it  is  clear  that 
the  system  will  reduce  to  a  force,  P, 
acting  in  the  direction  GO,  parallel 

to  the  direction  of  P  and  Q,  and  a  force,  Q,  acting  in  the  direction 

OG.    Hence  the  resultant  is  a  force  =P— Q  acting  in  the  line  GO. 

To  determine  the  point  G,  we  have,  from  the  similar  triangles, 

PAR  and  OGA, 


also  we  have  -77  =  ^", ;  therefore 


OG 
GB 


P 


GA' 


P  _  OG 

F  ~  GA ' 
Hence — 

The  resultant  of  two  parallel  forces  acting  on  a  rigid  lody  in 
opposite  senses  at  the  extremities  of  a  given  line  cuts  this  line 
externally  info  two  segments,  in  such  a  way  that  each  segment 
is  inversely  proportional  to  the  force  acting  at  it^  extremity. 

Def. — The  segments  of  a  right  line,  AB,  made  by  a  point  G  in 
it  or  its  production,  are  the  distances^  GA  and  GB,  of  the  point 
G,  from  the  extremities  A  and  B  of  the  given  line,  whether  G  is 
on  AB,  or  on  AB  produced. 

In  both  cases  we  have  the  equation 

PxGA=  QxGB. 
Hence  we  have,  evidently,-  the  theorem — 

If  from  a  point  on  the  resultant  of  ttco  parallel  forces  a  right 
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line  he  drami  meeting  the  forces,  whether  jierpemUcnlarlj/  or  not, 
the  products  obtained  by  multiplying  each  force  hy  its  distance  from 
the  resultant,  measured  along  the  arbitrary  line,  are  equal. 

70.]  Composition  of  Parallel  Forces  deduced  directly 
from  that  of  Concxirrent  Forces.  Let  two  forces,  F  and  Q 
(Fig.  83),  act,  in  inclined  directions,  at 
two  points,  A  and  7j,  of  a  riii^id  body. 
Let  0  bo  the  point  in  whieb  tbeir  lines 
of  action  meet,  and  measure  off  Om  and 
On  proportional  to  P  and  Q  respectively. 
Then,  completing  tho  parallelogram  Omrn, 
the  diagonal,  Or,  represents  the  resultant 
of  P  and  Q  in  magnitude  and  direction. 
Let  G  be  the  point  in  which  Or  meets 
JB.     Then  we  have 

P       Om      sin  r  On 

Q 


Fig.  83. 

mr       sin  ;■  Om ' 
From  G  let  fall  perpendiculars,  Gj)  and  Gq,  on  P  and  Q. 

therefore 


sm  r  On  =   ^,,,  and  sm  rOm  =  p^; 

(jU  trU 


P_Gq 
Q-  Gj/ 
Again,  if  7i'  is  the  resultant  of  P  and  Q,  wc  have 
R        Or       sin  n  Om 
P"^  Om 
R 
P 


Then 


(i; 


sin  71  Or 
perp.  from  B  on  P 


(2) 


perp.  from  H  on  R' 
Now,  if  P  and  Q  are  parallel,  R  becomes  parallel  to  P  and  Q, 

and  we  shall    evidently  have  ^  =  ^^ ;    hence   (l)   gives   for 

parallel  forces  p       qjj 

q^GA' 

and  (2)  gives,  since  R  is  parallel  to  P  and  Q, 

R_  BA 
P 


BG 


BG+GA       ,^  Q 
-^G~='^-P' 


.-.     R  =  P+Q. 
A  similar  demonstration  holds  when  P  and  Q  act  in  opposite 
senses. 


106 


COMPOSITION   AND    BESOLUTION    OF   FORCES. 


in- 


77.]  Construction  for  the  Resultant  of  two  Parallel 
Forces.  If  the  lines  AT  and  ^Q  (Figs.  84  and  85)  represent 
in  magnitudes  and  lines  of  action  two  parallel  forces,  the  student 
«-ill  easily  prove  the  following  construction  for  the  resultant : — 


Fig.  84. 


Fi.2.  %■■.. 


Draw  B^'  equal  and  opposite  to  BQ^,  and  draw  PQ',  meeting 
AB  in  g.  Then  measure  (M  AG  ■=  Bg.  G  is  a  point  on  the 
resultant.  Through  G  draw  an  indefinite  right  line  parallel  to 
P  and  Q,  and  from  A  and  P  draw  parallels  to  PQ'  and  AB, 
respectively.  These  lines  will  intercept  on  the  line  through  G  a 
length  =  P+  Q  =  resultant. 

78.1  Moment  of  a  Force  with  respect  to  a  Point.  Let  a 
force,  P  (Fig.  86),  act  on  a  rigid  body  in  the  plane  of  the  paper, 

and  let  an  axis  perpendicular  to  this 
plane  pass  through  the  body  at  any 
point,  0.  It  is  clear,  then,  that  the 
effect  of  the  force  will  be  to  turn  the 
body  round  this  axis,  (the  axis  being 
supposed  to  be  fixed,)  and  the  rotatory 
Pi    gg  effect  will  depend    on  two  things — 

firstly,  the  magnitude  of  the  force,  P, 
and,  secondly,  the  perpendicular  distance,  ja,  of  P  from  0.  If  P 
passes  through  0,  it  is  evident  that  no  rotation  of  the  body 
round  0  can  take  place,  whatever  be  the  magnitude  of  P ;  while 
if  P  vanishes,  no  rotation  will  take  place,  however  great  /;  may 
be.     The  product  p  „ 

is  called  the  Moment  of  the  force  about  the  axis  through  0. 
Its  precise  connection  with  the  rota.tional  motion  which  would 
be  produced  in  the  body,  if  this  body  were  free  to  revolve  round 
the  axis  throug-h  0,  cannot  be  seen  bv  the  student  until  he 
studies  Kinetics ;  but  it  is  not  at  all  necessary  to  enquire  into 
this  matter   here.      Even  if  a  ^loment  had  no  such  kinetical 
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reference,  its  discussion  in  the  theorj-  of  the  comjiosition,  &e.  of 
forces  would  be  necessarj- — as  w-ill  be  at  once  seen. 

When  all  the  forces  under  consideration  act  in  one  plane,  we 
may  speak  of  the  point,  0,  in  which  the  axis  of  Momciilx  meets 
this  plane,  instead  of  the  axis  itself.  "We  shall  therefore  define 
the  Mommi,  with  respect  to  a  point,  of  a  force  acting  on  a  body 
to  be  the  product  of  the  force  and  the  perpendicular  let  fall  on  Us 
line  of  action  from  the  point. 

If  the  unit  of  force  is  a  pound  weight  and  the  unit  of  length 
a  foot,  the  unit  of  Moment  will  obviously  he  a.  foot-pound  weight. 

79.]  Moments  of  different  Signs.  If  tico  forces  tend  to 
produce  rotations  of  a  liody  in  opposite  senses  round  a  point, 
their  moments  with  respect  to  this  point  are  affected  with  opposite 
signs.  Thus  (Fig.  87),  the  force  / 
tends  to  turn  the  body  round  0  in  a 
sense  opposite  to  that  of  watch- 
hand  rotation,  while  Q  tends  to  turn 
it  in  the  opposite  sense.  If,  then, 
the  former  rotation  is  considered 
positive,  the  algebraic  sum  of  the 
moments  of  P  and  Q,  round  0  is  '^'    ^' 

P.p-Q.q, 
p  and  q  being  the  perpendiculars  from  0  on  P  and  Q. 

Round  the  point  0'  both  forces  would  produce  rotation  in  the 
same  sense,  and  therefore  the  algebraic  sum  of  their  moments 
with  respect  to  this  point  is 

P.p'^q.q, 

;/  and  q    being  the  perpendiculars  from    0'  on    /•■  and    Q,  re- 
spectively. 

In  future  we  shall  usually  speak  of  the  sum.  of  the  moments, 
instead  of  the  algeliraic  sum  of  the  moments,  of  forces  with 
respect  to  a  point,  as  we  shall  suppose  the  moment  of  each  force 
to  be  afFected  with  its  proper  sign,  in  accordance  with  the  rule 
given  at  the  beginning  of  this  Article. 

80.]  Case  of  two  Equal  and  Opposite  Parallel  Forces.     If 

the  forces  F  and  Q  in  Art.  75,  i'ig.  82,  are  equal,  the  equation 

PxGA=QxG£ 

GA 
gives   GA  =  GB,  or  ^7^   =  1,  an  equation  which  is  true  only 
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when  G  is  at  infinity  on  AB.  Also  the  resultant  of  the  forces 
being  equal  to  their  difference,  is  equal  to  zero.  Two  equal  and 
opposite  parallel  forces  acting  on  a  rigid  bod\-  constitute  what  is 
called  a  Couple. 

Hence,  regarded  in  one  way,  a  couple  is  equivalent  to  a  zero 
force  acting  along  a  line  at  infinity,  its  point  of  application 
being,  however,  supposed  to  be  rigidly  connected  with  the  body. 
Obsen'e,  then,  that,  though  the  force  is  of  zero  magnitude. 
it  has  an  infinitely  long  '  lever-arm '  with  respect  to  any  point 
at  a  finite  distance  ;  so  that  it  must  not  be  rejected  as  something 
without  meaning. 

We  now  proceed  to  show  that,  regarding  couples  in  a  different 
way,  they  possess  remarkable  properties. 

TttEORiiii  I.  Two  equal  and  opposite  parallel  forces  have  a 
constant  moment  vitli  respect  to  all  points 
in  their  plane. — Let  0  (Fig.  88)  be  any 
point  in  the  plane  of  two  equal  and 
opposite  parallel  forces,  T,  and  let  fall 
the  perpendiculars  Om  and  Oh  on  their 
lines  of  action.  Then,  if  0  is  inside 
the  lines  of  action  of  the  forces,  these 
forces  tend  to  produce  rotation  round 
0  in  the  same  sense,  and  therefore  the 
sum  of  their  moments  is  equal  to 

P  ( Om  +  0n),     or     Px  mn. 
If  the  point  chosen  is  0',  the  sum  of  the  moments  is  evidently 
P  ( (//«  —  C/n),     or     P  X  mn, 

which  is  the  same  as  before. 

The  perpendicular  distance  between  the  two  forces  of  a  couple 
is  called  the  Arm  of  the  couple. 

The  Moment  of  a  couple  is  the  product  of  the  arm  and  one  of 
the  forces. 

The  Axis  of  a  couple  is  a  right  line  dra^\Ti  anywhere  perpen- 
dicular to  the  plane  of  the  couple,  and  in  a  particular  sense,  its 
length  being  proportional  to  the  moment  of  the  couple.  The 
sense  of  the  axis  is  determined  thus  : — imagine  a  watch  placed 
in  the  plane  in  which  several  couples  act.  Then  let  the  axes 
of  those  couples  which  tend  to  produce  rotation  in  the  direction 
opposed  to  that  of  the  rotation  of  the  hands  be  drawn  upwards 
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through  the  face  of  the  watch,  and  the  axes  of  those  which  tend 
to  produce  the  contrary  rotation  be  drawn  downwai-ds.  The 
extremities  of  these  axes  may  very  properly  be  marked  with 
an-ow-heads  as  in  the  case  of  lines  representing  forces. 

Theoilem  II.  The  effect  of  a  couple  on  a  rigid  hody  is  not  altered 
if  the  ana  is  turned  through  any  angle  round  one  extremity. 

Let  AC  and  SI)  (Fig.  89)  be  a 
couple  whose  arm  is  .IB,  and  let  the 
arm  turn  round  H  into  the  position 
BA'.  At  A'  introduce  two  equal  and 
opposite  forces,  A'C  and  A'C",  each 
of  which  is  equal  to  one  of  the 
forces,  P,  of  the  given  couple,  and 
perpendicular  to  BA'.  At  B  intro- 
duce two  equal  and  opposite  forces, 
Bl/  and  BI)",  perpendicular  to 
BA',  each  force  being  equal  to 
AC  or  P.  The  effect  of  the  given  couple  is,  of  course,  unaltered 
by    the    introduction    of    these    forces.      Now   the    forces  BB 

and  BB"  may  be   replaced  by  their  resultant,  2  P  cos  — —— , 

A  Ti  i' 

01   2  P  sin '—  !  which  acts  in  the  bisector,  BO,  of  the  angle 

BBI)" ;  and  the  forces  AC  and  A'C"  may  be  replaced  by  their 

COC"  aba! 

resultant,  2Pcos >  or  2  P  sin  — —  >  which  also  acts  in  the 

line  BO  in  a  sense  opjwsed  to  the  pre^'ious  resultant.  Hence 
the  forces  BiJ,  Bl)",  AC,  and  AC",  are  a  null  system.  There 
remain,  then,  the  forces  BIf  and  AC  which  form  a  couple 
whose  arm  is  BA.  Hence  the  couple  of  forces  P  acting  at  A 
and  B  maj-  be  replaced  Isy  a  couple  of  forces  P  acting  at  the 
extremities  of  an  arm  of  length  equal  to  AB  ha\nng  one  ex- 
tremity common  with  AB. 

Theorem  III.  The  effect  of  a  couple  on  a  rigid  body  is  not 
altered  if  the  arm  is  moved  parallel  to  itself  anywhere  in  the  plane 
of  the  Coujjle. 

Let  two  forces,  AC  and  BD,  each  equal  to  P  (Fig.  90),  act  with 
arm  AB,  and  draw  AB'  equal  and  parallel  to  AB  in  the  plane 
of  the  couple,  this  line  AB'  being  supposed  to  be  rigidly  con- 
nected with  the  bodv.     At  A  and  B'  introduce,  perpendicularly 
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90. 


to  J'JT,  four  forces  A'C,  A'C",  B'l/,  and  B'Jj",  each  equal  to  P. 
This  does  not  alter  the  effect  of  the  given  couple.     Now  since  AB 

and  A'B'  are  equal  and  parallel, 
the  lines  AB'  and  BA',  being  the 
diagonals  of  the  paraUelogram 
ABB' A',  bisect  each  other  in  the 
point  0,  suppose.  Replace  the 
forces  BB  and  A'C"  by  their 
resultant,  2  P,  which  acts  at  0 
parallel  to  BB ;  and  rej)lace 
the  forces  AC  and  B'l)"  by 
their  resultant,  2  P,  which  also 
acts  at  0  in  a  sense  opposite  to  the  previous  resultant.  These 
two  resultants  destro}^  each  other,  and  therefore  the  forces 
BB,  AC,  B'B",  and  ^i^C" ,  constituting  a  null  system,  maybe  re- 
moved. There  remain  the  forces,  A'Cf  and  B'L' ,  which  con- 
stitute a  couple  whose  arm  is  A'B' .     Therefore,  &c. 

Theorem  IV.  The  effect  of  a  Couple  on  a  rigid  body  is  not 
altered  if  the  Couple  is  changed  into  another  having  the  same 
moment,  the  arms  of  the  Couples  being  in  the  same  line  and 
having  a  common  exi remit i/. 

Let  the  given  coujile  be  -/C'and  BB  (Fig.  91),  each  equal  to 

P.     Produce  BA  to  A'  so  that  p-,  =  %,  and  at  A!  and  B  in- 

troduce    equal    and    opposite   forces  A'C  and    A'C",    BB"  and 

BB^',   the    magnitude   of  each  of 


D 


c* 


to" 


ct 

Fig.  91. 
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these  forces  being  Q.  Now  the 
forces  AC  and  A'C"  give  a  re- 
sultant =  P  -  Q  &t  B  (Ai-t.  75) 
along  the  line  BB"  ;  and  this  force 
added  to  BB"  gives  a  force  =  P 
which  destroys  BB.  Hence  there 
remain  the  forces  A'C  and  BIl',  which  form  a  couple  whose 
moment  is  equal  to  that  of  AC  and  BB,  since  (by  construction) 

P.BA=  Q.BA'. 

Therefore,  &c. 

Theorem  V.  A  Couple  acting  on  a  rigid  body  may  be  replaced 
by  any  other  Couple  in  the  same  plane  if  the  moments  of  the  Couples 
are  the  same  in  magnitjule  and  sign. 


8o.]  THEORY    OF   COUPLES.  Ill 

Let  [P,  F)  and  (Q,  Q)  (Fig.  92)  be  two  Couples  in  the  same 
plane,  having  the  same  moment, 
and  tending  to  produce  rotation  in 
the  same  sense ;  then  (P,  P)  may  be 
transformed  into  {Q,  Q).  For,  we 
can  first  turn  the  arm  AB  round  £ 
until  it  is  parallel  to  B'A'  (Tlieorem 
II) ;  then  we  can  lengthen  it  until 
it  becomes  equal  to  B'A',  changing, 
at  the  same  time,  the  forces  P  into 
forces  Q  (Theorem  IV);  and  finally, 
we  can  move  it  into  the  position  B'A'  (Theorem  III). 

The  sign  of  the  moment  of  a  couple  is  indicated  by  the  sense 
in  which  the  axis  is  drawn,  as  has  been  already  explained. 
Axes  drawn  upwards  through  the  face  of  the  watch  are  then 
considered  positive,  and  axes  drawn  downwards  ai'e  negative. 

Theorem  V  can  be  proved  directly,  without  the  aid  of  the 
previous  propositions. 

From  the  foregoing  Theorems  it  is  clear  that  the  addition  of 
coplanar  couples  is  ett'ected  by  adding  their  axes,  regard  being 
had  to  the  signs  of  the  axes. 

Theorem  VI.  A  force  and  a  couple  acting  in  the  same  plane  on 
a  rigid  hody  are  equivalent  to  a  single  force. 

Let  the  force  be  F  and  the  couple  (P,  a) — that  is,  P  is  the 
magnitude  of  each  force  in  the  couple  whose  arm  is  a.     Then 

(Theorem  IV)  the  couple  (P,  a)  =  the  couple  (/%  -rr^  .      Let 

the  latter  be  moved  until  one  of  its  forces  acts  in  the  same  line 
as  the  given  force  F,  but  in  the  opposite  sense.  The  given 
force  F  will  then  be  destroyed,  and  there  will  remain  a  force  F 
acting  in  the  same  direction  as  the  given  one  and  at  a  perpen- 
dicular distance  =  —rr  from  it. 
F 

This  Theorem  is  equivalent  to  the  statement — A  force  and  a 
1  couple  acting  in  the  same  plane  cannot  produce  equilibrium. 

Theorem  VII.  A  force  acting  on  a  rigid  hody  at  any  point  A 
may  be  replaced  by  an  equal  force  acting  in  the  same  direction  at 
any  other  point  B  together  with  a  couple  whose  moment  is  the 
moment  of  the  original  force  about  B. 

This  important  proposition  is  easily  demonstrated.    /  9ll_  i' 
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Theorem  VIII.  The  rcmltuut  of  any  nitmher  of  Coplanar  Coupler 
is  a  couple  ic/wse  mometit  is  equal  to  the  sum  (with  the  proper  sigm) 
of  the  moments  of  the  given  couples. 

For,  let  the  component  couples  have  moments  L,  31,  i\", . . .  and 
let  each  of  them  be  changed  into  a  couple,  ha\'ing  the  same  right 
line  AB  (whose  length  is  x)  for  arm.     Then  (Theorem  IV),  the 

couple  Ii  will  give  rise  to  a  force  —  at  A,  and  an  equal  force  in 

opposite    sense   at   B.     Hence    at   -/    we  shall  have   the  force 

— -^  and  an  equal  and  opposite  force  at  B.     Thus  we 

have  a  couple  whose  moment  is  the  product  of  this  force  by  the 
aim  X ;  i. e.,  its  moment  is  Z  +  31+  N-j- ... ,  or  the  sum  of  the 
given  moments. 

81.]   Geometrical  representation  of  the  Moment  of  a  Force 

with  respect  to  a  Point.     Let  the  line  AB  (Fig.  93)  represent 

a  forca  in  magnitude  and  direction,  and  let  it 

be  required  to  represent  its  moment  with  respect 

to  a  point  0.     If  /)  =  the  perpendicular  from 

0  on  AB,  the  moment  is  AB  xp.    Kow  this  is 

double  the  area  of  the  triangle  AOB.     Hence 

the  moment  of  a  force  with  respect  to  a  point  is 

geometrically  represented   ly  doulle  the  area  of 

the  triangle  whose  base  is  the  line  representing 

'^'  ^^'  the  force  in  magnitude  and  line  of  action,  and 

irhoxe  vertex  is  the  given  point. 

Draw  A  0,  and  from  the  other  extremity,  B,  of  the  given  force 
draw  an  indefinite  right  line,  BC,  parallel  to  A  0.  Join  A  to  any 
point,  C,  of  this  line.  Then  the  area  of  the  triangle  AOB  —  the 
area  of  the  triangle  AOC,  since  these  triangles  have  the  same 
base  and  are  between  the  same  parallels.  Consequently  the 
moment  of  a  force  represented  by  AB  about  0  =  the  moment  of 
a  force  rep)resented  by  AC  about  0,  wherever  C  be  taken  on  the 
indefinite  line  through  B. 

82.]  Varignon's  Theorem  of  Moments.  The  sum  of  the 
moments  of  tiro  forces  inth  respect  to  any  point  in  their  jilane  is 
equal  to  the  moment  of  their  resultant  with  respect  to  the 
point. 

Let  AT  and  A  Q  (Fig.  94)  represent  two  forces  whose  resultant 
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Fig-  94- 


is  AH,  and  let  0  be  the  point  about  which  moments  are  tnkcn. 
Draw  ^0,  and  draw  PC  and  QD  parallel 
to  it. 

By  the  last  Article  the  moment  of 
AP  about  0  =  the  moment  of  AC 
about  0,  and  the  moment  oi  AQ  := 
the  moment  of  AD;  therefore  the  sum 
of  the  moments  of  AP  and  AQ  about 
0  =  the  sum  of  the  moments  of  JC  and 
AB  about  0  =  the  moment  of  the  sum  o?  AC  and  AB  (since  AC 
and  AB  are  forces  acting  in  the  same  line)  ;  but,  by  equal  tri- 
angles AC  is  eN-idently  =  BR ;  therefore  the  sum  of  the  moments 
=  the  moment  of  AP  =  the  moment  of  the  re.-^ultant.     Q.E.D. 

This  result  can  also  be  very  simply  obtained  by  expressing  the 
fact  that  the  sum  of  the  components  of  AP  and  AQ  along  a 
perpendicular  to  AO  =  the  component  0?  AP  in  this  direction, 
and  multiplying  both  sides  of  the  equation  by  the  length  OA. 

The  student  will  find  no  difficulty  in  considering  the  case  in 
which  0  is  between  AP  and  AQ,  obser\'ing  that  in  this  case 
their  moments  are  opposed,  and  that  in  the  new  figure  AP  will 
be  equal  to  AB-r^AC. 

Of  course  it  follows  that  the  sum  of  the  moments  (with  their 
proper  signs)  of  any  number  of  coplanar  forces  with  respect  to 
any  point  in  their  plane  is  equal  to  the  moment  of  their  resultant 
with  respect  to  this  ])oint ;  for  the  forces  may  be  rej)laccd  in 
pairs  by  their  resultants,  &c.  It  also  follows  that  the  sum  of 
the  moments  of  the  forces  about  any  point  on  the  line  of  action 
of  the  resultant  is  equal  fo  zero. 

83.]  Varignon's  Theorem  of  Moments  for  Parallel 
Forces.  Tfie  svm  of  the  moments  of  two  parallel  forces  about 
any  point  is  eqval  to  the  moment  of  their  resultant  aloitt  the 
point. 

Let  the  forces  be  P  and  Q  (Fig.  95)  J 
and  let  0  be  the  point  about  which 
moments  are  to  be  taken.  From  0 
let  fall  perpendiculars  OA,  OB,  and 
OG  on  the  lines  of  action  of  P,  Q, 
and  their  resultant,  P,  and  let  the 
forces  be  applied  at  the  points  A,  B, 
and  G,  respectively. 

vol..  I.  I 
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Then,  moment  of 

P  about  0  =  P.  0J  =  P{OG  +  GA); 
and  moment  of  Q  about  0  =  Q  .  OB  =  q{OG-GB); 
therefore,  by  addition,  the  sum  of  the  moments 

=  {P+Q).  OG  +  P.  GJ-Q.  GB. 
But  P.  GJ  =  Q  ■  GB ;  therefore  the  sum  of  the  moments 
=  {P  +  Q).OG  =  P.OG. 

A  similar  proof  holds  when  P  and  Q  act  in  opposite 
senses,  and  also  when  0  is  between  the  lines  of  action  of  P 
and  Q. 

It  follows  that  t/ie  mm  of  the  momaiti  (loit/i  their  proper  signs) 
of  any  mimber  of  coplanar  parallel  forces  7cith  respect  to  a  point  in 
their  pAane  is  equal  to  the  moment  of  their  resultant  with  respect  to 
the  point. 

84.]  Determination  of  the  Resultant  of  Coplanar  Forces. 
Any  system  of  coplanar  forces,  P^,  P._,  P,,  ...  acting  011  a  rigid 
body  must  either  have  a  single  resultant  or  reduce  to  a  couple ; 
for,  since  their  lines  of  action  all  He  in  one  plane,  we  can  produce 
the  lines  of  action  of  Pj  and  P.,  to  meet,  and  replace  them  by 
their  resultant,  P^^ ''  ^^^  ^^  ^"^^  same  way  we  can  com- 
pound this  force  and  P^  into  a  force  .^,23 ;  and  this  again 
with  /*4  ;  and  so  on  ;  so  that  finally  we  must  obtain  a  single 
force,  P,  with  finite  magnitude  and  position,  unless  the  last 
two  to  be  compounded  happen  to  be  two  equal  jjarallel  forces 
in  opposite  senses,  in  which  case  the  system  is  equivalent  to 
a  couple. 

Now  the  magnitude  and  direction  (but  not  actual  line  of  actimi) 
of  the  resultant,  7?,  are  at  once  obtained  from  the  fact  that  its 
component  along  any  line  must  be  equal  to  the  sum  of  the 
components  of  all  the  given  forces  along  the  line.  Suppose  then 
that  we  take  any  two  rectangular  directions.  Ox,  Oy,  in  the 
plane  of  the  forces  ;  let  R  make  the  angle  6  with  Ox,  and  let  the 
components  of  Pj,  Pj,  P3,  ...  along  Ox  be  -Yj,  A',,  X,, ...  and 
along  Oy  be  1\,  1\,  Y^,  ...  ;  then 

EqosO  =  A'i  +  X  + J3+  ...  ,  or  =  2X,  (1) 

Rs\ne=  3\+};  +  r,+  ... .  or  =  sr.  (2) 
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Hence  R  is    represented    in    magnitude   and  direction    by  the 
diagonal  of  the  rectangle  whose  sides  are  2Z  and  2]';  i.e., 

(3) 
(4) 


and 


tan  e  : 


2  7 

These  equations  do  not,  of  course,  determine  the  actual  line  of 
action  of  B ;  this  latter  is  to  be  determined  hy  the  principle 
of  moments.  Take,  then,  any  point  whatever,  A,  in  the  plane 
of  the  forces,  and  calculate  the  algebraic  sum  of  the  moments  of 
the  forces  about  this  point.     Suppose  this  to  lie  M. 

By  what  has  been  proved  in  the  last  two  articles,  M  is  the 
moment  of  the  resultant,  R,  about  A;  so  that  we  have  merely 
to  draw  from  A  a  line  perpendicular  to  the  alread}'  determined 
direction  of  R  and  take  such  a  length,  p,  on  this  per2)endicular  at 
one  side  or  the  other  of  A,  according  as  M  is  clockwise  or  counter- 
clockwise, that  Ry.p^M.  (5) 

This  completes  the  determination  of  the  resultant — sometimes 
called  the  resultant  of  translation  of  the  forces. 

In  any  specified  system  of  forces  we  are  to  be  guided  in  our 
choice  of  the  point.  A,  round  which  to  take  moments  by  special 
considerations  of  simplicity — for  example,  if  several  of  the  forces 
act  in  lines  passing  through  A. 

85.]  Particular  case  in  which  the  Resultant  of  Transla- 
tion vanishes.  When  forces  applied  to  a  particle  have  no 
resultant  of  translation,  their  whole  effect  is  nidi.  It  is  not 
necessarily  so,  however,  if  they  are  applied  to  a  body  of  finite 
dimensions.     For  example — 

If  the  forces  acting  upon  a  rigid 
hody  form  hy  their  magnitudes  and 
tines  of  action  the  sides  of  a  closed 
jwlygon  taken  in  order,  their  residtant 
of  translation  vanishes,  awl  they  have 
a  constant  moment  with  respect  to  all 
points  in  their  plane — /.  e.,  they  re- 
duce to  a  couple. 

Let  forces  Pj,  P^,  A,  ...  (Fig. 
96)  act  at  points,  A^,  A.^,A^,  ...m 
a   body   in    one   plane,  and  let  these  forces  bo  represented   in 
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magnitudes  and  lines  of  action  by  the  sides  of  the  polygon  formed 
by  their  points  of  application. 

Now  since  the  sum  of  the  projections  of  the  sides  of  this 
polygon  on  any  arbitrary  line  =  0,  the  forces  have  no  resultant 
of  translation. 

Let  0  be  any  point  inside  the  polygon,  and  take  the  sum  of 
the  moments  of  the  forces  round  it.  If  the  perpendiculars  from 
0  on  the  sides  A^A.^,  A.,A^, ... ,  he  jj^,  j)2, ...  ,  the  sum  of  the 
moments  will  be 

Ai^i  +  -^2/^2  +  -^3^^3+  •••  ,  OT  G,  suppose. 
And  since  Pj,  -Pg'  •••  ^'"^  equal  to  the  sides  of  the  polygon,  G  is 
evidently  =  2  .  area  of  polygon.     This  is  constant  for  all  points 
inside  the  polygon. 

Now  if  we  take  the  sum  of  the  moments  round  any  external 
point,  (/,  we  shall  have 

^iPi  +  ^2P2  +  P3P3  -^4Pi  +  P5  P5 , 
since   P4  turns  the  body  round  0'  in  a  sense  opposite  to  that 
in  which  the  other  forces  turn  it.     But  this  sum  is  equal  to 

2(J,0'A,  +  A20'A,  +  A,0'A,-A^0'A,  +  A,0'A,), 
and  this  is  again  equal  to  2  .  area  of  polygon. 

Hence  for  all  points  in  the  plane,  the  sum  of  the  moments,  G, 
is  constant. 

Example  of  the  determination  of  R. 

ABCD  is  a  rectangle;  AB  =  60  inches,  .4Z)  =  45  inches;  in  DC 

are  taken  two  points,  P,  Q,  such 
that  DP  =  20,  QC  =  20  ;  and 
M  is  the  middle  jDoiut  of  AB. 
Find  the  resultant  of  the  follow- 
ing forces  (all  measured  in 
pounds'  weiglit,  suppose)  repre- 
sented by  arrows  in  the  figure: 
10  in  CD,  10  in  DB,  18  at  M 
perpendicidar  to  AB,  20  at  P 
making  45°  with  DC,  12  at  Q 
making  30°  with  DC,  and  16 
at  A  making  30°  with  AD. 

Here,  taking  the  components 
l^arallel  to  AB,  we  have 

2Z  =  14 .  534  in  sense  AB, 
and  tlie  components  parallel  to 
AD  give 
2  7=6.286  in  sense  AD. 


16 


Fig-  97- 
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Hence  the  resultant  ^  =  15 .  835,  and  its  direction  is  that  of  a  line 

making  tan~' — '- >  or  tan"'.  432,  with  AB. 

®  14.534 

Again,  £>  is  the  simplest  point  for  moments,  and  we  find 

Ml  =  222  .  84  inch-pounds'  weight, 

the  arrow  indicating  that  tlie  moment  is  counter-clockwise.  Hence 
the  line  of  action  of  Ji  cuts  AD  between  A  and  Z),  and  the  length 
of  the  perpendicular  from  Z)  on  it  is  14  .  07  inches. 

Special  conditions  for  the  partial  or  complete  determination  of  the 
resultant  of  a  sj-stera  of  cophmar  forces  may  sometimes  be  given. 

The  system  of  forces  being  unspecified,  if  we  arc  merely  given  tliat 
the  sum  of  their  moments  about  a  given  jroint  A  in  tlieir  plane  is  L 
— in  a  clockwise  sense,  suppose — we  can  infer  nothing  as  to  tlio 
magnitude  and  line  of  action  of  E;  but  if  we  are  given  that  the 
sura  of  the  moments  about  a  given  point  A  is  L,  and  about  another 
given  point,  B,  is  M,  both  in  the  same  sense,  we  infer  a  point  on 
the  line  of  action  of  7?,  viz.,  tlie  point  which  divides  the  line  AB 
produced  into  two  segments  in  the  ratio  L  :  M ;  for  if  p  and  q  are 
the  perpendiculars  from  A  and  B  on  R,  we  have 

R.p=iL,     R.q  =  M, 

therefore  p:q  =  L:  M,  and  it  is  obvious  that  R  must  pass  through  the 
point  above  named.  If,  in  addition,  we  are  given  that  the  sum  of 
the  moments  about  a  point  C  is  N,  in  the  same  sense,  suppose,  R  is 
completely  determined,  since  its  line  of  action  must  now  also  pass 
through  the  point  dividing  AC  externally  in  the  ratio  L:N;  and  the 
perjiendiculars  on  it  from  A,  B,  C  are  all  known,  and  therefore  the 
magnitude  of  R  itself. 

If  L  and  21  are  of  opposite  senses,  R  passes  through  the  point 
dividing  AB  internally  in  the  ratio  L  :  M. 

Examples. 

1.  If  the  sums  of  the  moments  of  a  system  of  coplanar  forces 
vanish  for  three  points  which  are  not  in  a  right  line,  the  system  is  in 
equilibrium. 

■  2.  If  the  sums  of  the  moments  round  three  points  which  are  not 
in  a  right  line  are  equal,  and  not  each  zero,  the  system  is  equivalent 
to  a  couple, 

3.  If  the  sums  of  the  moments  of  a  coplanar  system  round  three 
points  A,  B,  C  are,  respectively,  proportional  to  the  perpendiculars 
from  these  points  on  the  opposite  sides  of  the  triangle  A  BG  and  have 
all  the  same  sense,  find  the  line  of  action  of  the  resultant. 

Ans.  The  line  joining  the  points  of  intersection  of  the  bisectors 
uf  the  external  angles  with  the  opposite  sides. 
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4.  If  L,  Jf,  jV  are  the  sums  of  the  moments  of  a  system  of  coplanar 

forces  about  three  points  A,  B.  C,  show  that  the  equation  of  the  line 

of  action  of  the  resultant   in  triliuear  co-ordinates  referred   to  the 

triantrle  ABC  is  ,        ,  ., 

°  aLx  +  hMy  +  cNz  =  0, 

where  a,  6,  c  are  the  lengths  of  the  sides  of  the  triangle. 

5.  Find  the  magnitude  of  the  resultant  in  terms  of  L,  M,  X. 

Ans.  R"  =  ~-:^:S.a-{L-JI)  (i --V). 

where  A  is  the  area  of  ABC,  whose  sides  are  a,  b,  c. 

86.]  Conditions  of  Equilibrium  of  a  Rigid  Body  acted  upon 
by  Coplanar  Forces.  ^\'hen  a  rigid  body  is  acted  upon  by 
a  system  of  coplanar  forces,  this  system  is  reducible,  generally, 
to  a  single  force,  but  it  may  happen  to  reduce  to  a  couple. 
The  necessary  and  sufBcient  condition  of  equilibrium  of  the 
body  evidently  is  that  ///is  restiUanf  of  the  forces  shall  he  of  zero 
magnifude  irithoiil  acting  at  infnity;  and  the  latter  part  of  this 
condition  will  be  guaranteed  by  the  vanishing  of  the  sum 
of  the  moments  of  the  forces  round  any  one  point  in  their  jilane. 
Indeed,  if  the  forces  have  no  moment  round  any  three  points 
which  do  not  lie  in  one  right  line,  they  cannot  reduce  either 
to  a  single  force  or  to  a  couple ;  so  that  we  may  say  that — 
the  necessary  and  siifficient  cowlitions  of  eqnilibrimn  of  a  system  of 
coplanar  forces  acting  on  a  rigid  body  are  that  they  give  zero 
moment  round  each  of  any  three  points  which  do  not  lie  in  one 
right  line.  (a) 

Their  equilibrium  will  also  be  guaranteed — i.  e.,  they  must 
have  a  zero  resultant  without  reducing  to  a  couple — if  the  sums 
of  their  components,  rectangular  or  ohlique,  vanish  along  any  two 
particular  lines  in  their  jilane,  and  also  the  stim  of  their  moments 
about  any  07ie point  vanishes.  (/3) 

For,  if  they  have  no  total  component  along  any  direction  (i) 
and  also  no  total  component  along  any  other  direction  (i'), 
their  resultant  must  be  of  zero  magnitude,  since  its  component 
along  any  dii-ection  is  equal  to  the  sum  of  the  components 
of  the  forces  in  that  direction ;  and  if,  in  addition,  their  total 
moment  round  any  one  point  vanishes,  they  cannot  reduce  to  a 
couple. 

When,  therefore,  a  system  of  coplanar  forces  acting  on  a  rigid 
body  is  in  equilibrium  we  have  the  result  that — 
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(1)  the  sum  of  their  componenia  along  every  line  =  0  : ) 

(2)  the  sum  of  their  moments  about  every  point  =  0.  ) 

The  conditions  which  have  just  been  enunciated  are  both 
necessarv  and  sufficient  for  the  equilibrium  of  any  rigid  material 
system  to  which  the  forces  may  be  applied ;  but  they  are  not 
sufficient  for  the  equilibrium  of  a  material  system  whose  parts 
are  not  rigidly  connected.  The  simplest  way  of  seeing'  this  is 
to  remember  that  the  whole  process  of  compounding  forces,  two 
by  two,  into  a  single  resultant  is  invalid  and,  indeed,  without 
any  meaning,  unless  they  are  all  applied  to  one  and  the  same 
rigid  body.  This  was  pointed  out  at  the  very  outset  (see  p.  17). 
If  a  force,  P,  is  applied  at  a  point  to  a  bar  which  is  freely 
jointed  to  another  bar  to  which  a  force  P.  is  applied,  the  process 
of  finding  the  resultant  of  -Pj  and  I\  consists  in  producing  their 
lines  of  action  to  meet  in  a  point  0,  and  then  assuming  that 
both  P,  and  Pj  can  be  applied  at  0.  But  this  assumes  that 
0  is  at  once  rigidly  connected  with  both  bai-s,  i.e.,  that  the 
two  bars  are  rigidly  connected  with  each  other ;  otherwise 
we  cannot  speak  at  all  of  the  resultant  of  P,  and  P^. 

Let  us  imagine,  then,  any  non-rigid,  or  deformable,  system — 
a  deformable  framework  of  freely  jointed  bars,  an  elastic  string, 
a  fluid,  Sec. — at  rest,  and  suppose  that  we  are  about  to  apply  to 
this  system  a  system  of  forces,  Pj,  P^,  P3,  ...  at  specified  points; 
what  conditions  must  these  forces  satisfy  in  order  that,  when  they 
are  applied,  the  material  system  will  continue  to  be  at  rest? 
Now,  although  we  cannot  completely  answer  the  question 
without  regard  to  the  special  features  and  structure  of  the 
material  system,  this  much  we  can  say,  that — if  we  imagine 
the  whole  system  to  be  suddenly  made  rigid,  and  if  the  forces 
will  not  keep  this  rigidified  system  at  rest,  they  will,  a  fortiori, 
not  suffice  to  keep  the  given  deformable  system  at  rest ;  for, 
rigidification  always  removes  restrictions  which  hamper  the 
action  of  the  internal  forces  of  the  system,  and  renders  these 
forces,  therefore,  more  capable  of  preserving  the  equilibrium  of 
the  various  connected  parts  against  the  action  of  external  forces. 
Hence  the  conditions  expressed  in  (a),  (;3),  (y),  though  neccssarij 
for  the  equilibrium  of  forces  appUed  to  a  deformable  system, 
are  not  sufficient. 

Analytical    expression    may    be   given    to    any   of   the    forms 
(a),  (/3),  (y)  which  express  the  conditions  of  etpdlibrium.     Thus, 
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to  express  (/3),  let  0  (Fig.  98)  be  the  point  about  which  we  take 
moment-s,  and  through  0  draw  any  two  rectangular  lines,  Ox, 
Oy,  which  we  may  employ  as  axes  of  co-ordinates  for  the  points 
of  application  of  the  various  forces.     Let   P^  act  at  A^   and 

resolve  the  force  Pj  into  two  com- 
ponents, Xj  and  J'j,  parallel  to  Ox 
and  Oy.  Kow(Art.  82),  the  moment 
of  Pj  about  0  is  equal  to  the  sum 
of  the  moments  of  Xj  and  i\  about 
0.  But,  if  rotation  opposite  to  that 
of  a  watch-hand  is  considered  posi- 


Fig  98.  tive,  the  moment  of  Tj  about   0  is 

1\ .  x^ ;  and  the  moment  of  X^  is 
—  X^.i/^,  where  ^j  and  y^  are  the  co-ordinates  of  A^  referred  to 
the  axes  Ox  and  Oy.     Hence  the  moment  of  Pi  about  0  is 

Adding  together  the  moments  of  Pj,  P.,,  ...,  we  get  the  total 

™«™^^*  G  =  ^{rx-Xy).  (1) 

If  the  sum  of  the  components  of  the  forces  along  Ox  is 
denoted  by  2X,  and  the  sum  of  the  components  along  Oy  by 
S  J",  the  resultant  of  the  forces  (Art.  84)  is  given  by  the  equation 

m  =  {lXf+{'S.Tf.  (2) 

Now,  since  for  equilibrium  we  must  have  R  =  0,  and  (?  =  0, 
the  conditions,  analytically  expressed,  are 

2X=  0.2  7=0,  (3) 

^{Tx-Xy)  =  0.  (4) 

When  the  student  comes  to  the  study  of  the  kinetics  of  a  material 
system,  he  will  see  that  if  the  external  forces  applied  to  it  are  such 
that  i?  =  0  and  G  =  0,  i.  e.,  are  such  that  if  they  acted  on  a  ngid 
system,  their  resultant  force  and  total  moment  roimd  any  axis  both 
vanish,  the  centre  of  mass  of  the  sj'stem  is  at  rest  (or  in  uniform 
motion  in  a  fixed  right  line)  and  there  is  no  resultant  moment  of 
mass-acceleration  round  any  axis.  This  is  true  for  all  kinds  of 
material  systems,  whether  they  are  gases,  liquids,  deformable  frame- 
works, natural  solids,  or  rigid  bodies. 

Xow  the  destmction  of  resultant  linear  and  angular  acceleration 
will,  except  in  the  case  of  rigid  bodies,  he  quite  consistent  with  the 
existence  of  motions  of  parts  of  the  system  among  themselves,  negative 
momenta  cancelling  positive.  Hence,  tchenever  a  system  is  capable  of 
altering  the  relatite  positions  of  its  parts,  the  compUte  equilibrium, 
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of  the  system  will  require  more  than  the  vanishing  o/the  resultants  of 
translation  and  rotation  of  the  farces  applied  to  it.  In  fact,  its 
internal  forces  will  have  to  be  taken  into  account.  In  rigid  bodies 
the  destruction  of  the  above-mentioned  motions  will  necessitate  the 
destruction  of  all  motion,  and  the  conditions  7i  =  0,  <?  =  0  are  both 
necessary  and  sufficient.  In  these  bodies  there  is  no  restriction 
placed  on  the  internal  forces,  so  that  they  arc  always  capable  of 
assuming  such  magnitudes  and  directions  as  will  enable  them  to 
destroy  the  action  of  the  external  forces.  On  the  contrary,  in 
deforraable  bodies,  there  are  restrictions  placed  on  the  internal  forces 
so  that  they  are  not  capable  of  preserving  equilibiium  against  all 
systems  of  external  forces.  For  example,  in  a  freely  jointed  frame- 
work, the  action  between  bar  and  bar  must  consist  of  a  single  force 
restricted  to  passing  througli  the  joint.  This  is  the  reason  why 
two  equal  forces  applied  in  opposite  senses  in  the  same  line  to  two 
opposite  sides  of  a  set  of  parallel  rulers  will  not  hold  them  in 
equilibrium,  unless  the  rulers  are  placed  in  a  certain  configuration; 
and  it  is  also  the  reason  why  two  equal  and  directly  opposed  forces 
applied  to  the  ends  of  a  string,  elastic  or  inelastic,  will  not  hold  it  in 
equilibrium,  until  it  has  assumed  a  certain  state. 

Hence  also  the  necessity  for  considering  the  internal  forces 
(pressures)  in  Hydrostatics. 

Nevertheless,  tlie  conditions  of  equilibrium  of  all  material  systems 
whatever — natural  solids,  licjuids,  and  gases — are  completely  expressed 
by  the  single  principle  that — tvhen  the  system  has  assumed  its  con- 
figuration of  equilibrium,  then  for  all  imaijinahle  small  deraiigements 
of  its  parts  the  whole  work  which  would  thereby  be  done  by  all  the  acting 
forces,  external  and  internal,  is  zero — which  is  Lagrange's  great 
principle  of  Virtual  Work. 

87.  Heduction  of  a  system  of  Forces.  TVe  have  seen  that 
a  system  of  coplanar  forces  must  ultimately  reduce  either 
to  a  single  force  or  to  a  couple.  It  can  be  reduced  to  a  single 
force  acting  at  aiij/  point,  0,  supposed  rigidly  connected  with 
the  body,  accompanied  by  a  couj)le.  For,  let  the  system  reduce 
to  a  single  force,  B,  acting  in  a  line  (L).  At  0  introduce  two 
forces  {E,  —R)  parallel  and  equal  to  R  and  acting  in  opposite 
senses.  Take  R  acting  in  the  line  [L)  and  —R  acting  at  0 
to  make  a  couple  ;  then,  in  addition  to  this  couple,  we  have 
the  force  R  at  0.  If  p  is  the  perpendicular  from  A  on  (i), 
the  moment  of  the  couple  is 

R.p, 

i.  e.,  it  is  the  sum  of  the  moments  of  the  given  forces  about  0. 
Thus  the  force  at  0  is  constant  in  magnitude  and  direction 
whatever  point,  0,  is  chosen,  while  the  moment  of  the  couple 
is  variable. 
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Fig.  99. 


The   same  thing  is  easily  seen,  less  directly,  by  replacing  each 

separate  force  /",,.-.  by  a  force  -Pi,...  acting  at  0,  accompanied  by 

a  couple  (see  Theorem  VII.  p.  111). 

Thus,  take  the  special  case  in  which  all  the   forces  are  parallel 

(Fig.  99). 

Take  any  point  0,  and  draw  through  it  a  right  line,  Oy,  parallel  to 

the  forces.     At  0  introduce  two  forces,  P'  and  P",  each  equal  to 

/"i,  these  new  forces  being  directly  ojiposed  to  each  other  along  Oy. 

Now,  Pj  and  P"  form  a  couple  whose  moment  is  P^  .p^,  if  ;>j  is  the 

perpendicidar  from  0  on  the  line  A ^P^. 
Introducing  in  the  same  way,  two 
forces,  P/andP/',  equal  to  /",,  directly 
opposite  to  each  other  along  Oy,  we 
have  Pj  *'■  -^2  replaced  by  a  force  P/' 
acting  at  0  along  Oy'  and  a  couple 
whose  moment  is  —  P,  •^'.,,  p^  I'eing  the 
perpendicular  from  0  on  the  line  A^P^. 
The  —  sign  is  attached  to  this  couple 
because  the  couple  (P/,  P.^)  tends  to 
jiroduce  rotation  in  a  sense  opposite  to 
that  in  which  the  couple  [P",  Pj)  tends 
to  produce  rotation. 
Proceeding  in  this  way  with  all  the  forces  in   the  above  figure, 

we  have  the  whole  system  offerees  at  A^,  A.,,  A^,  A^. ...  equivalent 

to  a  single  force,  P_Pj.p_Pj. 

•'i-'aT-'a-'iT..., 

acting  at  0  in  the  direction  Oy,  and  a  couple, 

tending  to  turn  the   body  round   0  in  a  sense  opposite  to  that   of 
watch-hand  rotation. 

Denoting    the    resultant    force    by   P,    and    the    moment    of    the 
resultant  couple  bv  G,  we  have 

P  =  2P,  (1) 

G=2(P.;>).  (2) 

Again,  let  the  forces  act  in  any  directions. 

At  0  (Fig.  100)  introduce  two 
opposite  forces,  P/  and  P,",  each 
equal  and  parallel  to  Pj.  Let 
Pj  and  P"  be  considered  as  form- 
ing a  couple.  Then  Pj  at  ..-Ij  is 
equivalent  to  Pj  acting  at  0,  and 
a  couple  whose  moment  :=  P,.^, . 
Replace  P^at  A„iQ  the  same  way 
by  P."  (or  P„)  'acting  at  0,  and 
a  couple  (Pj,  P/)  whose  moment 
Pig  joQ  is  —  Pi-Pi-      Thus    the    whole 

system  of  forces  will  be  replaced 
by  forces  Pj,  P.,,  P,,  P^,  ■■  ,  acting  at  0,  and  a  number  of  couples 
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■whose  moments  are  Pi-pi,  —P„.p.,,  i's-ft,  —P,  ■}>„■■■  (t'le  forces 
acting  as  in  the  above  figure).  The  forces  acting  at  0  will  have  a 
single  resultant,  li,  and  the  couples  will  foi-m  a  single  couple  whose 
moment,  G,  is  (Theor.  ^TQ,  Art.  80)  the  sum  of  the  moments  of  the 
couples. 

88.]  Equation  of  line  of  action  of  Resultant.  The  equation 
of  the  line  of  action  of  the  resultant  of  a  system  of  cojilanav 
forces  is  obtained  with  reference  to  any  assumed  axes  of  co- 
ordinates, Cartesian  or  Ttilinear,  by  expressing  the  fact  that 
the  sum  of  the  moments  of  the  given  forces  round  any  point 
on  the  line  of  action  of  H  is  zero. 

Thus,  let  Ox,  Oy  (Fig.  98)  be  any  rectangular  axes  with 
respect  to  which  the  co-ordinates  of  the  points  of  apj)lication  of 
Pi,  Pg,  ...  are  (a;,,  y^,  (x^,  y. },...,  and  let  (x,  y)  be  the  co- 
ordinates of  any  point  in  the  plane.  Then  the  moment  of  Pj 
about  (x,  y)  is  evidently 

Y^{x^-x)-X^{i/^-y), 
or  1\  x^—X^y^-x  Jj  ■l^yX■^. 

The  moment  of  P.j,  about  {x,  y)  is 

Y^Xi—X^y^—xY^+yX^, 
and  similarly  for  the  other  forces.     Hence  the  total  moment,  6', 
of  the  forces  about  the  point  is  given  by  the  equation 

G'  =G-x-2Y+y'S,X,  (1) 

where  G  is  the  sum  of  the  moments  of  the  forces  about  0  and 
stands  for  {Yi-Ty  —  X-^y.^)  +  {Y.,x.^  —  X^y^  +  .... 

If  {x,  y)  is  any  point  on  E,  G'  —  0,  so  that  the  equation  of 
the  line  of  action  of  R  is 

xiy-ylX=  G.  (2) 

The  interpretation  of  equation  (1)  is  obviousl}'  that- — T//e 
»um  of  the  momeiiU  of  a  system  of  coplanar  forces  about  any 
jioint,  0,  is  equal  to  the  sum  of  their  moments  about  any  other 
point,  ty,  plus  the  tnonient  about  0  of  their  resultant  of  trans- 
lation, supposed,  acting  at  (/ — a  result  which  is  evident  from  first 
principles. 

Examples. 

1.  0  is  any  point  inside  a  triangle  ABC;  a,  /3,  y  are  the  per- 
pendiculars from  0  on  the  sides ;  if  forces  act  along  the  sides  a,  b,  c 

k    k    k 
equal  to  -  >  -  >  ->  respectively,  and  all  in  the  same  cyclical  order,  find 
a   p    y 

the  line  of  their  resultant. 
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Take  any  point  whose  fxilinear  co-ordinates  with  reference  to  the 
triangle  ABC  are  x,  y,  z;  then  the  sum  of  the  moments  of  the  forces 

.    .    k         k        k 
ahout  it  is  -  x  +  -zy  +  -  z.     Hence  the  equation  of  the  line  of  R  is 

a      fi       y 

X      y      z 

-  +  I  +  -  =  0, 

a      /3      y 

which  is  the  axis  of  homology  of  A  BC  and  the  triangle  A'B'C  formed 

by  the  points  in  which  A  0,  BO,  CO  intersect  the  opposite  sides. 

k    k 
If  two  of  the  forces,  ->  ^'  ^^'^^  the  same  cyclical  order  while  the 

third  acts  in  the  reverse  order,  the  equation  of  R  is 

X       V       z 

-+i — =0, 

a      ^      y 

i.  e.,  R  acts  in  the  line  A'B'. 

2.  A  triangular  plate,  ABC  (Fig.  loi),  is  acted  upon  at  each  angle 

by  forces,  along  the  two  sides  containing 
it,  represented  in  magnitudes  and  lines 
of  action  by  the  distances  between  the 
angle  and  the  feet  of  the  pei-pendiculars 
let  fall  from  the  otlier  two  angles  on 
these  sides.  Find  the  line  of  action  of 
the  resultant  force. 

Let  the  perpendiculars  let  fall  on  the 
p.  ^  "      three  sides,  a,  b,  c,  from  any  point,  F, 

on  the  resultant  be  x,  y,  z,  respectively, 
and  let  A',  W,  C  be  the  feet  of  the  perpendiculars.  Then  the  force 
in  AB  in  the  sense  AB  is  AC'—BC,  or  6  cos  .4— a  cos  B.  Hence 
the  moment  of  this  force  about  P  is  z(b  cos  A— a  cos  B),  and  since  the 
sum  of  the  moments  of  aU  the  forces  (estimated  in  cyclical  order) 
round  P  is  =  0  (Art.  82),  we  have 

a;(ccos  JS— 6  cos  C^  +  y  (a  cos  C—c  cos  .4) +  3  (6  cos  .4— a  cos  .B)  =  0.  (1) 

Now,  one  set  of  values  of  x,  y,  and  z,  which  will  satisfy  this  equa- 
tion, is,  evidently,  «,  6,  c.  Hence  the  resultant  passes  through  the 
point  the  perpendiculars  from  which  on  the  sides  are  proportional  to 
a,  b,  c.  This  point  is  thus  found  : — Let  G  be  the  centre  of  gra^aty  of 
the  triangle  ;  from  A  draw  a  line,  AG',  wliich  makes  LCAG' ^^  LBAG, 
and  from'"^  di-aw  a  line,  BG' ,  which  makes  LCBG'  =  LABG.  These 
lines  intersect  in  G' ,  the  required  point  which  is  called  the  isogonal 
conjugate  of  G,  or  the  Symmedian  point. 

Again,  another  set  of  values  of  x,  y,  z,  which  will  satisfy  (I),  is 
cos^,  cos  5,  cos  C;  and  the  resultant  passes  through  the  point  whose 
perpendiculars  on  the  sides  are  proportional  to  these  quantities.  This 
point  is  the  centre  of  the  circumscribed  circle. 

Hence  the  line  of  action  of  the  resultant  is  known. 
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3.  Show  that  the  resultant  of  the  system  of  forces  in  the  last 

example  is  .  » 

-J-  Va'  +  b'  +  c*-a-b^-b^c'-c^a-, 
abc 

where  A  is  the  area  of  the  triangle. 

4.  Forces  P,  Q,  R,  act  along  the  sides  of  a  triangle,  ABC,  and 
their  resultant  passes  through  the  centres  of  the  inscribed  and  circum- 
scribed circles  :  prove  that 

P  ^  Q  ^  R 

cos  B— COB  G      cos  C— cos  ^      cos  il— cos  5 

(Wolstenholme's  Book  of  Mathematical  Problems). 

5.  If  from  a  point  C  on  a  circle  there  be  drawn  two  chords  CA.  CB, 
prove  that  two  forces  inversely  proportional  to  AC  and  BC  acting 
along  these  lines  both  to,  or  both  from,  C,  have  a  resultant  passing 
through  the  Symmedian  point  of  ABC  and  inversely  jiroportional  to 
the  chord  through  this  jJoint. 

6.  li  AD  and  BC  {A,  B,  C,  D  being  in  cyclical  order)  are  any  two 
chords  of  a  circle  and  two  forces  inversely  proportional  to  them  act 
along  them  in  the  senses  AD,  BC,  their  resultant  passes  through  the 
intersection  oi  AC  and  BD  ;  but  if  tliey  act  in  the  senses  AD,  CB,  it 
passes  through  the  intersection  of  AB  and  DC. 

7.  If  forces  inversely  proportional  to  the  trilinear  co-ordinates 
of  any  point  on  the  circle  circumscribing  a  triangle  act,  in  cyclical 
order,  along  the  corresponding  sides,  prove  that  their  resultant 
will  always  pass  through  the  isogoual  conjugate  of  the  centroid  of 
the  triangle. 

8.  Find  the  relation  between  three  forces  such  that  if  they  act  along 
the  sides  of  a  triangle  in  cyclical  order,  their  resultant  will  always 
touch  the  circumscribed  circle. 

Ans.  If  the  forces  are  F,  Q,  E,  and  a,  h,  c  are  the  sides, 

V^+VbQ+VcE=0, 

so  that  the  trilinear  co-ordinates  of  any  point  on  the  inscribed  conic 
which  touches  the  sides  at  their  middle  points  will  represent  all  such 
force  systems. 

9.  Find  the  relation  between  the  forces  if  their  resultant  always 
touches  the  inscribed  circle. 

,  cos- ^.4      cos^i^B      cos'iC 

Ans.  _^  +  _^  +  _^=0, 

so  that  they  can  be  represented  by  the  trilinear  co-ordinates  of  any 
point  on  a  certain  conic  circumscribing  the  triangle. 

(These  results  can  be  obtained  purely  by  the  principle  of  moments. 
Art.  82.) 

10.  Generally,  if  the  resultant  of  forces  acting  in  cyclical   order 
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along  the  sides  of  a  triangle  touches  any  assigned  curve,  the  relation 
between  the  forces  is  expressed  by  the  tangential  equation  of  the 
curve  in  trilinear  co-ordinates. 

89.]  Centre  of  Parallel  Forces.  Theorem.  If  any  number  of 
parallel  forces,  Pj,  P.,,  P3,  ...  P„,  act  in  one  plane  at  points  A^, 
A^,  A^,  ...  A„,  their  resultant  passes  through  a  fixed  point  if  all 
the  forces  are  turned  in  the  same  sense  round  their  points  of 
application  through  an  arVdrary  hit  common  angle. 

The  point,  ^j  (Fig.  102),  of  application  of  the  resultant  of  P, 

and  P,  has  been  determined   (Art.    75)  by  dividing  the  line 

^1  A,  so  that  J  p 

^\9\  _  ±2 

on  the  supposition  that  the  forces  Pj  and  P.,  are  parallel,  but  no 

assumption  has  been  made  as  to 
their  common  direction.  Hence 
g^  wiU  be  a  point  on  their  resul- 
tant in  whatever  direction  they 
act,  and  the  force  at  this  point 
is  Pj  +  P, .  The  point  of  applica- 
tion of  the  resultant  of  Pj,  Pj, 
and  P3,  is  determined  by  join- 
ing ^j  to  ^3,  and  dividing  it  in 
^2,  so  that 


Fig.  102. 


and  the    force 


ff\  ffi  _  ^Eorce  at  A^  _      P3 
A3g2       force  at  g^^  Pi+  P.,' 
at  ^2  is  Pj-I-Pg  +  Pj.     Similarly,  the  point  of 
application  of  the  resultant  of  Pj,  Pg,  P3,  and  P^,  is  a  point,  G, 
on  g.,A.,  such  that  /-.  7, 

a;g^  p,+p,+p,' 

and  the  force  at  G  =  P^  +  P2  +  P3  -f-  P4 . 

We  thus  see  that  the  point,  G,  of  application  of  the  resultant 
of  the  system  is  determined  by  di\"iding  the  lines  ^j^j,  y2-^4r  ••• 
in  certain  ratios  which  depend  simply  on  the  magnitudes,  and 

not  on  the  common  direction,  of  the  forces  at  ^j,  A^,  A^ 

The  theorem  is,  therefore,  evident. 

Of  course  no  one  point  on  the  line  of  action  of  a  force  which 
acts  on  an  indeformable  body  has  a  special  right  to  be  called  the 
point  of  application  of  the  force ;  and  if  we  are  given  a  parallel 
system,  Pj,  P„,  P^,  ...  with  a  fixed  direction,  a  point  on  their 
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resultant  can  be  found  by  taking  any  points,  B^ ,  B., ,  Jl..^ .  ...  on 
their  respective  lines  of  action  and  going;  tlirough  the  above 
process ;  but  the  point  so  determined  on  the  resultant  is  not  one 
through  which  this  resultant  would  continue  to  pass  if  the 
common  direction  of  the  parallel  system  were  changed  in  such  a 
way  that  the  forces,  respectively,  revolved  round  a  different  system 
of  points,  Ji,  A^,  A^,  ...  ■  If  we  contemplate  such  a  revolution 
round  these  points,  the  point  G  is  approjmately  termed  ihc. 
centre  of  the  system. 

90.]  Centre  of  Mean  Position.  Let  there  be  any  number 
of  points,  ,7j ,  , /^ ,  A^,  ...  ( Fig.  1 03),  in  one  plane,  and  let  the 
line,  A^A^,  be  di\aded  at  g^  so  that 

let  ^1  y/3  be  diNaded  at  ff.^  >  ^°  ^^^^ 
let  ff.^A^  be  divided  at  ^3,  so  that 

and  so  on,  until  by  a  final  construction  we  arrive  at  a  point  G. 
It  is  required  to  express  the  dis- 
tance of  6'  from  an  arbitrary  line, 
L,  in  the  plane  of  the  points  in 
terms  of  the  distances,  Tj  ,  Tg ,  %  ... 
of  Ai,  A2,  A^,  ...  from  this  line.* 
Draw  AjTun  parallel  to  L.     Then 


ffi"' 


'  A.^n  — 


But  the  distance  of  ^,  from  L  is  equal  to 


(^2-^i)- 


Zi+ffim  =  z^  + 


Wj  +  /«2 


i^2~^l)  — 


'«lfVH«2l2^ 


*  All  this  holds  if  the  points  A^,  A-^,  ...  are  not  in  the  s,ime  piano  and  L 
represents  any  plane  from  which  their  distances  are  measured. 
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Calling  ttis  distance  z-^,   we   have   the  distance  of  ff^  from  L 

equal  to         ,  . 

{m-^  +  m^jSi  +  mgZ^       m-^z^  +  m.j-.^-^mcZ^ 

since  ^1^3  is  divided  at  g.^  in  the  ratio —  •      Continuing  the 

application   of  this    method,    we   have    e'S'idently,    if  5  is   the 
distance  of  G  from  L, 

«l"l  +  «V2  +  W3?3  +  . .  .OT„2„ 


z  = 


«Kl  +  »'2  +  '"3+-''+'"i. 


(1) 


or  z  =  — - ,  (2) 

where  2  is  the  sign  of  summation. 

The  point  G  thus  arrived  at  is  called  Tie  Centre  of  Mean  Posi- 
tion of  the  given  points  for  the  system  of  multijiles  m^,  ?//.,,  m^,  .,.m„. 

The  points  A-^,  Ao,  A^,  ...  remaining  the  same,  and  the  system 

of  multiples  being  altered  to  jtj^, p.^,  j)^, ...  the  point  G  arrived  at 

would,  of  course,  be  different.     The  distance  of  the  new  point 

2o^ 
would  be  -= — • 

2y; 

In  particular,  the  distance,  i,  from  any  plane,  of  the  centre 
of  parallel  forces,  Pj,  Pj;  -^3;  •••  applied,  respectively,  at  points 
whose  distances  from  the  plane  are  Tj,  Tg,  ^3,  ...  is  given  by  the 

^'^^^^^^  _  ^  P,.z,  +  P,. .%  +  ?,. z,+  ... 

P^  +  P^  +  P^+... 

iPz 
or  -  =  vp  ■ 

The  construction  given  in  this  Article  for  the  Centre  of  Mean 
Position  of  the  points  ^j,  A2,  A^,  ...  holds  evidently  when  the 
points  do  not  all  lie  in  one  plane,  as  previously  remarked,  so 
that  if  ^1,  ^21  •^3>  •••  denote  the  distances  of  the  points  from  an 
arbitrary  plane,  the  distance,  z,  of  the  centre  of  mean  position 
from  this  plane,  for  the  system  of  multiples  7«j,  m^,  m^,  ..., 
is  given  by  the  equation  ^^, 

z  =  V~"' 

zm 

Centre  of  Mean  Position  is  a  generic  term  which  comprises 
under  it  particular  points  which  must  be  specially  noticed.  One, 
the  Centre  of  Parallel  Forces,  has  been  already  mentioned. 
Another  is  the  Centre  of  Mass,  called  also  the  Centre  of  Inertia. 
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If  at  the  points  considered,  A^,  A.^,  A^,  ...  there  be  placed 
material  particles  whose  masses  are  respectively  w, ,  m.2,  v/^,  ... 
and  we  find  the  centre  of  mean  position  of  these  points  for  the 
system  of  multiples  >«j,  m^,  m^,  ...  we  shall  arrive  at  the  Centre 
of  Mass  of  this  system  of  particles.  Nothing  is  here  assumed 
about  the  closeness  of  the  points  A^,  A.,,  A.^, ...,  or  the  particles 
placed  at  them,  and  the  process  of  arriving-  at  tlie  point  G  will 
be  unaltered  if  these  particles  constitute  a  continuous  body. 
Hence  the  Ceidre  of  Mass  of  any  body  is  t/ie  Centre  of  Mean 
Position  of  all  the  points  within  it  for  a  system  of  multiples  pro- 
portional to  the  masses  of  the  infnitehj  small  particles  placed  at 
these  poitits  respectively. 

A  body  whose  points  do  not  suffer  any  relative  changes  of 
position  will  therefore  continue  to  possess  the  same  centre  of 
mass  no  matter  into  what  part  of  the  universe  the  body  may  be 
taken.  A  different  aiTangement  of  its  particles,  would,  of  course, 
in  general  alter  its  centre  of  mass.  The  centre  of  mass  of  a 
rigid  body  is,  then,  something  which  it  possesses  absolutely, 
or  apart  from  all  contingency  of  position  in  space  or  relation  to 
other  bodies. 

The  distance  of  this  point  from  any  plane  is  given  by  the 
equation  last  written,  in  which  the  sign  2  is  to  be  replaced  by 
the  integral  sign  f,  and  the  element  of  mass  at  a  distance  z  from 
the  plane  denoted  by  dm.     Thus 

fzdm 
J'dm 
Again,  if  at  the  points  j^j ,  A^,  A^,...  there  be  placed  particles 
whose    weights  are  ?<'j,  jr^ ,  Wg ,...  these   weights  constituting  a 
system  of  parallel  forces,  the  centre  of  these  parallel  forces  is 
called  the  Centre  of  Gravity  of  the  given  particles. 

The  effect  of  altering  the  position  of  the  body  in  the  most 
general  manner  possible  is  merely  to  turn  the  {oTce^i,w.^,w^,u\^,... 
round  their  fixed  points  of  application  A.^,  A.,.  ...  through  the 
same  angle,  and  by  the  last  article  we  see  that  the  resultant  of 
the  weights  of  the  particles  will,  in  all  jiositions  of  the  body, 
pass  through  a  fixed  point,  G,  in  the  body.  The  resultant  of 
all  the  elementary  weights  is  equal  to  their  sum,  and  is  called 
the  iceight  if  the  hody.  We  may,  therefore,  define  the  centre  of 
gravity  of  a  body  thus — The  centre  of  gravity  of  a  hody  is  that 
I  vniqne  point  in  it  through  n-hich  passes,  in  all  possdile  positions 
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of  the  body,  the  resultant  of  the  system  of  parallel  forces  formed  by 
the  weights  of  the   indefinitely  great  number  of  indefinitely  small 
\ particles  into  which  the  body  can  be  divided. 

The  centre  of  gravity  of  a  body  is,  then,  the  centre  of  the 
particular  set  of  parallel  forces  which  act  on  its  various  elements 
in  Wrtue  of  the  attraction  of  the  Earth.  The  existence  of  such 
a  point  depends  on  the  parallelism  of  the  forces  produced  by  the 
Earth  on  the  elements  of  the  body,  and  this  parallelism,  again, 
depends  on  the  minuteness  of  the  volume  of  the  body  in  com- 
parison with  that  of  the  Earth.  If  the  body  were  carried  to  the 
surface  of  the  Sun,  or  any  other  such  large  attracting  mass,  the 
indi\'idnal  weights  of  its  infinitesimal  elements,  and  therefore  its 
total  weight,  would  be  greater  than  they  are  at  the  Earth's 
surface,  but  the  position  of  the  centre  of  gravity  in  the  body 
would  remain  the  same.  On  the  other  hand,  if  the  dimensions 
of  the  body  were  comparable  with  those  of  the  attracting  mass, 
the  forces  of  attraction  on  its  elementary  portions  would  not  be 
a  parallel  system,  and  the  resultant  attraction  would  not,  in 
general,  pass  through  any  fixed  point  in  the  body  independently 
of  the  relative  positions  of  the  two  masses.  This  resultant 
attraction  on  the  body  would  not,  except  for  verj'  special  positions 
of  the  body,  pass  through  its  centre  of  mass.  Th^J^imjceigh tof 
a  body  is  used  to  sigmfy  the  resultant  attraction  produced  on  the 


body  by  theEarth,  or  other^plaa^ljn  whose  surface  the  bodj 
jesjstep  and  it  is  therefore,  unlike  mass,  a  mere  Contingent 
property  of  the  body.  If  we  imagine  the  body  taken  out  into 
space  and  removed  (if  possible)  from  the  attractions  of  all  bodies, 
the  terms  irelghl  and  centre  of  gravity  would  cease  to  have  any 
meaning  with  reference  to  the  body  in  that  position  ;  while,  on 
the  contrarj^,  it  has  both  its  mass  and  centre  of  mass  perfectly 
unaltered.  Hence  the  centre  of  gravity  is  essentially  distin- 
guished from  the  centre  of  mass  ;  although,  since  the  force  with 
which  any  body,  A,  attracts  each  molecule  of  another  body,  B,  is 
proportional  to  the  mass  of  the  molecule,  if  these  forces  form  a 
parallel  system — as  they  do  in  the  case  of  a  planet  and  any 
comparatively  small  body  on  its  surface — the  centre  of  this 
gravitation  system  coincides  with  the  centre  of  mass  of  the 
attracted  body. 

In  considering  the  equilibrium  of  a  rigid  heavy  body  tee  represent  its 
weight  as  a  single  force  acting  vertically  through  its  centre  of  gravity. 
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For  the  actual  process  of  calculating  the  distance  of  the  centre 
of  mass  of  a  given  system  of  masses,  or  the  centre  of  a  given 
system  of  parallel  forces,  from  any  plane  of  reference,  the  student 
will  often  find  it  useful  to  make  a  table  of  the  masses  or  the 
forces  and  the  distances  of  their  corresponding  points  from  the 
plane,  as  in  the  following  scheme : 


Masses. 

Distances 
from  plane. 

Products. 

«1 
2s 

In  the  first  column  are  placed  successively  the  constituent 
masses  of  the  sj'stcm  ;  opposite  each  mass  is  placed,  in  the  second 
column,  the  distance  of  its  centre  of  mass  from  the  reference 
plane ;  and  in  the  third  column  are  placed  the  products  of  the 
corresponding  elements  of  the  first  and  second  columns.  If  the 
sum  of  the  third  column  is  P  and  that  of  the  first  M, 

P 
M 

is  the  distance  of  the  centre  of  mass  of  the  system  from  the 
reference  plane.  We  shall  subsequently  refer  to  this  result  as  the 
theorem  of  mass-momeufg  with  resjject  to  a  plane. 

If  instead  of  a  system  of  masses  we  have  a  system  of  parallel 
forces,  the  heading  of  the  first  column  will  be  Forces. 


If  some  of  the  centres  of  mass  of  the  bodies 


?«2i  •••  are  at 


one  side  of  the  plane  and  others  at  the  other  side,  the  corre- 
sponding distances  in  the  second  column  must  be  marked  positive 
and  negative.  In  the  case  of  a  sj-stem  of  parallel  forces  if 
those  in  the  same  sense  are  taken  as  positive,  those  in  the 
opposite  sense  must  be  marked  negative  in  the  first  column. 

A  single  typical  examjsle  will  suffice. 

ABC  is  a  triangle  whose  sides  a,  h,  c  are,  respectively,  13,  15, 
11    inches    long.      At    the    vertices   A,  B,  C   act   like  parallel 

K   2 
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forces  of  12,  4,  and  10  pounds'  weight,  respectively;  and  at  tlie 
middle  points  of  the   opposite  sides  act  forces  of  6,  8,  and  2 

pounds'  weight,  parallel  to 
the  first  system  and  all 
having  a  sense  opposite  to 
that  of  the  first  system. 

It  is  required  to  find  the 
distance  of  the  centre  of 
this  whole  system  from  the 
perpendicular,  CT,  drawn 
from  C  to  AB. 

We  find  CP=Vl.  AP 
=  9,  BP  =  5,  and,  setting 
*^S-  i°4-  down  in  a  table  the  mag- 

nitudes of  the  forces  and  the  distances  of  their  points  of  appli- 
cation from  CP  (i.  e.,  in  reality,  from  a  plane  through  CP 
perpendicular  to  the  plane  of  the  figure)  we  have  : 


Forces. 

Distances 
from  CP. 

Products. 

12 
-8 
10 
-6 
4 
-2 

9 

1 
0 

s 

-5 
2 

108 

-36 

0 

15 
-20 

-4 

10 


63 


so  that  6.3  is  the  distance  of  the  centre  from  CP,  distances  from 
CP  towards  the  left  of  the  figure  having  been  taken  as  positive. 
If  we  wish  to  find  the  distance  of  the  centre  from  AB,  we 
join  a  column  of  distances  from  AB  to  the  above  table  and  a 
corresponding  column  of  products,  the  sum  of  which  products  we 
find  to  be  36,  so  that  the  centre  is  3.G  from  AB. 


Examples. 

1.  The  centre  of  mean  position  of  three  points,  A,  B,  C,  for  a 
system  of  equal  multiples,  is  the  intersection  of  the  bisectors  of  the 
sides  of  the  triangle  ABC  drawn  from  the  opposite  angles. 
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2.  The  centre  of  mean  position  of  three  points,  A,  B,  C,  for  a 
system  of  multiples  fin  2^,  sin  2B,  sin  2C',  is  the  centre  of  the  circle 
circumscribed  about  the  triangle  ABC. 

3.  The  sides  of  the  triangle  being  a,  b,  e,  the  centre  of  mean 
position  of  A,  B,  C,  for  the  system  of  multiples  o,  b,  c,  is  the  centre 
of  the  inscribed  circle,  and  if  any  one  of  these  multiples  is  taken 
negatively,  the  mean  centre  is  the  centre  of  the  circle  exscribed  at  the 
corresponding  side. 

4.  For  the  system  of  multiples  tan.l,  tan  5,  tan  C,  the  centre  of 
mean  position  is  the  intersection  of  perpendiculars. 

5.  For  the  system  of  multiples  o',  b^,  c'  the  mean  centre  of  A,  B,  C 
is  the  isogonal  conjugate  of  G,  i.e.,  the  Symmedian  point. 

6.  0  is  any  point  inside  or  outside  a  triangle  ABC.  Show  that 
if  a  system  of  multiples  of  any  kind  proportional  to  the  areas 
BOC,  COA,  and  AOB  be  placed  at  the  vertices  A,  B,  C,  respectively, 
the  point  0  is  the  mean  centre  of  the  system.  (If  0  is  outside,  one 
of  the  areas  above  muit  be  considered  as  negative.) 

7.  0  is  any  point,  and  P,  Q,  R  are  the  feet  of  the  perpen- 
diculars from  it  on  the  sides  a,  6,  c  of  a  triangle  ABC.  Show 
that  if  a  system  of  multiples  proportional  to  the  areas  QOR,  HOP, 
POQ  be  placed  at  A,  B,  G,  respectively,  the  mean  centre  is  the 
isogonal  conjujjate  of  0  with  respect  to  the  triangle.  (If  0'  is  this 
point,  its  definition  is  that  IBAO' =  ICAO,  ICB&=  AABO,  &c.) 

8.  Hence  thow  that  the  feet  of  the  perpendiculars  from  any  point 
on  the  circumscribed  circle  lie  in  a  ritrht  line. 

(The  isogonal  conjugate  of  any  point  on  this  circle  is  at  infinity.) 

9.  0  is  any  point  inside  a  triangle  ABC,  and  the  lines  AO,  BO,  CO 
meet  the  opposite  sides  in  A',  B',  C,  respectively.  Show  that  it  is 
possible  to  determine  masses  ot, ,  m^,  m^  at  A,  B,  C,  so  that  if  they 
are,  respectively,  moved  to  P,  Q,  R  along  AA',  BB',  CC  such  that 
AP       BQ       CR  ^,    .         .       . 

-T-p  =  -njT/  =  pTT/  tneiT  centre  ot  mass  remains  unchanged  in  position, 

aUd  that  (5  J       Q^'        Q^      QQ'  Q(,      QQ, 

10.  Show  that  »ij :  m.^ :  m^  will  have  the  following  values  if — 
0  is  the  centroid  of^^C      .     .     .     1:1:1, 

.,    isogonal  conjugate  of  centroid  of  .4.BC' 

a\b''  +  c^):b\c^  +  a-):c''{a'+b% 

,,     -„    orthocentre a^:&-:c^, 

,,        „    centre  of  inscribed  circle    .    a{b  +  e)  :  b(c  +  a)  :c(a  +  b), 
.,       ,,   isogonal  conjugate  of  any  point,  P, 

a /b      c\    b  rc     a\    c /a     6\ 

where  a,  y3,  y  are  the  perpendiculars  from  P  on  the  sides. 
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11.  If  at  given  points,  A^,  A.^,  A^, ...  there  be  placed  a  system  of 
multiples,  m^,  m.,,  m^,  ...  whose  mean  centre  is  P;  and  if  when 
multiples  /Xj ,  fi.,,  M, ,  •  -  •  are  placed  at  the  same  points  the  mean 
centre  is  Q;  prove  that  for  a  system  of  multiples  m, +A/i, ,  m,  +  iptj, 
»»,  + A-^3, ...  at  the  points  the  mean  centre  lies  on  the  line  PQ,  dividing 
it  in  the  ratio  2)n  :  A-2/i. 

Hence,  with  the  aid  of  examples  5  and  6,  prove  that  the  centroid 
of  a  triangle  lies  on  the  line  joining  the  orthocentre  to  the  centre  of 
the  circumscril)ed  circle,  cutting  it  in  a  point  of  trisection.  (Observe 
that  the  orthocentre  and  centre  of  the  circumscribed  circle  are  isogonal 
conjugates.) 

91.]  Force  Polygon  and  Funicular  Polygon.     The  previous 
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methods  of  this  chapter  for  the 
determination  of  the  magnitude 
and  line  of  action  of  the  resultant 
of  a  system  of  coplanar  forces 
have  been  anal\'tical.  We  now 
proceed  to  show  how  the  re- 
sultant can  be  determined  by 
a  graphic  method  which  is 
constantly  employed  in  calcu- 
lations relating  to  various  en- 
gineering structures.  Let  there 
be  any  system  of  forces,  Pj ,  P, , 
105)  acting  in  one  plane  on  a  body.     Starting 
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w-ith  any  point,  01,  draw  lines,  (01,  12),  (12,  23),  (23,  34), 
(34,  45),  (45,  50),  jiarallel  to  the  lines  of  action  of  the  forces 
and  respectively  proportional  to  them.  The  figure  formed  by 
these  lines,  (01,  12),  (12,  23),  ...  ,  is  called  the  Force  Polygon  of 
the  given  system  of  forces.  Now  take  any  point,  0,  and  from 
it  draw  lines,  OOl,  0  12,  0  23,  ...,  to  the  vertices  of  the  force 
polygon.  From  any  point,  /^ ,  on  the  line  of  action  of  P,  draw 
two  lines,  y'j  /„  and  f^  f., ,  jiarallel  to  the  lines  0  0 1  and  0  1 2  ; 
from  the  point  _/!,  in  which  y'j  y!,  meets  P^  draw /'^./ji  parallel  to 
0  23  and  meeting  P^  in/j  ;  from/j  draw /a  j\  parallel  to  0  34  ; 
and  so  on. 

The  system  of  lines  fafxfififxfbft,  parallel  to  the  radii 
drawn  to  the  vertices  of  the  force  polygon  from  any  point,  0,  is 
called  a  Funindar  PoIi/yon  of  the  given  system  of  forces. 

The  point  0  the  radii  from  which  to  the  vertices  of  the  force 
polygon  determine  the  funicular  is  called  the  Pole  coiresponding 
to  the  funicular. 

Let  any  other  pole,  O',  be  chosen,  and  from  an  arbitrary 
point,//,  on  P^,  \eififo  and  ////  be  drawn  parallel  to  0'  01 
and  0'12,  respectively;  and  let  a  new  funicular,  /o'//- ••/(;'• 
be  constructed. 

Then  the  sides  (snch  as  f^f^  and  /g'/g')  of  these  polygons 
which  reach  between  the  lines  of  action  of  the  same  two  forces 
are  called  corresponding  sides. 

Since  the  point  /  may  be  taken  anywhere  on  P^  it  is  clear 
that  for  a  given  pole,  0,  we  may  construct  an  infinite  number  of 
funiculars  of  the  system,  but  the  corresponding  sides  of  them  are 
of  course  parallel. 

Now  observe  particularly  that — if  the  force  at  each  vertex  of  a 
funicular  of  the  system  is  resolved  into  two  components  directed 
along  the  two  sides  of  the  funicular  which  meet  at  this  vertex, 
the  components  at  the  extremities  of  each  side  of  the  funicular 
are  equal  and  opposite.  For,  suppose  P^  resolved  into  two 
components  in  f^f^  and  f^f^ ;  then  these  components  are 
represented  by  the  lines  23  0  and  0  34  ;  also  if  P^  is  resolved 
into  components  inf^f\  and/,/,,  these  will  be  represented  by 
0  23  and  12  0,  respectively;  thus  the  components  in  the  side 
//j  are  equal  and  opposite. 

Hence  we  may  base  the  definition  of  a  funicular  on  this 
propei-ty,  thus  : — A  funicular  polygon  of  a  (jhen  system  of  forces  is 
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a  polygon  tvJtose  vertices  lie  one  hy  one  on  the  lines  of  action  of  the 
given  forces,  and  is  also  such  that,  if  the  force  acting  at  each  vertex 
is  resolved  into  two  (oblique)  components  along  the  sides  of  the  polygon 
meeting  in  that  vertex,  the  forces  at  the  extremities  of  each  side  of 
the  polygon  are  equal  and  opposite. 

It  follows  therefore  that  if  the  sides  of  any  funicular  are  a 
system  of  bars  freely  jointed  to  each  other  at  the  vertices,  at  which 
the  forces  are  applied,  the  polygon  of  bars  will  be  kept  in  equilibrium 
by  the  forces,  the  ends  of  the  first  and  last  bars  at  which  no 
forces  are  apj)lied  beinw  pivoted.  A  jwlyeron  of  strings  instead 
of  bars  would  not  be  held  in  equilibrium,  unless  the  components 
in  the  sides  were  all  tensions,  noi  pressures.  (The  primary  signi- 
fication of  funicular  polygon — derived  ivom.  funiculus,  a  little 
rope — has  reference  to  strings,  and  has  been  extended  in  its 
application.) 

92.]  Theorem.  The  corresponding  sides  of  any  ttvo  funiculars  of 
a  given  xysteiii  of  forces  intersect  on  a  right  line,  which  is  parallel 
to  that  joining  the  poles  of  the  two  funiculars. 

At  the  points  f  and  //  let  two  equal  forces  (each  P^  be 
applied  in  opposite  senses  along  the  line  f.^  fo  ;  suppose 
them  to  act  away  from  both  of  these  points,  as  i^,  is  represented 
in  Fig.  105.  Considered  as  acting  on  a  rigid  body,  these  forces 
are  in  equilibrium.  Now  let  P2  ^t/^  be  resolved  into  its  com- 
ponents along  f2,fx  and  yg/s-  These  components  will  be  re- 
presented in  magnitudes  and  senses  by  0  12  and  23  0, 
respectively.  Similarly,  resolve  P^  at  f^  along  fof\  and 
fifz'i  ^^^  these  components  will  be  represented  by  120' 
and  0'  23.  These  four  components  are  therefore  in  equiKbrium. 
Take  the  sum  of  their  moments  about  the  point  of  intersection 
of  the  lines  ^2 /a  and/^'/a'-  Then,  since  this  sum  is  zero,  it 
follows  that  the  resultant  of  the  two  components  (0  12  and  12  0') 
in  the  lines  /2/1  ^"^^  fi'f-z  niust  pass  through  the  point  of 
intersection  of /j/g  and  f{f^ ;  but  it  also  passes  through  the 
point  of  intersection  oi  f^f  und  fj  f/ ;  therefore  its  line  of 
action  is  the  line  joining  these  two  intersections.  Now  this  line 
of  action  is  parallel  to  the  line  00' ;  for,  two  forces  represented 
by  0  12  and  12  0'  give  a  resultant  represented  by  00'  in 
magnitude  and  sense. 

Hence  the  corresponding  sides  ffz  and  f(  f-{,  f^fz  and 
fzfz    intersect  on  a  line  parallel  to    OO";    similarly  the  sides 
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/j/j  and ///3', /j /^  and  y!)'/^'  intersect  on  a  line  parallel  to 
0(/ ,  which,  oC  course,  must  be  the  same  line  as  before.  Thia 
line  is  LM  in  the  figure. 

Favaro  {Lezioni  ell  Slatica  Grafica,  p.  409)  gives  a  purely 
geometrical  proof  of  this,  depending  ou  the  property  that  if  in 
two  complete  quadrangles  live  pairs  of  coircsijonding  sides 
intersect  in  five  points  which  all  lie  on  a  right  line  (which  may 
be  a  line  at  infinity),  the  point  of  intersection  of  the  sixth  pair 
will  also  lie  on  this  line. 

In  Fig.  105  produce /i/^  and /j'/g'  t°  meet — in  iV,  suppose; 
and  consider  the  quadiangle  formed  by  the  points  J/,./,,/'/,  N, 
and  also  that  formed  by  tlie  points  01,  12,  0,  0' .  The  five  pairs 
of  corresponding  sides"  (J//',,  01  0),  (J///,  01(7),  (/./i',  12  01), 
(/,  N,  12  0),  and  (.A//,  6'  12)  intersect  in  points  which  lie  on 
the  line  at  infinity ;  therefore  the  remaining  pair  of  sides  (J7iV, 
0(J)  are  parallel. 

The  general  proposition — which  holds  equall)'  for  two  quad- 
rangles in  different  phmes — is  easily  proved  from  the  property 
of  two  triangles  in  perspective  which  will  presently  be  given, 
and  which  is  not  restricted  to  two  coplanar  triangles. 

93.]  Problem.  Given  one  funicular  of  a  given  sj/ntem  of  coplanar 
forces,  to  construct  all  funiculars  of  the  system. 

Let  the  given  funicular  hef^f^f^f^  ...  .     Draw  any  line  Ljil 

in  the  plane  of  the  forces  ;  produce  the  sides,  f^  f,  f  f,^ of 

the  given  funicular  to  meet  X J/ ;  from  the  point  of  intersection 
of  LMaudfof  draw  the  arbitrary  Mne  f^'f,  which  meets  Pj  in 
//;  join/'/ to  the  point  of  intersection  of  LJI  aniff^;  this 
joining  line  will  meet  P^  in/'j',  which  is  the  second  vertex  of 
the  new  funicular  ;  join/'/  to  the  point  of  intersection  of  L3I 
and./j/s ;  this  will  give//  ;  and  so  on.  Hence  a  new  funicular 
is  formed,  and  since  the  lines  LM  and  ////  were  drawn  at 
random,  an  infinite  number  of  funiculars  of  the  system  can  be 
described  in  this  way. 

94.]  Problem.  To  construct  the  Resultant  of  a  given  system  of 
cojjlanar  furce.1. 

On  any  scale  construct  a  force  polygon  01,  12,  23, ...  of  the 
given  system  ;  then  the  line  of  action  of  the  resultant  must  be 
parallel  to  the  side  (01,  56)  which  closes  the  force  polygon. 
Take  any  pole,  0,  and  construct  a  funicular /), /1/2 ...  of  the 
system.     Then  the  resultant    must  pass  through  the  point   of 
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intersection  of  the  extreme  sides,  /(,/,  and /j/^,  of  the  funieulai-. 
Por,  by  resolving  each  force  into  components  along  the  two 
sides  of  the  funicular  which  start  from  the  vertex  at  which  the 
force  may  he  supposed  to  act,  these  components  will  be  mutually 
destroyed,  with  the  exception  of  those  in  the  extreme  sides,  f^f^ 
and  f^fg.  Hence  the  whole  system  of  forces  is  equivalent  to  two 
forces  acting  in  these  sides,  and  represented  in  magnitudes  on 
the  scale  adopted  by  the  lines  0  01  and  0  56.  The  line  of  action 
of  the  resultant  therefore  passes  through  the  intersection  of  the 
extreme  sides  and  is  parallel  to  the  line  joining  01  to  56,  and 
the  magnitude  is  represented  by  the  length  of  this  joining  line, 
its  sense  being  of  course  from  01  to  56. 

The  student  will  do  well  to  determine  by  this  method  the 
resultant  of  the  forces  in  Fig.  97,  and  also  that  of  the  parallel 
system  in  Fig.  104,  verifying  the  results  of  calculation. 

Cor.  1.  AVhatever  be  the  path  described  by  the  pole,  the 
point  of  intersection  of  the  extreme  sides  of  the  funicular 
describes  a  fixed  right  line.  This  is  the  line  of  action  of  the 
resultant  of  the  given  system  of  forces. 

Cor.  2.  The  point  of  intersection  of  any  two  sides  of  a 
funicular  describes  a  fixed  right  line,  when  the  pole  varies  in  any 
manner.  Thus  the  sides  fi/.^  and  f^f^  will  always  intersect  on 
the  line  of  action  of  the  resultant  of  the  forces  P.,,  P.^,  P^. 

95.]  Graphic  Conditions  of  Equilibrium.  When  a  system 
of  coplanar  forces  acting  on  a  rigid  body  is  in  equilibrium, 
the  forces  when  compounded  two  and  two  must  finally  reduce 
to  two  equal  forces  of  opposite  senses  acting  in  the  same  right 
line.  Since  the  resultant  is  proportional  to  the  line  required  to 
close  the  force  polygon,  this  line  must  be  zero  ;  hence  the  force 
polygon  of  the  system  must  close  up  of  itself.  Again,  since  the 
system  is  finally  reducible  to  two  forces  acting  in  the  first 
and  last  sides,  /^f-i  and  f^f^,  of  any  funicular,  these  sides 
must  coincide ;  or,  in  other  words,  the  funicular  must  be 
closed. 

Hence  the  conditions  of  equilibrium  are — 

1 .  The  force  Polygon  of  the  system  must  be  closed. 

2.  Any  Funicular  Polygon  of  the  system  must  be  closed. 
Cor.  1.  If  any  one  funicular  of  the  system  is  closed,  everj- 

funicular  of  the  system  is  closed. 

Cou.   2.    If  the  system  is  equivalent  to  a  couple,    the  force 
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polygon  is  closed,  and  the  first  and  last  sides  of  all  funiculars 
are  parallel.     (Apply  to  the  case  of  Art.  85.) 

96.]  Problem.  F&r  a  given  system  of  cojolanar  forces  find  the 
locus  of  the  pole  of  a  funicular  •polygon  two  of  whose  sides  pass 
each  through  a  given  point. 

It  is  ohvious  from  Art.  92  that  the  locus  is  a  right  line 
parallel  to  that  joining  the  two  assigned  points  through  which 
the  two  sides  pass,  and  the  line  will  be  determined  by  finding 
the  pole  of  any  one  funicular  satisfying  the  given  condition  ; 
and  such  a  ])ole  is  easily  found. 

Suppose,  for  example,  that  the  sides  _/o/,  and  Z^/-,  pass  each 
through  a  given  point.  Xow  these  sides  intersect  on  a  given 
line  (Art.  94),  ZS  (Fig.  106),  viz.,  the  resultant,  ^.,3^,  of  Pj, 
Pgi  -^^3  5  iind  P^,  parallel  to  the  line  joining  01  to  45.  If,  then, 
fo/i  passes  through  the  given  point  D,  &nd  ff.  through  G, 
take  any  point,  S,  on  ^,2^4  and  join  it  to  i>  and  G.  Then  from 
the  vertices  01  and  45  of  the  force  polygon  draw  two  lines 
parallel,  respectively,  (o  SJJ  and  SG.  These  lines  intersect  in  a 
point  0,  which  is  the  pole  of  a  funicular  satisfying  the  given 
conditions;  hence  we  have  the  locus  OM  which  was  sought. 
If  the  line  joining  01  to  45  were  not  parallel  to  LS,  the  point 
S  being  varied,  the  locus  of  the  corresponding  point  0  would  be 
a  hyperbola.  For  if  S-^,  S.,,  S^,  S^  are  any  four  positions  of  S 
on  the  right  line  Jiios^,  the  anharmonic  ratios  of  the  pencils 
-Z?  ("Sj  iS^  S^  5,)  and  G  (<Sj  S.^  S^  S^)  are  equal ;  and  therefore  the 
pencils  01  (0,  0„  O3  0^)  and  45  (0,  0.,  0.  0^)  are  also  equal, 
which,  b}-  a  well-known  pro- 
perty, shows  that  the  points 

0  lie  on  a  conic  (which  is  a 
hyperbola)  passing  through 
both  the  points  01  and  45, 
its  asymptotes  being  parallel 
to  the  lines  UG  and  B,.,.,.. 
The  hyperbola  becomes  two 
right  lines  in  the  particular 
case  of  our  problem,  in  which 
the  line  joining  the  points  Fig.  106. 

01  and  45  is  parallel  to  LS — 

these  lines  being  that  joining  01  to  45,  and  a  line,  OJ/,  parallel 
to  GD.     [Deduce  the  locus  also  from  Ai-t.  30.] 
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97.]  Problem.   To  represent  the  moment  of  a  force  aloul  a  point. 

Let  it  be  required  to  re- 
present the  magnitude  of  the 
moment  of  a  force  F  about  a 
point  0  (Fig.  307).  Draw  a4 
parallel  to  P  and  representing 
it  on  any  scale. 

Let  0  be  a  point  taken  at 
a  unit  distance  fromai  ;  draw 
oa  and  oh.  Assume  any  point, 
Q,  on  the  line  of  action  of  P, 
and  draw  QJ/and  §i  parallel 
to  oa  and  oh,  respectively. 
From  0  draw  a  line,  LM, 
parallel  to  P.  Then  the 
length  LM  represents  the 
moment  of  P  about  0.  For,  the  triangles  oah  and  QJ/Z  are 
similar :    therefore  if  /;  is  the  length  of  the  perpendicular  from 

Q   on   X.l/,  we   have  ^—  —  — 
p  1 


Fig.  107. 


,  Z  J/ =  P./),    since    ah    re- 


presents P. 

Hence  LM  is  the  moment  on  the  scale  adopted. 

If  the  pole  0  is  at  a  distance  X-  units  from  ah,  we  shall  have 
P.  p=  LMx  k. 

If  the  unit  force  is  rs,  and  the  unit  length  A,  the  moment 

k 
of  the  force  P  about   0  wUl  be  LM  x  ts-  x  — ;    hr  ah  will  oh- 

A 
P 

viouslv  be  —  A. 
37 

98.]  Problem.  To  represent  the  mm  of  the  moments  of  any  system 
of  coplanar  forces  about  a  point. 

Let  A  (Fig.  105)  be  the  point  about  which  the  sum  of  the 
moments  of  the  forces  is  required. 

The  sum  of  their  moments  =  the  moment  of  their  resultant 
about  the  point.  Let  this  resultant  be  constructed  by  Art.  94, 
and  let  the  moment  of  the  resultant  be  constructed  by  last  Art. 
Now  the  resultant  is  represented  by  the  line  joining  01  to  56 
(Fig.  105),  and  if  0  is  a  pole  assumed  at  any  distance,  k,  from 
this  line,  we  are  to  draw  from  any  point  on  the  resultant  two 
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lines  parallel  to  OOl  and  0  56,  and  through  A  a  line  parallel  to 
the  resultant,  H. 

Now  the  extreme  sides,/o  /j  and  /5/0,  of  the  funicular  intersect 
in  a  point  on  li,  and  are  parallel  to  the  lines  0,01  and  056.  Hence 
tie  intercept  made  hi/  the  extreme  »l(les  of  the  funicular  on  a  line 
drawn  through  the  given  point  A  parallel  to  the  remltant  will 
represent  the  svm  of  the  momenta  of  the  forces  about  the  point. 

This  intercept  multiplied  by  k  will  be  the  sum  of  moments. 

99.]  Property  of  Perspective  Triangles.  Two  triangles,  ABC 
and  A'B'C,  are  said  to  be  in  perspective  when  their  vertices  can 
be  joined  in  pairs  bv  three  right  lines  which  meet  in  a  point.  If 
the  lines  joining  A  to  A',  B  to  B',  and  C  to  C  meet  in  a  point, 
A  and  A'  are  called  corresponding  vertices,  as  are  also  B  and  7/, 
C  and  C  •.  and  the  sides,  AB  and  A'B",  &c.,  which  join  corre- 
sponding vertices  in  the  triangles  are  called  corresponding  sides. 

The  fundamental  property  of  triangles  in  perspective  is  that 
the  points  of  intersection  of  corresponding  sides  lie  in  one  right  line. 

To  prove  this  projective  property  it  is  sufficient  to  prove  it  for 
the  simplest  figure  into  which  the  two  triangles  can  be  projected. 
Let  the  line  CC  be  projected  to  infinity.  Then  AA'  and  BB' 
will  become  parallel  lines  ;  also  the  sides  AC  and  BC  of  the  first 
triangle  will  become  parallel,  as  will  A'C  and  B'C  of  the  second. 
For  the  simple  figure  thus  obtained  there  is  no  difficulty  in 
proving  the  proposition. 

To  construct  a  triangle  whose  three  sides  shall  pass  each  through 
a  given  point,  and  whose  three  vertices 
shall  each  lie  on  one  of  three  concurrent 
lines. 

Let  it  be  required  to  construct  a 
triangle  whose  vertices,  A,  B,  C,  shall 
lie  on  three  concurrent  lines,  AO, 
BO,  CO,  and  whose  sides  shall  pass 
through  the  points  a,  b,  c,  (Fig.  108). 
Suppose  it  done,  and  let  ABC  be  the 
triangle.  Take  any  point,  C,  on  CO, 
and  draw  C'a  and  Cb  meeting  BO 
and  AO  in  B'  and  J' respectively. 

Then  the  triangles  ABC  and  A'B'C'  ^'=-  '°^- 

are  in  perspective,  therefore  the  sides  AB  and  A'B'  intersect  in 
P,  a  point  on  the  line  ab.     Hence  P  is  known,  since  it  is  the 
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intersection  of  ah  with  the  line  A'B'  which  is  constructed  by 
arbitraiily  assuming  C".  P  being  known,  join  it  to  c,  and  the 
vertices  A  and  B  are  determined,  and  C  follows  at  once.     Q.E.F. 

Examples  on  Funicular  Polygons. 

1.  When  three  forces  are  in  equilibrium,  any  triangle  whose 
vertices  lie  on  their  Hues  of  action  is  a  funicular  of  tlie  system. 

(Imagine  its  sides  to  be  a  system  of  freely  jointed  bars.  They  must 
be  in  equilibrium.     See  end  of  Art.  91.) 

2.  A  heavy  rod,  or  beam,  is  supported  horizontally  on  two  smooth 
props  at  its  extremities,  and  loadeil  with  given  weights  at  given  points 
in  its  length ;  find  the  pressures  on  tlie  pi-ops. 

Suppose  the  line  a^a^  (Fig.  35,  p.  50)  to  be  horizontal  and  to 
represent  the  loaded  beam,  the  loads,  7", ,  P^,... (including  its  weight 
among  them)  being  applied  at  the  points,  rf,,  d^,...,  and  let  the 
pressures  at  the  props  a„  and  a,  be  P„  and  P^.  St.arting  from  any 
point  01  draw  a  vertical  downward  line  to  represent  on  any  scale  the 
force  i\,  and  let  this  line  terminate  at  the  point  12  ;  from  12  draw  a 
vertical  downward  line  re])rcsenting  1\  on  the  same  scale,  and  let  this 
line  terminate  at  the  point  23  ;  from  this  point  draw  a  vertical  down- 
ward line  to  the  point  34  to  represent  P, ;  from  34  draw  a  vertical 
downward  line  to  the  point  45  to  rejjresent  P,. 

Then  from  34  wc  must  draw  a  vertical  upward  line  to  represent 
the  pressure  P^,  and  this  line  will  terminate  at  the  point  56,  which, 
however,  is  at  present  luaknown.  The  pressure  P^  will,  of  course,  be 
represented  by  tlie  upward  line  between  56  and  01. 

To  determine  56,   assume  any  pole,   0,  and  join  this  pole  to  the 

points  01,  12, Across  the  lines  of  action  of  the  forces  acting  on  the 

beam  draw  the  lines  A^A^,  A^A^, ...  parallel  to  the  lines  001,012,..., 
and  draw  the  closing  line,  A^A^,  of  the  funicular  polygon.  Then 
the  lino  through  0  parallel  to  this  closing  line  is  that  joining  0  to  the 
required  point,  56. 

3.  A  beam  is  supported  horizontally  at  its  extremities  on  two 
vertical  props  and  loaded  with  given  weights  at  given  points  in  its 
length ;  it  is  required  to  represent  the  Bending  lloment  at  any  point 
of  the  beam. 

Def.  When  a  beam  is  in  equilibrium  under  the  action  of  any  forces, 
the  Eending  Moment  at  any  point  means  the  sum  (with  their  proper 
signs)  of  the  moments  about  this  point  of  all  those  forces  which  act  at 
one  side  (either  side  will  do)  of  the  point. 

Suppose  a^a^  (Fig.  35,  p.  50)  to  represent  the  beam,  as  in  last  ex- 
ample, and  let  P  be  the  point  about  which  the  bending  moment  is 
required.  The  pressure  on  the  prop  «„  being  P„,  the  bending  moment 
at  P  is  the  sum  of  the  moments  of  P„,  P, ,  and  P^  ;  and  if  we  con- 
struct any  funicular  of  the  system  this  moment  will,  by  Art.  98,  be 
the  intercept  on  a  vertical  line  through  P  made  by  the  extreme  sides 
of  the  funicular  of  the  forces  P^,  P^,  and  Pj.    But  these  extreme  sides 
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are  obviously  A^A^  and  A^A^.     Hence  the  bending  moment  at  any 

point  Pis  represented  by  the  vertical  ordinate,  mn,  drawn  through  P, 

of  any  funicular  polygon  of  the  system. 

Of  course,  if  k  is  the  distance  of  the  pole  of  the  assumed  funicular 

from  the  vertical  line  which  serves  as  the  force  diagram,  the  bending 

ur 

moment  vnU  be  mn  x  A-  x  —  •     (See  end  of  Art.  97.) 

A 

4.  Of  five  coplanar  forces  in  equilibrium,  given  the  lines  of  action  of 
all,  the  magnitude  of  one,  and  the  ratio  of  the  magnitudes  of  two 
others  ;  find  the  magnitudes  of  all. 

Let  P,  (Fig.  109)  be  the  force  which  is  completely  given,  and  let 
the  ratio  of  /",,  to  P,  bo  given. 


Fig.  109. 


Starting  with  any  point  a,  draw  ab  parallel  and  proportional  to  Pj ; 
then  if  we  draw  any  two  lines  be,  cd,  parallel  to  the  given  directions 
P„,  P3,  and  bearing  to  each  other  the  given  ratio,  tlie  line  bd  is  given. 
Suppose  be  and  cd  to  represent  F^  and  1\ ;  then  let  de  and  ue  he  drawn 
parallel  to  P^  and  P^.  It  thus  appears  that  everything  would  be 
known  if  any  one  of  the  points  e,  d,  e  were  known. 

Now,  in  order  to  get  a  funicular  with  as  many  known  sides  as 
possible,  choose  b  for  pole  ;  and  for  further  simplification  start  the 
funicular  from  the  (given)  point,  m,  of  meeting  of  P,  and  P„.  We  see, 
then,  that  we  have  to  draw  np  parallel  to  the  given  line  bd ;  and  j'q, 
which  is  jiarallel  to  be,  must  pass  through  the  point  of  meeting  of  P, 
and  Pj,  since  (for  the  closure  of  the  funicular)  the  last  side,  which  is 
parallel  to  ab,  must  be  parallel  to  Pj,  and  pass  through  m.  Xow  the 
points  m  and  n,  and  therefore  p,  are  known  ;  hence  pq  is  known,  i.e., 
be  is  known  in  direction,  .-.  the  point  e  is  known,  and  hence  the  force 
polygon  is  completely  known. 

5.  Of  four  coplanar  forces  in  equilibrium,  given  the  magnitude  of 
one  and  the  lines  of  action  of  all  ;  find  the  magnitudes  of  all. 

6.  Show  how  to  resolve  a  force  acting  along  a  given  line  into  three 
components  acting  each  along  an  assigned  line. 
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[Let  the  given  force  act  in  the  line  Z,  and  let  the  other  assigned 
lines  be  A,  B,  C.  Join  the  point  of  intersection  of  L  and  A  to  tliat  of 
B  and  C,  and  resolve  the  given  force  along  the  joining  line  and  along 
A.     Then  resolve  the  first  component  along  B  and  C] 

7.  To  construct  for  any  system  of  coplanar  forces  a  funicular  poly- 
gon three  of  whose  sides  shall  pass  each  through  a  given  point. 

Let  the  given  system  of  forces  be  P,,  P^,  Pj,  P,,  Pj  (Fig.  105,  Art. 
91),  and  let  it  be  required  to  construct  a  funicular  polygon  wliich  shall 
pass  through  the  points  D,  E,  F. 

Consider  tl;e  triangle  formed  by  the  sides /(,/,, /j/j ,  aud/j/,  of  the 
funicular  which  jiass  through  the  three  given  points. 

The  vertex  formed  by  the  intersection  of /„/,  and  f.,f^  lies  on  a  given 
line,  7i'i2  (not  drawn  in  figure),  which  is  the  resultant  of  P,  and  P, 
(Cor.  2,  Art.  94) ;  the  vertex  formed  by  the  intersection  of  f.^f,  and 
/j/j  lies  on  a  given  line,  ^3,5,  which  is  the  resultant  of  P3,  P^,  and  P^; 
and  the  vertex  formed  by  the  intersection  of /(,/,  and/./,  lie-!  on  a 
given  line,  P,;,,;,  which  is  the  resultant  of  P,,  P„,  P3,  P^,  and  P^. 

Jloreover  the  three  lines  7i',j,  R^^,  and  Pj,,,^^  obviously  meet  in  a 
point ;  for  the  resultant  of  Pj,  ...  Pg  may,  if  we  please,  be  constructed 
by  first  finding  the  resultant  of  Pj,  P^,  and  then  finding  the  resultant 
ofP„P.,P,. 

Hence  the  triangle  formed  by  the  sides  of  the  funicular  which  are 
to  pass  through  the  assigned  points  is  one  whose  vertices  lie  on  three 
concurrent  lines  and  whose  sides  pass  each  through  a  fixed  point. 

Let  this  triangle  be  constructed  by  Art.  99.  Then  knowing  the 
force  diagram  of  the  forces  and  drawing  two  lines,  01  0  aud  23  0  say, 
parallel  to  the  two  sides  /;,/,  and  /^/j,  the  pole  0  is  known,  and  thence 
the  whole  figure. 

8.  Construct  a  funicular  polygon  which  shall  pass  through  three 
given  points,  two  of  which  lie  on  one  side  of  the  polygon. 

Ans.  This  side  of  the  polygon  is  known,  and  it  intersects  the  side 
passing  through  the  remaining  point  in  a  point  lying  on  a  given  line. 
Hence  the  side  passing  through  the  remaining  point  is  known,  and 
hence  the  jjole  of  the  funicular. 

9.  For  a  given  system  of  vertical  downward  forces,  Pj,  P,,  ...P„_,, 
equilibrated  by  two  extreme  vertical  upward  forces,  P^,  P„,  let  any 
fiinicular   polygon   be    constructed.      Prove    that    the    area    of  this 

C 
polygon  =-=- ,  where  C  is  constant  and  k  the  distance  of  its  pole  from 

K 

the  vertical  line  which  is  the  force  diagram  of  the  forces. 

(The  value  of  C  is  obtained  by  multiplying  each  force  of  the  system 
by  half  the  product  of  the  distances  between  its  line  of  action  and  the 
lines  of  action  of  the  extreme  forces,  and  adding  all  such  products 

together,  and  multipljing  the  result  by  — •      See  end  of  Art.  97.) 

10.  A  uniform  beam  is  supported  at  its  extremities  on  two  vertical 
props ;  find  the  bending  moment  at  any  point  in  it. 
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Ans.  If  y  is  the  distance  of  tlie  jioint  from  one  extremity,  the 
bending  moment  is  Tf  ' ,  where  W  is  the  weight  of  the  beam. 

11.  In  the  last  example  what  is  the  curve  of  bending  moment  1 

Ans.  A  parabola  passing tlirough  the  ends  of  tlie  beam,  its  vertex 

lying  on  the  vertical  line  through  the  middle  of  the  beam  at  a  distance 

/ 

-  from  the  beam.     (The  bending  moment  at  any  point  is  the  product 

of  W  and  the  vertical  distance  of  tbe  point  from  the  parabola.) 

12.  For  any  assigned  system  of  forces,  consti-uct  a  funicular 
polygon  such  that  if  it  were  actually  a  string  or  a  system  of  jointed 
bars  kept  in  equilibrium  (its  two  extremities  being  fixed)  by  the  given 
forces,  the  sum  of  the  squares  of  the  tensions  or  pressures  in  its  sides 
would  be  a  minimum. 

[Choose  for  pole  the  centroid  of  the  vertices  of  the  force-polygon.] 

100.]  Application  of  Statics  to  Geometry.  Theorems  in 
geometry  are  often  deducible  from  simple  considerations  with 
reg-ard  to  the  circumstances  of  given  systems  of  forces.  Thus, 
Ptolemy's  theorem  that  t//e  reclangle  under  the  diatjonah  of  a 
quadrilateral  i?iscribed  in  a  circle  is  equal  to  the  sum  of  the  rectangles 
under  the  opposite  pairs  of  sides  follows  (see  example  1 .3,  p.  1 9)  from 
the  fact  that,  if  ABCI)  is  such  a  quadrilateral,  two  forces  acting 
in  AB  and  AB  respectively  proportional  to  the  opposite  sides, 
DC  and  BC,  give  a  resultant  in  AC  proportional  to  the  other 
diagonal,  BB.  Expressing  the  fact  that  along  the  diameter 
of  the  circle  the  component  of  this  resultant  is  equal  to 
the  sum  of  the  components  of  the  forces  in  AB  and  AB,  we 
have  the  theorem  in  question. 

Again,  the  well-known  result  that  the  feet  of  the  perpendiculars 
on  the  sides  of  a  triangle  from  any  2Mint 
on  the  circumscribing  circle  are  colUnear 
follows  from  exam])le  7,  p.  133,  be- 
cause, since  the  isogonal  conjugate  of 
any  point  on  this  circle  is  at  infinity, 
the  algebraic  sum  of  the  three  mul- 
tiples placed  at  A,  B,  C  is  zero,  i.e., 
the  area  of  the  triangle  PQB  =  0. 

Also  the  theorem  that  the  middle 
points  of  the  diagonals  of  any  complete 
quadrilateral  all  lie  on  a  right  line 
follows  by  taking  the  following  system  of  forces,  supposed  acting 
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on  a  rigid  body :  two  forces  represented  by  DA  and  1)C  in 
magnitudes  and  senses,  and  two  represented  by  BA  and  BC 
(Fig.  no). 

Now  the  resultant  of  tbe  first  pair  passes  through  a,  the 
middle  point  of  AC ;  so  does  the  resultant  of  the  second  pair ; 
therefore  the  resultant  of  the  four  forces  passes  through  a.  Also 
the  resultant  of  J)A  and  BA  passes  through  /3,  the  middle  point 
of  BI) ;  so  does  the  resultant  of  BC  and  BC :  hence  the  re- 
sultant of  the  four  forces  also  passes  through  fi.  We  shall  now 
show  that  it  passes  through  y,  the  middle  point  of  EF.  For 
this  purpose  introduce  a  force  El)  and  a  force  BE  which,  de- 
stroying each  other,  do  not  alter  the  given  system.  Introduce 
also  forces  CE.  EC;  CF,  EC:  EB,  BE.  Hence  the  given  svstem 
is  equivalent  to  forces  EA.  EA  ;  BE,  BE;  BE,  BE;  EC,  EC;  and 
it  is  obvious  that  the  resultant  of  each  of  these  pairs  passes  through 
y ;  hence  the  resultant  of  the  whole  system  passes  through  y. 
Now  as  the  resultant  of  the  given  system  acts  in  a  right  line, 

and  as  a,  ^,  y  have  been  inde- 
pendently shown  to  be  points 
on  this  resultant,  these  points 
are  collinear. — Q.  E.  D. 

The  metliod  of  this  example 
ought  to  be  kept  in  ^-iew  for 
application  to  similar  cases.  Of 
course  the  whole  difficulty  in 
such  cases  consists  in  discover- 
ing the  appropriate  force  system. 
Another  example  is  the  fol- 
lowing :  if  a  quadrilateral  is  in- 
scrihed  in  a  circle,  the  tangents 
at  tJte  opposite  vertices  intersect  on  the  third  diagonal.  Imagine  a 
system  of  forces  acting  in  cycHcal  order  along  the  sides,  each 
force  being  inversely  proportional  to  the  length  of  the  side  in 
which  it  acts  (Fig.  in). 

Now,  example  12,  p.  19,  the  resultant  oi-jr—.  and  -j-=^actsinthe 

l/A  AM 

tangent  at  A ;  the  resultant  of  -=r-^  and  -ppf  acts  in  the  tangent 

BL  CI) 

at  C;  and  if  these  tangents  intersect  in  L,  the  resultant  of  the 
whole  system  passes  through  L.     Similarly  if  the  tangents  at 
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B  and  2>  intersect  in  J/,  the  resultant  passes  through  M.     But 

the  resultant  acts  in  the  line  EF;  for  the  resultant  of  -j—r  and 

-^  passes  through  E,  and  it  also  passes  through  /',  because 

these    forces    are    easily    seen    to    have    equal    and    opposite 

moments  about  F;   and  as  the  resultant  of  the  forces -7^  and 

jjj-  passes  through  F,  the  resultant  of  the  whole  system  passes 

through  F\  and  similarly  through  E.  Hence  EF  is  the  line 
of  action  of  the  resultant  of  the  system  and  must  contain  the 
points  L  and  M. 

The  properti/  of  jjerspeciire  triangles  (Art.  99)  can  also  be 
deduced  either  from  the  theorem  of  Art.  92,  or  from  the  very 
elements  of  Statics.  For,  along  the  three  concurrent  lines  OA, 
OB,  OC,  (Fig.  108)  let  three  equilibrating  forces  act.  Then 
since  (example  1,  Art.  99)  each  of  the  two  triangles .(i/yC,  A'B'C 
is  a  funicular,  their  corresponding  sides  intersect  in  three 
coUinear  points.  The  result  may  also  be  deduced  thus:  let 
the  system  of  equilibrating  forces  in  OA,  OB,  OC  be  P-^,  P^,  P^; 
let  Pj  be  applied  at  A  and  —  Pj  at  A';  P^  at  B  and  —P.^  at  iJ'; 
Pn  at  C  and  —P^atC;  resolve  each  force  into  two  components 
along  the  two  sides  which  meet  in  the  vertex  at  which  the  force 
is  applied  ;  let  the  components  of  P3  be  a,  fi  in  CB,  CA,  re- 
spectively, let  those  of  -P3  at  C  be  a,  /3'  along  CB',  CA', 
respectively ;  those  of  P.,  being  —a,y;  etc.  Then  since  the 
forces  Pg  I  ~-^2'-^3'  "Ps  are  in  equilibrium,  their  components 
—  a,  y,  —a,  y ,  a,  /3,  a,  fi'  are  equilibrium,  that  is,  y,  y,  ^,  ^' 
are  in  equilibrium,  .".  the  resultant  of  y,  y  is  equal  and  opposite 
to  that  of  ^,  /3',  .•.  each  must  act  in  the  line  Pb.  Similarly  by 
taking  the  forces  P.^,  ~Po,  I\,  —Pi  we  find  that  a,  a,  /3,  ji' 
must  be  in  equilibrium ;  but  the  resultant  of  a,  a'  acts  through 
the  point  a,  .•.  aPl  must  be  a  right  line. 

Finally,  Pascal's  Theorem,  that  the  hiterseclions  of  the  opposite 
sictes  of  a  hexagon  inscrihed  in  a  circle  lie  in  a  right  line  is  easUy 
exhibited  as  a  case  of  the  funicular  property  in  Art.  92. 

Let  the  lines  BA,  EB,  EC  (Fig.  112)  be  lines  of  action  of  three 
forces,  P,  Q,  P  such  that  if  P  is  resolved  at  A  into  two  com- 
ponents along  AB,  AF,  or  into  two  at  B  along  BC,  BE ;  if  Q  is 
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resolved  into  two  at  B  along  BA,  BC,  or  into  two  at  E  along' 
EB,  EF;  and  if  It  is  resolved  at  C  along  CB,  CI),  or  at  F  along 
FE,  FA,  the  two  components  thus  obtained  along  any  side  are 

equal  and  opposite.  Ob- 
viously such  conditions  are 
consistent,  on  account  of 
the  equality  of  angles  in  the 
same  segment  of  a  circle. 
Now  if  V,  Q,  It  are  ap- 
plied at  A,  B,  C,  by  the 
nature  of  the  case  a  polj-gon 
FABCI)  of  jointed  bars 
pivoted  at  F  and  D  would 
be  kept  in  equilibrium,  i.e., 
this  is  a  funicular  of  the 
forces. 

Again,  let  P,  Q,  R  be 
applied  at  J),  E,  F,  to  a 
polygon  CBEFA  of  jointed 
bars  pivoted  at  C  and  A. 
Tliis  polygon  would  be  in 
equilibrium,  and  a  funicular 


Fig.  112. 


of  the  forces.  The  two  polj-gons,  therefore,  are  two  funiculars 
of  the  same  forces,  and  therefore  the  intersections,  a,  fi,  y,  of 
their  corresponding  sides  {AB,  I)E),  {BC,  EF),  {CD,  FA)  are 
collinear. — Q.  E.  D. 

The  ratios  P:  Q:  B  =  sin  A  sin  J):  sin5  sin  .£■ :  sin  C  sin  F. 


ExAjrPLE. 

If  a  circle  be  described  about  any  triangle,  ABC,  and  the  Symmedian 
chords  of  the  circle  through  A,  B,  and  C  be  ilrawn,  prove  that  the 
length  of  each  chord  is  inversely  prcportioual  to  the  sine  of  the 
angle  between  the  other  two.  (Mr.  M'^Cay,  F.T.C.D.)  (See  example 
.'5.  Art.  88.) 

101.]  Astatic  Equilibrium.  When  any  number  of  forces, -Pj , 
P^,  ...,  acting  at  points,  A-^,  A^,  ...,  in  a  body  keep  this  body  in 
equilibrium,  these  forces  will  not,  in  general,  continue  to  preserve 
equilibrium  when  the  body  is  displaced  in  any  manner,  each 
force  still  retaining  its  magnitude,  direction,  and  point  of 
application  in  the  body.     If  for  all  displacements  of  the  body 
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the  forces  continue  to  preserve  equilibrium,  the  hody  is  said 
to  be  iu  asfatic  equilibrium. 

The  simplest  example  of  astatic  equilibrium  is  furnished  by  a 
heavy  body  suspended  by  a  vertical  string  attached  at  its  centre 
of  gravity.  Here  the  system  of  forces  consists  of  the  weights 
of  the  particles  of  the  Wly  and  the  tension  of  the  string  ;  and 
however  the  body  may  be  displaced  about  its  centre  of  gravity, 
all  these  forces  will  retain  their  individual  magnitudes,  direc- 
tions, and  points  of  application,  and  the  body  will  remain  at 
rest. 

Again,  a  system  of  two  equal  reversed  magnets  rigidly  con- 
nected by  au  axis  through  their  centres  is  astatic  for  displace- 
ments round  this  axis. 

\N  hen  a  system  of  forces  applied  to  a  body  is  not  in  equi- 
librium, it  happens  that  in  certain  cases  this  system  can  be 
astatically  efiuilibratcd  by  a  single  applied  force ;  i.  c.,  in  all 
displacements  which  the  body  can  receive,  each  force  acting  on 
it  with  invariable  magnitude,  direction,  and  point  of  application, 
it  may  be  possible  to  equilibrate  the  system  by  one  force  of 
constant  magnitude,  direction,  and  point  of  application. 

It  is  evident  that  this  is  always  the  case  for  a  system  of 
parallel  forces.  A  single  force  equal  and  opposite  to  their  re- 
sultant, applied  at  their  centre,  will  astatically  equilibrate  them. 

Into  the  general  discussion  of  astatic  equilibrium  we  do  not 
at  present  enter.  Suffice  it  to  say  that  a  system  of  (non-coplanar) 
forces  must  iu  general  bo  astatically  equilibrated  by  t/iree  forces ; 
and  if  the  forces  are  all  parallel  to  one  plane,  by  iwo.  When  (as 
in  the  present  chapter)  the  forces  are  all  coplanar  we  shall  prove 
that  for  displacements  of  their  points  of  application  in  their 
plane  the  system  can  be  astatically  equilibrated  by  a  single  force. 

In  this  case  it  is  clear  that  instead  of  considering  the  body  to 
which  they  are  applied  as  di^^placed,  we  may  consider  the  bodj* 
fixed  and  each  force  rotated  in  a  fixed  sense  round  its  point  of 
application  through  a  constant  angle — a  motion  of  translation 
of  the  body  or  points  having  obviously  no  effect  on  the  system 
of  forces. 

We  shall  now  prove  that — if  all  the  forces  in  a  coplanar  system 
are  rotated  in  the  same  sense,  through  the  same  angle,  in  their 
plane,  round  their  points  of  application,  their  resultant  (unaltered 
in  magnitude,  of  course)  passes  through  a  fixed  point  in  the  body. 
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Let  two  forces,  P  and  Q,  act  at  two  fixed  points,  A  and  B, 
(Fig.  113)  in  the  directions  OA  and  OB,  0  being  the  point  of 
intersection  of  their  lines  of  action  ;  and  let  the  forces  be  turned 
in  the  same  sense  round  A  aud  B  through  the  same  angle,  so 
that  the  point  of  intersection  of  their  new  lines  of  action  is  (/, 
Now,  since  LOAC/  =  LOBC/,  a  circle  described  through  A,  B, 
and  0  will  pass  through  0',  and  the  angle 
AC/B,  between  P  and  Q  when  they  are 
turned  round,  is  equal  to  the  original  angle, 
AOB,  between  them.  Also,  the  forces  being 
unaltered  in  magnitude,  it  follows  that  the 
angles  which  the  resultant  at  (/  makes 
with  them  are  the  same  as  the  angles  which 
it  makes  with  P  and  Q  at  0.  If,  then,  OC 
is  the  direction  of  the  resultant  at  0,  CfC 
must  be  the  direction  of  this  resultant  at 
0' .  Hence,  the  resultant  of  P  and  Q  passes  through  the 
fixed  point  C.  In  exactly  the  same  way  it  is  proved  that 
the  resultant  of  three  forces  passes  through  a  fixed  point 
when  the  forces  are  turned  round  their  fixed  points  of  applica- 
tion through  a  constant  angle ;  and  so  on  for  any  number  of 
forces. 

This  point  may  be  called  the  astatic  centre  of  the  system  of 
forces*. 

102.]  To  find  the  Astatic  Centre  of  a  System  of  Coplanar 
Forces.  Taking  an  arbitrary  origin  and  arbitrary  axes,  the 
point  required  lies  on  the  resultant  whose  equation  is  (Art.  88) 

a2r-/32X-G  =  0,  (1) 

(a,  >3)  being  the  running  co-ordinates. 

Now,  if  the  force  Pj  acting  at  the  point  (j^j,  y-^)  is  turned 

round  in  the  plane  of  xi/  through  an  angle  o),  its  component 

A',  becomes  n  „„„  ra    ,     \ 

1  Pi  cos  (Sj  +  a>), 

where  6^  is  the  original  angle  made  with  the  axis  of  x  by 
Pj ,  or  Xj  cos  0)  —  J\  sin  a> ;  1\  becomes  Xj  sin  oi+  T^  cos  to  ;  and 
Ii^i  —  Xj_yj  becomes  (1\ Xj^  —  Xjj^j)  cos  o)  +  (Xj.2'j  +  1  j_yj)  sin  to. 


*  Of  course  it  is  understood  throughout  this  discussion  and  in  the  examples 
at  the  end  of  this  chapter  that  the  displacements  of  the  body  or  forces  are 
always  supposed  to  take  place  in  the  plane  of  the  forces. 


i 
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Hence,  2X  becomes  cos  w  .  2  J— sin  «> .  2 1^  j 

2  Y       „        sin  a, .  2.Y+  cos  co  .  2  Y,  l  (A) 

G         „  G  cos  CO  +  r  sin  to,       j 

where  r=2(Xa!+Yy).  This  quantity  is  called  the  ^^in;ll  ol' 
the  forces. 

The  equation  of  the  new  resultant  is,  therefore, 

(a2  r-)32X-  G)  cos  (0  +  (a2A'+^2  Y- T)  sin  co  =  0,  (2) 
and  the  astatic  centre  of  the  system  of  forces  is  the  intersection 
of  the  lines  given  by  equations  (1)  and  (2).  This  point  may 
exddently  be  determined  by  (l)  and  by  the  equation 

o2X+/32r-r  =  0.  (3) 

Hence  for  the  co-ordinates  of  the  astatic  centre  \vc  have 

r:iX+GiY         r2r-G2X  .  , 

a=  j^, .    /3= j^, (4) 

If  the  astatic  centre  were  the  origin,  a  and  /3  would  be  each  =  (i, 
and  G  would  =  0,  since  the  point  is  on  the  resultant  (Art.  82). 
Hence  for  the  centre  of  the  forces  we  have 

G  =  0,     r  =  0.  (5) 

If  the  co-ordinates  of  A,  the  point  of  application  of  a  force, 
P,  (Fig.  114),  with  respect  to  rectangular  axes,  Ox  and  %,  are 
X  and  J/,  the  quantity  Xx  +  J^  is  equal  to 
P  (x  cos  0  +y  sin  d),  8  being  the  angle 
which  P  makes  with  Ox.  Now  if  OJl  is 
X,  and  AM  is  ^,  it  is  evident  that  x  cos  0 
+ysm0  =  AN,  N  being  the  foot  of  the 
perjjendieular  from  0  on  the  line  of  action 
of  P.  Denoting  AJV  by  fj,  we  have,  then, 
for  the  Virial  j,  ^  ^  ^^^^ 

Hence,  if  any  number  of  coplanar  forces  he  turned  each  round 
a  fixed  point  of  application  through  an  arbitrari/  but  common  angle, 
there  exists  a  point  in  the  plane  of  the  forces  such  that  both  the 
J'irial  atul  the  sum  of  the  moments  of  the  forces  about  it  continue 
to  vanish  for  all  displacements. 

It  is  easy  to  see  that  if  jIN  be  the  sense  in  which  P  acts,  the 
sign  of  the  product  Pq  will  be  changed. 

The  value  of  F  with  respect  to  axes  through  a  point  (a,  /3) 
parallel  to  Ox  and  Oy  is  evidently  2  ( J(a;  — a)+ r(_j'  — /3)},  or 
T  —  alX—ji'^Y.  Hence  the  locus  of  points  for  which  this  quantity 
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vanishes  is  given  by  equation  (3),  which  denotes  a  right  line 
passing  through  the  astatic  centrej  and  evidently  perpendicular 
to  the  resultant. 

103.]  Theorem.  If  anyniiuiher  of  coplanar  forces  are  in  equili- 
brium, and  if  the  forces  be  turned,  each  routui  a  fixed  point,  in  the 
same  sense  through  any  common  angle,  the  new  system  is  equivalent 
to  a  couple. 

For,  from  equations  (A)  of  Ai-t.  102,  it  appears  that  if  2X  =  U 
and  2  F  =  0  before  the  rotation,  they  will  be  zero  after  it ;  hence 
the  new  system  has  no  resultant  of  translation,  and  it  must, 
therefore,  be  a  couple.  Now,  since  by  hj'pothesis  G  =  0,  the 
axis  of  the  new  couple  is  by  equations  (A)  equal  to 

r  sin  o). 

We  sec,  then,  that  the  system  of  forces  will  remain  in  equi- 
librium, whatever  be  the  angle  through  which  they  are  tm-ned,  if 

r  =  0. 

Examples. 

1.  If  a  system  of  coplanar  forces  applied  at  fixed  points  is  in  equi- 
libriuui,  the  co-ordinates  of  the  astatic  centre  become  indeterminate. 
Explain  this. 

Ans.  In  this  case  the  system  must  be  astatically  equilibrated  by 
two  equal  and  opposite  parallel  forces. 

2.  In  the  last  case  show  how  to  find  an  astatically  equilibrating 
couple  for  the  system. 

An^.  Take  the  astatic  centre  of  any  number  of  the  forces,  and 
also  the  astatic  centre  of  the  remaining  forces.  These  will  be  the 
points  of  application  of  the  forces  of  the  required  couple  (whose 
moment,  of  course,  varies  with  the  displacement  of  the  body  or 
forces),  and  the  forces  of  the  couples  are  equal  to  the  resultants  of 
the  two  partial  sets. 

3.  Three  forces  are  applied  at  the  middle  points  of  the  sides  of 
a  triangle,  ABC,  perpendicular  to  the  sides  and  proportional  to  them 
respectively;  find  a  couple  which  will  astatically  equilibrate  them. 

Ans.  A  couple  one  of  whose  forces  is  applied  at  the  middle  point 
of  any  one  side,  AB,  and  the  other  applied  at  the  point  of  intersection 
of  a  parallel  to  AB  drawn  through  C  with  the  perpendicular  to  AB 
at  its  middle  point. 

4.  "When  a  system  of  coplanar  forces  in  equilibrium  continues  in 
equilibrium  for  all  displacements  in  the  plane  of  the  forces,  show 
that  the  astatic  centre  of  any  number  of  them  must  be  coincident 
with  that  of  the  remainder. 


CHAPTER   VI. 


APPLICATION    OF   THE    COKDITIONS    OF    EQUILIBRIUJl    OF    A    BODY. 

10-1.]  Condition  of  Equilibrium  of  a  Body  under  the 
Action  of  two  Forces  in  a  Plane.  Jf  tico  forces  mamlaiii  a 
body  in  equilibrium,  they  mu»t  be  equal  and  opposite  in  the  same 
right  line. 

For,  take  moments  round  any  point  on  the  line  of  action  of 
one  of  them,  P.  The  sum  of  the  moments  must  (iVrt.  8C)  be 
=  0.  Hence  the  other  force,  Q,  must  pass  through  the  assumed 
point.  Again,  take  any  other  point  on  P,  and  take  moments 
round  it.  The  sum  must  be  =  0,  and  Q  must,  therefore,  pass 
through  this  point.  Hence  P  and  Q  act  in  the  same  line.  Now 
their  sum  must  =  0  (Art.  86).  Therefore  P  and  Q  are  equal 
and  opposite. — Q.  E.  D. 

105.]  Condition  of  Equilibrium  of  a  Body  under  the 
Action  of  three  Forces  in  one  Plane.  If  three  forces  maintaiti 
a  body  in  equilibrii/m,  their  lines  of  action  tnust  meet  in  a  point, 
or  be  parallel. 

For,  take  moments  round  the  point  of  intersection  of  two  of 
them,  P  and  Q.  The  sum  must  (Art.  86)  =  0  ;  therefore,  either 
the  third  force,  P,  is  zero,  or  it  passes  through  the  intersection 
of  P  and  Q.     If  li  is  not  =  0,  it  must  pass  through  this  point. 

The  three  forces  may  then  be  supposed  to  act  at  this  point, 
and  to  keep  it  at  rest.  Hence,  each  force  must  be  equal  and 
opposite  to  the  resultant  of  the  other  two ;  and  if  the  angles 
between  them  in  pairs  be  ;;,  q,  r,  the  forces  must  satisfy  the 
conditions  P :  Q  :  P  =  sin  js :  sin  ?  :  sin  r.  (/3) 

If  two  of  them  are  parallel,  the  third  must  be  parallel  to  them 
and  equal  and  directly  opposed  to  their  resultant. 
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Examples. 

1.  Three  forces,  P,  Q,  R  (Fig.  115),  act  at  the  middle  points  of  the 
sides  of  a  triangular  plate,  each  force  being  perpendicular  and  pro- 
portional to  the  side  at  which  it  acts.  If 
the  forces  all  act  inwards,  or  all  outwards, 
they  are  in  equilibrium.  For  (a)  they 
satisfy  the  first  condition  of  equilibrium 
of  three  forces,  namely,  that  of  meeting 
in  a  point  (Art.  105) ;  and  (/3)  they  are 
proportional  to  the  sines  of  the  angles 
between  them  in  pairs,  since 

P :  Q  :  R  =^  a  -.h  :  e  ^=  sin  ^  :  sin  5 :  sin  C 

=  sin  qOR :  sin  ROP  :  sin  POQ. 

They,  therefore,  satisfy  both  of  the  conditions  of  Art.  105. 

In  exactly  the  same  way  it  is  proved  that  if  three  forces  act  per- 
pendicularly to  the  sides  of  a  triangle,  and  be  proportional  to  them, 
they  will  be  in  equilibrium,  provided  that  they  pass  through  any 
common  point,  and  all  act  outwards  or  all  inwards. 

2.  Three  forces  acting  along  the  perpendiculars  of  a  triangle  keep 
it  at  rest ;  find  the  relations  between  them. 

They  satisfy  the  first  condition  of  equilibrium,  namely,  that  of 
meeting  in  a  point.  Then  if  the  forces  perpendicular  to  the  sides 
a,  b,  e,  be  P,  Q,  R,  respectively,  the  relations  (/3)  of  Art.  105  give 

P:Q:R  =  sinA:  sin B :  sin C  ^  a:b  :c, 

as  might  have  been  concluded  from  the  remark  at  the  end  of  the  last 
example. 

3.  Three  forces  acting  along  the  bisectors  of  the  angles  of  a  triangle, 
all  either  from  or  towards  the  vertices,  keep  it  at  rest ;  find  the  relations 
between  them. 

The  forces  evidently  satisfy  the  condition  of  meeting  in  a  point. 

Let  P,  Q,  R,  be  the  forces  in  the  bisectors  of  A,  B,  0,  respectively. 

A  +  B 
Then  the  angle  between  P  and  Q  is  easily  seen  to  be  ■77 

A  H  O 

Hence  P  -.Q  :  R  ^^  cos  — - :  cos  --  :  cos  —  • 

Ji  64  i 

4.  Three  forces  acting  in  the  bisectors  of  the  sides  of  a  triangle 
drawn  from  the  opposite  vertices  maintain  equilibrium;  find  the 
relations  between  them. 

They  satisfy  the  first  condition. 

Let  the  lengths  of  the  bisectors  of  the  sides  a,  b,  e  (Fig.  116)  be 
/3,,  /3., ,  and  ^3,  and  let  p  and  q  be  the  perpendiculars  from  C  on 
P  and  Q. 

Take  moments  round  C  for  the  equilibrium  of  the  forces.     Then 

Pp=Qq.  (1) 
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Fig.  1 1 6. 


(Tlie  moments  of  P  and  Q  with  respect  to  C  have  opposite  signs, 
since  Q  tends  to  turn  the  body  round  C  in  the  sense  of  watch-hand 
rotation,  while  P  tends  to  turn 
it  in  the  opposite  sense.) 

Again,  p^j  =  q^.^,  (2) 
each  side  of  this  equation  being 
the  area  of  the  triangle.  Divide 
the  sides  of  (1 )  by  the  corresjjond- 
ing  sides  of  (2). 

Then  J  =  |. 

Hence    P:  Q :  R  =  f3,: ii.,: ,3,, 

or  the  forces  are  proportional  to 
the  bisectors. 

5.  At  the  middle  points  of  the  sides  of  any  imhformahle  polygon 
(Fig.  1 1 7)  forces  act  perpendicularly   to  the  sides,  each  force  being 
proportional  to  the  side  at  which  it 
acts.     If  the  forces   all  act  inwards 
or  outwards,  tliey  form  a  system  in 
equilibrium. 

For  (example  1)  the  resultant  of 
/",  and  P^  is  a  force  acting  at  the 
middle  point  of  ylC,  perpendicular  and 
proportional  to  .^1 C.  Again,  this  force 
and  7^3  may  be  replaced  by  a  force 
acting  at  the  middle  point  of  AD,  per- 
pendicular and  proportional  to  AD. 

Replacing  the  given  forces  in  this 
manner,  the  result  follows  by  ex- 
ample 1. 

(j.  If  from  any  point  perpendiculars 
be  drawn  to  the  sides  of  a  polygon,  and  forces  act  along  these  perpen- 
diculars, either  all  inwards  or  all  outwards,  each  force  being  proportional 
to  the  side  to  which  it  is  per])endicular,  the  system  is  in  equilibrium. 

This  follows,  exactly  as  in  the  last  example,  by  dividing  the  polygon 
into  triangles,  and  attending  to  the  remark  at  the  end  of  example  1. 

x  7.  From  any  point,  0,  inside  (or  outside)  a  triangle,  A  BC  (Fig.  1 1 8), 
are  let  fall  perpendiculars,  Oa,  Oji,  Oy,  on  the  three  sides.  At  the 
points  a,  /3,  y,  are  applied  forces  P,  Q,  R,  each  of  which  is  proportional 
and  perpendicular  to  the  side  at  which  it  acts.  The  forces  are  then 
all  turned  round  their  points  of  application  in  the  same  sense,  so 
as  to  make  equal  angles  with  the  perpendiculars  Oa,  Oj3,  and  Oy. 
Show  that  in  this  latter  case  the  resultant  of  the  system  of  forces  is 
a  couple  whose  moment  is  jsroportional  to  the  square  root  of  the  area 
of  the  triangle  A'B'C,  enclosed  by  their  lines  of  action. 
(The  forces  act  all  outwards  or  all  inwards.) 


Fig.  117 
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Let  the  sides  of  ABC  be  a,  b,  c,  and  let  P  =  ^a.  Q  =  kb,  R  =  kc, 
k  being  a  constant  coeiScient. 

Lete  be  the  angle,  OaB', 
between  P  and  tlie  perpen- 
dicular Oa.     Then 

e=zO^C'=OyA'. 

Replace  P  by  two  com- 
ponents, one  along  BC  and 
the  other  perjiendicular  to  it. 
Similarly,  replace  Q  and  R. 
Then  tlie  perpeudicidar  com- 
ponents are  ka  cos  6,  kb  cos  6, 
and  kc  cos  6  ;  and  tiuee  they 
meet  in  a  point,  0,  and  are 
proportional  to  the  sides  at 
which  they  act,  they  are 
in  equilibrium  (example  1). 
Hence   the    forcts  are  equi- 
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valent  to  three,  ^-nsin^,  kb%VD.Q,  and  A-csinO,  acting  along  the  sides 
of  ABC  in  cyclical  order,  and  thereibre,  thi-ir  equivalent  is  a 
couple  =  2A-Asin^,  A  denoting  the  area  of  the  triangle  ABC.  (See 
Art.  103,  p.  152.)  Now  the  triangle  A'B'C  is  similar  to  ABC.  For, 
since  the  angles  OaB  and  OyB  are  right,  and  the  angles  OaB'  and 
OyB'  are  equal,  a  circle  will  go  round  the  points  OB'aBy.  Hence 
LyOa=:  LyB'a;  therefore  their  supplements,  B  and  B',  are  equal. 
Similarly,  ^  =  J',  and  C  =  C. 

Again,   the    side    A'B'  ■=  AB  .smQ.      For,    in   the   circle   round 
yOB'  aB,  yB"  is  a  chord  making  an  angle  d  with  a  chord  yO,  aud  an 

angle  - — 6  with  the  perpendicular  chord,  yB.     Therefore 

ylf  =  yO  .  cosd +  yB  .sinO. 
Similarly,  in  the  circle  round  yA'OjBA,  we  have 
yA'  =  yO  .cos  0 — yA  .  sin  6. 
Subtracting  (2)  from  (1)  we  have 

A'B'  =  {yB+yA)  .  sin  0  =  AB .  sin 6. 
Now  if  A'  be  the  area  of  A'B'C, 

A'      ,A'B'.'        .    ,. 


(1) 
(2) 


sin  d 


=  Vi'' 


and  therefore  the  moment  of  the  forces  =  2A  V'AA'. 

8.  If  the  triangle  be  replaced  by  a  polygon  of  any  number  of  sides, 
prove  that  the  equivalent  of  the  forces  is  a  couple  whose  moment  is 
proportional  to  the  square  root  of  the  area  of  the  (similar)  polygon 
enclosed  bv  their  lines  of  action. 
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Fig.  119. 


9.  A  heavy  beam,  AB  (Fig.  119),  rests  against  a  smooth  horizontal 
plane,  CA,  and  a  smooth  vertical  wall,  CB,  the  lower  extremity,  A, 
being  attached  to  a  cord  wliicli  passes  over  a  smooth  pulley  at  C, 
and  sustains  a  given  weight,  P. 

Find  the  position  of  equilibrium, 
and  the  pressures  on  the  plane 
and  wall. 

Let  Q  be  the  inclination  of  the 
beam  to  the  horizon  in  the  posi- 
tion of  equilibrium;  let  W ■=■ 
weight  of  the  beam  :  and  let  the 
centre  of  gravity,  G,  divide  the 
beam  into  two  portions,  AG  =■  a, 
and  BG  =  b. 

Now,  the  reactions,  i?  and  .S", 
of  the  wall  and  plane  are  normal 
to  these  surfaces  ;  and  since  they 
are  both  unknown,  we  shall  obtain  an  equation  for  0  wliich  will 
contain  neither  of  them,  by  taking  moments  about  0,  their  point  of 
intersection.  Hence,  since  the  force  F  acts  on  the  beam  along  AC, 
and  tends  to  turn  it  in  a  sense  opposite  to  that  in  which  TF  tends  to 
turn  it  round  0,  we  have 

P  {a  +  b) Bm0—  TTa  cos  0  —  0, 

Again,  resolving  forces  vertically,  we  have 

R=W.  (2) 

And  resolving  horizontally,        S  =^  F.  (3) 

10.  If  the  beam  rest,  as  in  the  last  example,  against  a  smooth 
vertical  and  a  smooth  horizontal  plane,  and  a  cord  be  attached 
firmly  to  the  point  C,  and  to  a  point  in  the  beam,  find  the  limit  to 
the  position  of  this  latter  point  consistent  with  equilibrium. 

Let  Fig.  120  represent  the  beam  in  any  position,  and  let  711  be  the 
middle  point  of  the  beam. 
Suppose  the  cord  attached  to 
C,  and  to  a  point,  n,  in  the 
upper  half  of  the  beam.  Then 
the  forces  acting  on  the  beam 
are  W,  T  (the  tension  of  the 
cord  nC),  R,  afid  S.  Let  p  be 
the  point  of  intersection  of  W 
and  T.  Now,  the  resultant  of 
W  and  T  must,  for  equilibrium, 
be  equal  and  opposite  to  the 
resultant  of  R  and  S;  hence  the 
resultant  of  R  and  S  must  act 
in  the  line  Op ;  but  this  line  is  not  between  the  lines  of  action  of  2' 
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and  IF,  that  is,  inside  the  anfrle  TTjiC;  therefore  the  resultant  of  R 
and  S  cannot  be  equal  and  opposite  to  that  of  IT  and  T  with  such  a 
position  of  the  cord,  and,  therefore,  equilibrium  is  impossible,  no 
matter  what  the  inclination  of  the  beam  may  be.  Hence,  in  order 
that  equilibrium  may  be  possible,  the  cord  must  be  attached  to  Bome 
point,  such  as  P,  between  A  and  m. 

11.  In  the  last  example,  given  the  point  of  attachment  of  the 
cord,  find  the  tension  in  it. 

It  is  easy  to  see  that  if  P,  the  point  of  attachment,  be  given,  and 
also  /,  the  length  of  the  cord,  CP,  the  position  of  the  beam,  is  given. 
For,  \i  6  ■=  ABAC,  we  have 

V  =  BF^.cos'0  +  AP\smH, 

an  equation  which  determines  6. 

The  angle  PCA  is  also  known.  Denote  it  by  <^.  To  determine  T, 
the  tension  of  the  cord,  without  bringing  R  and  S  into  our  equation, 
take  moments  round  0,  their  intersection.  Hence,  a  and  h  being  the 
segments  of  the  beam  made  by  the  centre  of  gravity,  we  have 

Wa  cos d  =  T.OC sin  OOP  =  T.{a  +  b)  sin (5 -</>), 

y_  ,jr    a  cos  g 

{a  +  b)s'm{0—<f>)' 

It  will  be  a  good  exercise  for  the  student  to  find  R,  S,  and  T  by 
graphic  statics.     [See  example  5,  p.  14 3. J 

S'ote.  If  0  =^  (}>,  T  :=  cc.  In  this  case  the  cord  is  attached  to 
m,  the  middle  point  of  the  beam,  and  therefore  its  direction  always 
passes  through  0,  the  intersection  of  R  and  S.  Now,  it  is  easy  to  see 
that  in  this  case  the  conditions  of  equilibrium  are  theoretically  satis- 
fied, because  the  resultant  of  T  and  11'  acts  along  T,  whose  direction 
passes  through  0.  But  if  <f>>d,  no  value  of  T  can  even  theoretically 
satisfy  the  conditions  (see  last  example). 

12.  ABC  is  any  triangle,  of  which  C  is  the  vertex.  It  is  acted  on 
by  the  forces  CA,  CB,  and  AB.  Prove  that  it  will  be  kept  in  equi- 
librium by  a  force  equal  to  2  BC,  acting  parallel  to  BC,  at  the  middle 
point  of  AB. 

13.  In  example  12,  it  is  clear  that  two  positions  of  equilibrium  of 
the  bmn  are  a  vertical  and  a  horizontal  position  ;  explain  why  these 
positions  are  not  given  by  the  equation  (1)  which  detennines  the 
position  of  equilibrium. 

14.  Explain  why  the  proof  iu  example  5  would  not  hold  for  a 
polygon  formed  of  bars  freely  jointed  together  and  therefore  capable 
of  turning  about  the  joints. 

106.]  Action  of  a  Hinge  or  Joint.  Among  the  internal 
forces  of  a  system,  the  action  of  a  eylindiical  axis  is  one  of 
frequent  ocenn-enee.  If  the  axis  is  smooth,  the  reaction  be- 
tween two  bars  or  beams  connected  by  it  consists  of  a  single 
force    passing    through   its    centre.     For,   let  PQS   (Fig.    I2i) 
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represent  a  section  of  the  joint  connecting-  two  beams :    then, 
since    their    surfaces    are    in    contact,    either 
throughout  the  whole  of  the   circumference 
or  a  part  of  it,  there  will  be  (since  the  joint 
is  smooth)  nf/rmal  reactions  at  the  points  of 

contact,    P,    Q Now,   since   all   these 

pass  through  the  centre  of  the  circle,  they 
have  a  single  resultant  through  this  point. 
Conse<jnently,  the  action  in  this  case  con- 
sists of  a  single  force  through-  the  centre  of  the  joint. 

But,  if  the  joint  be  rough,  the  reactions  at  the  points  of  con- 
tact will  not  be  normal,  that  is,  their  lines  of  action  ^\•ill  not 
meet  in  a  point,  and,  therefore,  they  may 
reduce  to  a  couple,  or  to  a  single  force. 
A\'hen  slipping  is  about  t-o  ensue  at  the 
joint,  it  is  easy  to  see  that  the  total  resist- 
ances at  the  points  of  contact  envelop  a 
circle  (or  rather  a  cylinder).  For,  at  any 
point,  P,  of  contact  (Fig.  122),  draw  PR, 
making  the  angle  of  friction,  \,  with  the 
normal,  PC,  to  the  surface  of  contact.  The  perpendicular  from 
C,  the  centre  of  the  joint,  is  equal  to  PC .  sin  A,  and  is,  therefore, 
constant.     Hence  PR  envelops  a  circle  whose  radius  =  PC .  sin  A. 

If  PC  —  a,  and  ils  is  the  element  of  the  surface  of  contact  at 
P,  it  is  evident  that  the  sum  of  the  moments  of  the  reactions 
about  C  is  {R  being  the  reaction  per  unit  of  surface) 

a  sin  X/Rds, 

As  an  example,  let  us  con- 
sider the  equilibrium  of  two 
equal  bars  which  are  con- 
nected by  a  joint,  C,  and  rest 
on  a  smooth  horizontal  cylinder, 
in  a  vertical  j)lane  at  right 
angles  to  the  axis  of  the  cylinder. 

Firstly,  let  the  joint  be  rough, 
and  suppose  the  contact  to  be 
complete  all  over  its  surface : 
then  it  is  clear  that  such  a  posi-  .,. 

tion  as  that  represented  in  Fig. 
123  is  a  possible  position  of  equilibrium  if  the  joint  is  sufficiently 
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Fig.  124. 


roug-h.  Let  Fig.  124  represent  an  enlarged  view  of  the  circle 
which  is  enveloped  by  the  total  resistances  at  the  various  points 
of  the  surface  of  contact  at  the  hinge,  C.  Then,  if  the  total 
resistances  at  the  lower  portion  of  the  joint  be  considerably 
greater  than  those  at  the  upper  portion,  it  is  possible  that  the 
resultant  of  the  whole  set  may  be  a  horizontal  force,  .R,  acting 
through  a  point,  -P,  below  the  joint. 

In  the  position  of  equilibrium  of  the 
bars  represented  in  Fig.  123  the 
weight,  W,  of  the  bar  CB^,  and  the 
normal  reaction,  8,  of  the  smooth 
cylinder,  meet  in  a  point  A-^,  through 
which  point  the  force  produced  by  the 
action  of  the  other  bar  must  pass. 
In  the  same  way  the  action  of  the 
bar  C7)j  on  CI).^  must  pass  through 
the  point  A.^^.  Hence  the  residtant 
action  of  each  bar  on  the  other  must  be  directed  in  the  line 
Ay  A^ ;  and  we  have  seen  that  if  the  contact  along  the  joint 
extend  over  its  surface,  this  is  a  possible  line  of  action,  though 
it  does  not  intei-sect  the  joint. 

Secondly,  let  the  joint  be  rough,  and  let  the  contact  take 
place  at  only  one  point,  iV  (Fig.    125).     Suppose   the  joint  to 

consist  of  a  pin,  BN,  which  forms 
part  of  the  bar  CD.,  (Fig.  123), 
and  let  this  fit  loosely  into  the 
bar  CDy .  It  is  clear,  then,  that 
the  action  between  the  bars 
consists  of  a  single  force,  7?,  acting 
at  N,  and  making  the  angle  of 
friction,  A,  \\\\h.  the  radius  CN,  if 
slipping  is  about  to  take  place.  As  before,  this  force  must  pass 
through  the  points  A-^,  A^. 

In  this  case,  then,  the  point  of  contact  of  the  bars  is  con- 
structed by  di-awing  a  radius,  CN,  of  the  cylindrical  axis  consti- 
tuting the  joint,  inclined  to  the  horizon  (since  A^  A.,  is  horizontal) 
at  the  angle  of  friction. 

Thirdlj',  let  the  joint  be  smooth.  In  this  case  the  baxs  must 
assume  such  a  position  that  the  line  A■^  A.^  passes  through  the 
centre  of  the  joint ;  and  this  position  is  practically  the  same  as 
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that  in  the  last  case,  because  since  the  dimensions  of  the  joint 
are  negligible  compared  with  those  of  the  bars,  the  line  of 
resistance  A'X  (Fig.  125)  may  be  snj)posed  to  pass  through 
the  centre,  C,  of  the  joint. 

A  similar  explanation  is  to  be  given  in  the  case  of  two  equal 
beams  rigidly  connected,  and  forming  one  piece,  the  system  resting, 
as  in  the  previous  example,  on  a 
smooth  cylinder.  In  this  case  the 
beams  can  take  only  one  position, 
which  must  be  a  position  of  ccjuili- 
bnum,  and  the  action  between  them 
must  accommodate  itself  to  the 
geometrical  necessity  of  the  figure. 
(In  the  following  figure  the 
cyb'nder  is  not  drawn.)  If  we  con- 
sider the  equilibrium  of  one  of  the 

.  Flff.  1  2n. 

beams,  CD  (Fig.  1 26),  by  itself,  we 

shall  have  to  supply  to  it  whatever  force  is  actually  jiroduced  upon 
it  by  the  other  beam.  Now,  if  BC  is  the  section  along  which 
the  system  is  considered  as  di\'ided  by  the  removal  of  the  second 
beam,  it  is  clear  that  the  internal  forces  in  the  neighbourhood  of 
B  tend  to  tear  the  beams  apart,  if  A  is  below  the  section  BC, 
while  those  aliout  C  tend  to  press  the  beams  more  closely 
together.  Hence  the  action  of  the  second  beam  on  CD  consists 
of  a  number  of  forces  whose  horizontal  components  near  B  act 
from  left  to  right,  as  the  force  BF,  and  whose  horizontal  com- 
ponents near  C  act  from  right  to  left,  as  the  force  CF'.  If, 
therefore,  the  forces  near  B  are  greater  than  those  near  C,  the 
resultant  of  the  whole  system  will  consist  of  a  horizontal  force, 
AB,  acting  outside  the  section  CB,  so  as  to  pass  through  the 
point,  A,  of  intersection  of  the  weight  and  the  normal  reaction 
of  the  cylinder.  In  this  case,  then,  the  action,  over  a  section  BC, 
between  two  rigidly  connected  pieces  consists  of  a  force  outside 
the  section ;  which  force  may,  of  course,  be  replaced  by  one  at 
any  point  in  the  section,  together  with  an  accompanying  couple 
(see  Art.  80). 

In  all  cases  in  which  contact  over  a  finite  surface  takes  place 
between  two  bodies,  the  student  must  be  careful  to  examine  the 
nature  of  the  forces  exerted  beticeeri  them  at  the  individual  points 
of  contact  with  a  view  to  ascertaining  whether  the  resultant  action  of 
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one  on  the  other  conmsti  of  a  gingle  force  at  all ;  or,  if  «o,  whether 
it  can  be  assumed  to  act  at  any  point  in  the  surface  of  contact 
or  mmt  he  asiumed  to  act  wholly  ovtmle  it. 

107.]  Geometrico  -  statical  Problems.  In  many  statical 
jiroblems  which  relate  to  the  jMsitions  of  equilibrium  of  bodies 
the  result  is  independent  of  the  maj^nitude  of  some  given  force, 
and  such  independence  can  be  perceived  a,  priori.  Thus,  suppose 
the  question  to  be — AVhat  is  the  limiting-  inclination  to  the 
horizon  of  a  heavy  uniform  beam  wliieh  rests  against  a  rough 
vertical  and  a  rough  horizontal  plane  ?  In  this  problem  we  may, 
if  we  please,  assume  //',  'Oa.a  weight  of  the  beam,  and  2n,  its 
length  ;  but  it  is  evident  a  priori  that  the  result  cannot  involve 
either  of  these  quantities.  For,  if  the  angle  which  the  beam 
makes  with  the  ground  be  0,  the  position  of  equilibrium  will  be 
defined  by  some  of  the  trigonometrical  functions  of  0,  such  as 
sin  0  or  tan  6.  Now.  the  trigonometrical  functions  of  an  angle 
are  mere  numbers,  or  ratios  of  quantities  of  the  same  hind.  Hence, 
if  the  expression  for  tan  6  (supjwse)  m\o\\e  force,  it  must  involve 
the  ratio  of  one  force  to  another  force,  and  if  there  is  only  one 
force  given  in  the  problem,  we  have  no  other  force  to  combine 
with  it  in  the  form  of  a  ratio  or  a  mere  number.  Consequently, 
the  weight  of  the  beam  can  in  no  wav  influence  its  limiting  in- 
clination.  Precisely  similar  remarks  hold  with  regard  to  the 
only  linear  magnitude  in  the  question,  viz.,  the  length  of  the 
beam.  There  is  no  other  quantity  of  the  same  kind  with  which 
to  compare  it.  Therefore,  we  are  enabled  to  state  a  2>riori  that 
the  inclination  of  the  beam  to  the  horizon  in  its  limiting  position 
of  equilibrium  depends  simply  on  the  coefficients  of  friction  for 
the  beam  and  the  two  rough  jilanes,  or  that 

0^f  {,.,/), 

/i  and  fx'  being  these  coefficients,  and  /  denoting  some  (as  yet) 
imknown  function. 

Again,  suppose  the  question  to  be — What  force  applied  to  one 
of  the  handles  of  a  table  drawer  will  pull  the  drawer  out  ?  *  It 
is  evident  that  the  answer  must  be  either— no  force,  however 
great,  will  pull  it  out,  or — an}'  force,  however  small,  will  pull  it 
out.     And    the    result  will   depend   simjily  upon    the    relation 

*  The  friction  of  the  bottom  is  neglected. 
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between  tlie  coefficient  of  friction  for  the  (lra\\cr  and  the 
table,  and  the  ratio  of  the  side  of  the  drawer  to  the  distance 
between  the  handles.  This  is  evident,  because  there  is  no 
given  force  in  t«rms  of  which  the  required  force  could  be  ex- 
pressed. 

Numerous  examples  of  this  class  of  questions  will  be  g-iven  in 
the  sequel.  Such  jjroblems,  then,  in  which  the  result  is  in- 
dependent of  a  force  magnitude,  we  shall  classify  as  Geometrico- 
statical  Problems,  because,  though  they  involve  principles  con- 
cerning the  (Vircclionii  of  forces,  they  do  not  involve  their 
w-agn'ifudi's.  In  all  such  problems,  once  the  requisite  theorems 
concerning  the  directions  of  forces  are  made  use  of,  the  result 
follows  at  once  from  the  geometry  of  the  figure ;  and  a  solution 
by  the  method  of  resolving  forces  and  taking  moments  is,  in 
reality,  an  illogical  ju'ocess. 

In  connexion  with  the  class  of  geometrico-statical  problems, 
the  theorem  of  Art.  3G  will  be  found  extremelv  useful. 


Examples. 

1.  A  heavj-  bar  rests  on  two  $mooth  inclined  planes  whose  iuter- 
section  is  a  liorizontal  line,  the  bar 
lying  in  a  vertical  plane  perpendicular 
to  this  line  of  intersection  ;  find  the 
position  of  equilibrium  and  the  pres- 
sures on  the  planes. 

Let  a  and  h  be  the  segments,  AG 
and  BG,  of  the  bar,  made  by  its  centre 
of  gravity,  G;  6  the  inclination  of  the 
bar  to  the  horizon,  a  and  fi  the 
inclinations  of  the  planes,  li  and  R' 
the  pressures  on  these  planes,  re- 
spectively, and  W  the  weight  of  the 
bar. 

Then,  since  the  bar  is  in  eciuilibrium 
under  the  action  of  only  three  forces,  they  must  meet  in  a  point,  0. 
Now  the  angles  GOA  and  GOB  are  equal  to  a  and  /3,  respectively, 

and  BGO  =  ^  -  ^-     Hence 


(a  +  h)  cot  BGO  =  a  cot  GOA  -  h  cot  GOB, 
or  (a  +  6)  tan  5  =  a  cot  a  —  6  cot  /3, 

which  detennines  the  position  of  equilibrium. 


(1) 
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Again,  by  the  relations  between  three  forces  iu  equilibrium, 

sin/3 


Ii=  W 


E'=  W 


sin  {a +  13)' 


sin  (a  +  /3) 


(2) 
(3) 


..a       tan  a    .,     ,  .,1  •        1      • 

Hence,  it  -r  = ;>  the  bar  will  rest  in  a  horizontal  position. 

0       tau/d 


Suppose  that  a  cot  a— 6  cot /3  is  positive,  and  that  (a +  6)  tan/3< 
a  cot  a  —  b  cot  3-  Then,  a  fortiori  («  +  6)  tan  0  <  a  cot  a  —  h  cot  /3,  since 
0,  the  angle  made  with  the  horizon  by  the  bar  iu  any  sucli  position  as 
AB,  is  necessarily  <ti. 

Hence,  the  only  position  of  equilibrium  possible  is  either  one  of 
continuous  contact  with  the  plane  {fi),  or  one  of  continuous  contact 

witli  the  plane  (a).  Suppose  the  first,  as 
iu  Fig.  1 28.  To  find  in  tliis  case  the  point 
tlirough  which  the  resultant  pressure  of 
the  plane  (/i)  on  the  bar  acts,  draw  AO 
perpendicular  to  the  plane  (a) ;  then  A  0 
is  the  line  of  action  of  the  pressure  on  this 
plane. 

Let  AO  meet  the  vortical  through  G  in 
0,  and  from  0  draw  OP  perpendicular 
to  the  plane  (,J).  Evidently,  P  is  the 
point  at  which  the  resultant  pressure  of 
the  plane  ()3)  ads. 
But  it  maj-  now  be  shown  that,  with  the  two  inequalities  supposed, 
this  position  is  impossible.     For  if  AP>a  +  b,  it  will  be  impossible ; 


that  is,  if  a 


cos  ^  sin  (a  +  /3) 


sma 


>a  +  b;     or 


asin/3cos/3(cota— tan/3) >6;  or  atan/3(cota  — tan/3)  >6  +  6tan^/3;  or 
a(cot  a— tan /3)>6cot /3  +  6  tan /3  ;  or  n  cot  a  — 6cot /3>(a  +  6)tan/3. 
But,  by  supposition  acota— 6cot/3  is  positive  and  >(o  +  6)tan/3, 
therefore  AP>AB.  which  is  manifestly  impossible.     Hence  the  only 

position  of  equilibrium  in  this  case  is 
one  of  continuous  contact  with  the 
plane  (a).  [We  have  supposed  all 
through  that  the  end  A  of  the  bar 
is  to  rest  on  the  plane  (a).]  The 
least  inclination  of  the  plane  (a)  which 
will  allow  of  a  position  of  continuous 
contact  with  (/3)  is  found  by  drawing 
at  B  a  perpendicular  to  the  plane  (/3) 
and  joining  its  point  of  intersection 
with  the  vertical  through  G  with  A. 
The  joining  linels  the  normal  to  the  plane  of  least  inclination  (a). 
2.  A  uniform  heavy  bar,  .45  (Fig.  129),  rests  with  one  extremity, 


loy.] 


EXAMPLES. 


165 


A ,  against  the  internal  sui-face  of  a  smooth  fixed  hemisphere  while  it 
is  Bupported  at  some  point  in  its  length  by  the  rim  of  the  hemisphere  ; 
find  the  position  of  cfiuilibrium,  the  plane  of  the  rim  being  horizontal. 

It  is  (I priirri  evident  that  the  result  must  be  independent  of  force, 
since  the  weiglit  of  the  bar  is  the  only  force  that  may  he  supposed  to 
be  given  ;  and  it  is  also  evident  that  the  result  depends  on  the  only 
two  linear  magnitudes  which  may  be  supposed  to  be  given — viz.  the 
length  of  the  bar,  2a,  and  the  radius,  r,  of  the  sphere. 

Draw  the  three  forces  which  keep  the  bar  in  equilibrium.  They 
are  the  weight,  a  reaction  at  A  perpendicular  to  the  surface  of  contact, 
and  therefoie  perjienditular  to  the  sjihere,  and  a  reaction  at  C  which 
for  the  same  reason  is  perpendicular  to  the  bar.  These  must  meet  in 
a  point,  0.  Let  0  =  the  inclination  of  tlie  bar  to  the  horizon  = 
lAGD.  Let  the  line  06^  meet  the  semicircle  DAC  in  the  point  (J. 
Then  AQ\s  a  horizontal  line.  Also  IQAG  =  ADC  A  =  0,  therefore 
lOA  Q  =  20.  Hence  AQ  =  AO  cos  20,  and  also  AQ  =  AG  cos  0; 
therefore  2rcos2d  =  a  cos  0, 
or  4rcos'(?— acosO  — 2r  =  0. 

This  equation  gives  two  values  of  cos  0,  one  of  which  supposes  the 

hemisphere  to  be  comjjleted  into  a  sphere,  the  end  A  of  the  bar  to 

rest  against  the  upper  poition  of  the  sphere,  and  the  action  of  the 

sphere  on  A  to  consist  of  a  2>uli-     The  student  will  have  no  difficulty 

in  representing  this  position,   or  in  proving   that   the    reaction   at 

a 
C=  W-- 
2r 

3.  Find  the  position  of  equilibrium  of  a  uniform  heavy  bai",  or.e 
end   of  which    rests    against    a   smooth 
vertical   plane,    and   the   other   against 
the   internal    surface    of   a   given   fixed 
smooth  sphere. 

Let  the  length  of  the  bar,  AB,  =  2a, 
r  =  the  radius  of  the  sphere,  c  =  the 
distance  of  the  centre,  C,  of  the  sphere 
from  the  vertical  wiill,  DB ;  also  let 
0  =  the  recjuired  inclination  of  the  bar 
to  the  horizon,  and  (f)  =  the  inclination 
of  the  radius  CA  to  the  horizon. 

The  statics  of  the  problem  is  exhausted  in  drawing  the  figure  so 
that  the  weight  of  the  bar  and  the  two  reactions  at  A  and  B  shall 
meet  in  a  point,  0.     Geometry  then  gives 

2  cot  0GB  =  cot  ^OG'- cot  GOB  =  cot  AOG, 
or  2tan0  =  tan0.  (1) 

Again,  the  perpendicular  distance  between  A  and  DB  is  2  a  cos  0 ; 
but  it  is  also  evidently  equal  to  the  horizontal  projection  of  CA  +the 
distance  of  C  from  BD  ;  that  is, 

2acos0  =:  r  cos^  +  c.  (2) 


130- 
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From  (1)  and  (2)  a  value  of  6  can  be  obtainetl,  and  bence  the 
position  of  equilibrium.  These  equations  give  0  and  (p  by  the  inter- 
section of  a  right  line  with  a  quasi-magnetic  curve  (sec  ji.  55).  Thus: 
draw  a  right  line  AB=:c;  produce  AB  to  C  so  that  BC^=c; 
round  A  as  centre  describe  a  circle  of  radius  2a;  round  B  describe 
one  of  radius  r ;  draw  any  line  perpendicular  to  AC  cutting  the  first 
circle  in  P  and  the  second  in  Q;  as  this  line  varies,  trace  the  locus 
of  the  point  of  intersection  of  AP  and  BQ  (a  small  portion  of  it  will 
suffice) ;  if  this  locus  cuts  the  perpendicular  to  AC  drawn  at  C  in  the 
point  J/,  the  angles  0  and  <{>  are  MAC  and  MBC. 

if  the  bar  rest  on  the  convex  surface,  the  only  change  in  the 
equations  will  be  a  change  of  the  sign  of  r  in  (2). 

4.  The  extremities  of  a  bar  rest  at  two  given  points  against  two 

A      given  smooth  curves  in  the  same  vertical  plane;    the  bar  is  to  be 

sustained  by  a  cord  attached  to  its  centre  of  gravity  and  to  a  fixed 

.point.     Determine  the  position  of  this  point  so  that  the  cord  may  be 

the  weakest,  possible. 

Let  AB  (Fig.  131)  be  the  bar,  G  its  centre  of  gravity,  0  the  point 
of  intersection  of  the  normal  reactions  of  the  curves  A  and  B ;  k  the 

length  of  the  perpendicular  from  0  on 
the  line  of  action  of  the  weight,  TJ',  of 
the  bar ;  p  the  perpendicular  from  0 
on  the  direction.  GP,  of  the  cord,  and 
2'  the  tension  of  the  cord. 

Then,  taking  moments  about  0, 

T  .p=  W.k, 

or  r=    W-. 

P 

Hence,  since  IT  and  k  are  given,  T 

will  be  a  minimum  when  p  is  a  maximum.     But  the  maximum  value 

of  the  perpendicular  from  0  on  a  right  line 

through  G  is  OG  ;  hence  the  cord  must  assume 

a  direction  perpendicular  to  OG. 

5.  A  heavy  uniform  trap-door,  AB  (Fig. 
132),  is  moveable  about  a  hinge-line  repre- 
senttd  by  A  ;  and  to  the  middle  point,  B, 
of  the  opposite  edge  is  attached  a  rope,  BC, 
the  extremity  C  of  the  rope  being  fastened  to 
the  point  occupied  by  B  when  the  door  is 
horizontal.  Given  the  length  of  the  rope, 
find  the  magnitude  and  direction  of  the  pres- 
sure on  the  hinge-line,  and  the  tension  of  the 
rope. 

Produce  the  line  of  the  rope  to  meet  the 

line   of  action  of  the  weight  in   a  point,    0. 

Then,  since  the  door  is  in  equilibrium  under 

the  influence  of  only  three  forces,  they  must  meet  in  a  point.     Hence 

•the  pressure  on  the  hinge-line  must  pass  through  0,  and  since  the  plane 


Fig.  13' 
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of  the  tension,  T,  and  the  weight,  W,  intersects  the  hinge-liiic  at  A. 
the  pressure,  li,  must  act  through  A  (the  hinge  heing  smooth). 

To  determine"   T,  take  moments  about  li.     Then,  if  p  =  the  per- 
pendicular from  A  on  BC, 

T.p-  W .AD. 

Let  the  angle  BAC  =  2a,  and  let  AB  =  la.     Then  p  =  2rt  cos  a, 
AD  r=  a  cos  2a,  therefore  „ 


Again,  by  tlie  triangle  of  forces  we  have 

R''  =W-+  T-  -  2  r  IF  cos  a  ; 
and  substituting  the  above  value  of  T,  this  gives 


11  =  I  irv'4sin-a  +  sec'o. 

The  values  of  T  and  R  can  be  at  once  found  in  terms  of  the  lengths 

I 
AB  and  BC.     Denoting  the  latter  by  21,  wc  have  sin  a  =  —  >  there- 
fore, &c. 

•  G.  If  in  the  last  example  the  rope,  instead  of  being  attached  to  C, 
passes  over  a  smooth  pulley  at  thit  point,  and  sustains  a  given  weight, 
find  the  position  of  equilibrium,  and  the  pressure  on  the  liingo-line. 

Let  P  be  the  weight  of  the  suspended  mass,  and  0  =  LGAB ;  then 
the  position  of  equilibrium  is  defined  by  the  equation 


and 


K- 


e      P        d      I       ^ 

2-r^''^2-2  =  °' 

:  P^~2PWcos^+W-. 


(1) 


(2) 


Equation  (1)  gives  two  positions  of  equilibrium,  and  since  it  shows 

that  one  of  the  values  of  cos—  is  negative,  one  position  corresponds  to 

a  value  of  6  greater  than  180°.     Such  a  position,  of  course,  supposes 
the     door    capable    of    revolving    freely 
about  its  hinge-line  through   four  right 
angles. 

The  student  will  have  no  difiiculty 
in  representing  the  position  of  the  door 
in  this  case,  or  in  explaining  why  r.o 
linear  magnitude  enters  into  the  equations. 

7.  A  uniform  heavy  bar,  AB,  rests 
against  a  smooth  peg,  P,  and  against  a 
smooth  vertical  wall,  AD  ;  find  the 
position  of  equilibrium  and  the  pressures 
on  the  wall  and  peg. 

This,  so  far  as  it  relates  simply  to  the  position  of  equilibrium,  is 
another  geometrico-statical  problem.     We  have  merely  to  draw  AB  in 
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such  a  manner  that  the  vertical  through  G  and  the  perpendiculars  at 
A  and  P  to  the  wall  and  bar  shall  intersect  in  a  common  point,  0. 

Let  2a  =  the  length  of  the  bar,  and  c  =  tlie  perpendicular  distance 
of  the  peg  from  the  wall.   Then  the  position  must  evidently  be  expressed 

as  a  function  of  -•    Let  Q  ■=■  the  inclination  of  the  bar  to  the  vertical. 
a 


ThenyiP: 


sin  Q 


,  and  AO  = 


c 
sin*  J 


But  A0  =  AG.  sin  0  ;  therefore 


=  o  sin  $, 


sin^^ 
Eesolving  vertically, 

Resolving  horizontally, 


sin  6 


=  (-)^ 
^a-' 


S.sm0=  W, 
ScosO  =  E, 


A>  =  W  ^^ • 


(1) 


(2) 


(3) 


8.  A  tiiangular  board,  BCA  (Fig.  i34\  of  uniform  thickness,  rests 
on  two  smooth  pegs,  P  and  Q,  at  a  given  distance  from  each  other,  in 

the  same  horizontal  line. 
Find  its  position  of  equili- 
brium. 

The  position  of  equilibrium 
will  evidently  be  known  if 
the  inclination  of  AB  to  the 
horizon  is  known. 

Let  this  inclination  be  6 ; 
let  the  angles  of  the  triangle 
be  denoted  by^l,  B,  C ;  let  a 
^=LAMC,  which  the  bisector, 
CM,  of  the  base  makes  with 
the  base  ;  let  CM  =  I,  and 
let  PQ  =  k. 
Then,  since  no  force  is  given  except  the  weight  of  the  board,  0  will 
depend  simply  on  A,  B,  C,  I,  and  k,  and  the  problem  is  geometrical. 
The  reactions  of  the  pegs  P  and  Q  are  perpendicular  to  AC  and  BG, 
respectively,  and  they  must  meet  the  weight  of  the  board  acting 
through  its  centre  of  gravity,  (?,  in  a  point  0.  The  geometry  which 
gives  the  solution  will  express  that 

,-r  CO.  sin  CO  F=Ce.  sin  C(?0.  (1) 

Now,  ^  ' 

LCG0  =  '^  +  6-a,  and  GOV  =  C0Q-70Q;   but  COQ  =z  QPC 

(since  the  quadrilateral  QOPC  Is  inscribable  in  a  circle)  ::=  A  +d ; 
and    rOQ   evidently  =  i?—0  :    thereiore  GOV  =  A-B+20.     Also 
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CO  is  the  diameter  of  the  circle  round  QOPC,  a  circle  in  which  the 
chord  PQ  subtends  at  the  circumference  an  angle  =  C ; 

gin  C      sin  C 


C0  = 


Then,  since  CG  =  ;^  (1)  becomes 

o 


k  sin  {A  - 


■£+2d)  -  -iBinC .cos{a-e), 


(2) 


an  equation  which  determines  d,  and  which  is  easily  solved  graphically 
by  the  method  of  example  30,  p.  83. 

9.  Two  heavy  uniform  rods,  AB  and  BC  (Fig.  135),  are  connected 
by  a  smooth  joint  at  B,  and,  by  means  of  rings  at  A  and  C,  are  also 
connected  with  two  smooth  rods,  AD  and  CD,  fixed  in  a  vertical 
plane.  Find  the  reaction  at  the  joint,  the  pressures  at  the  rings,  and 
the  inclinations  of  the  rods  to  the  vertical  in  the  position  of  equi- 
librium. 


Fig.  135- 


Fig.  136. 


Starting  from  any  point,  0  (Fig.  136),  draw  a  force  diagram  of  the 
system.  Let  Oa  be  parallel  and  proportional  to  the  reaction,  li,  at 
^1 ;  let  ab  represent  P,  the  weight  of  AB:  then  bO  represents  T,  the 
reaction  at  B.  In  the  same  way  let  be  and  cO  represent  Q,  the 
weight  of  BC,  and  ;S'  the  reaction  at  C.  Let  a  and  /3  be  the  in- 
clinations oi  AD  and  DC  to  the  horizon,  6  and  (ji  the  inclinations  of 
AB  and  BC  to  the  vertical. 

Then  we  have  (from  Fig.  136) 


S={P+Q)- 


'sin(a  +  /3)'  ^  ' 

Also  T^  =  P^  —  2PRcoaa  +  Ii',  which,  by  the  substitution  of  the 
value  of  E  from  (1),  becomes 
r»sin2(a  +  /J)  =  F-sin'ia-2P(?sina6in/3cos(a  +  /3)  +  (2^sin^/3.    (3) 
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Again,  0  =  HGB,  and  evidently  (Art  36), 
2  cot  (?  =  cot  AUG- cot  GIIB 

=  cot  a— cot  aJO  (Fig.  136). 


Xow,      cot  ahO  = 


P—liccsa       Pcotl3  —  Qcota 


by  equation  (1). 


(4) 


Jis'ma  P  +  Q 

Hence  cot  0  =  ^M  a-cot/3)  +  2Qcot  a 

2{P  +  Q) 

and  we  find  a  similar  expression  for  cot  (j). 

10.  A  board,  ABC,  ...(Fig.  137).  iu  the  shape  of  a  regular  polygon 

of  n  sides,  rests  at  one  comer,  A,  against  a  smooth  vertical  wall, 
AP,  the  adjacent  comer,  B,  being  attached 
to  the  wall  by  a  string  whose  length  is  equal 
to  the  side  of  the  polygon.  Find  the  position 
of  equilibrium. 

Let  $  be  the  inclination,  BAP,  of  the  side 
AB  io  the  vertical;  and  let  0  be  the  point 
in  which  the  lines  of  action  of  the  normal 
pressure  at  A,  the  weight  of  the  board,  and 
the  tension  of  the  string  meet.  Then,  to 
determine  6,  we  have 

OA  =  AP  tan  0, 
and     OA  z=  AG  cos  0^1 6=  =  AG  sin  GAP, 

.-.     AP  tan  e  =  AG sinGAP. 

: +  0;    and 

2      n 

therefore 


Fig.  137- 

Xow,    GAP  = 

if  a 

=  the  side  AB, 

.IP  =  2fjcos^;  AG  = 

4  sin  0  sin  -  =  cos  ( - 
n             \  Ji 

or 

tan  6  =  -  cot  - 
3        n 

2  cos  GAB' 


This  equation  determines  the  position  of  equilibrium. 

TT*' 

The  pressure  at  A    is  evidently  equal  to  —  cot  -  >  W  being  the 

weight  of  the  board. 

11.  A  heavy  plane  body,  J5C  (Fig.  138),  of  any  thape,  is  suspended 
from  a  smooth  peg,  fixed  in  a  vertical  wall,  by  means  of  a  string  of 
given  length,  the  extremit'es  of  which  are  attached  to  two  fixed  points, 
ii'and  F',  in  the  body.      Determine  the  positions  of  equilibrium. 

Let  the  ellipse  P^P^P,  be  described  with  foci  F  and  F',  and  axis 
major  equal  to  the  length  of  the  string.  The  peg  will  then  be  some- 
where on  this  ellipse,  suppose  at  P„.     Xow,  when  the  body  is  sus- 


lo;.] 


EXAMPLES. 


171 


peiided  from  tlic  peg,  it  is  kept  in  equilibrium  by  its  own  weight 

acting  vertically  through  the  centre  of  gravity,  and  the  two  tensions 

in  P.,F and  ]'.,F'.     But  since  the  peg  is  smooth,  these  tensions  are 

equal,  and  their  resultant  must  bisect  the  angle  FP^F'  \  its  line  of 

action  is,  therefore,  normal  to  the 

ellipse.     And  if  G  is  the  centre  of 

gravity  of  the  body,  the  resultant 

tension  must  pass  through  G,  and 

be    equal    and    opposite     to    the 

weight  of  the   body.     Hence   the 

problem    is     solved    by     drawing 

normals  from  G  to  the  ellipse,  and 

then  hanging  the  figuie  from  the 

peg  in    such    a  manner   that    any  Fig.  138. 

one    of  these   normals  is   vertical. 

Now,  if  G  is  inside  the  evolute,  four  normals  can  ho  drawn  to  the 

ellipse ;    but  it  is  easy  to  see  that  only  three   are  relevant  to  the 

solution  ifCis  inside  the  lower  half  of  the  evolute  (as  in  Fig.  138), 

or  only  one  if  G  is  inside  the  ujiper  half.     For,  the  tangents  drawn  to 

the  lower  half  of  the  evolute  belong  to  the  upper  half  of  the  ellipse  ; 

and  in  order  that  the  strings   should  be  stretched,  it   is  necessary 

that  the  jieg  should  lie  somewhere  in  the  upper  half  of  the  ellipse. 

If  GP^,  GP^,  and  6T3,  are  the  noimals  drawn  from  G,  the  figure  must 

be  placed  in  a  poi-ition  in  which  any  one  of  these  lines  is  vertical. 

12.  A  rod,  whose  centre  of  gravity  divides  it  into  two  segments 
a  and  6,  is  placed  iuside  a  smooth  sphere;  find  the  poi^ition  of  equi- 
librium. 

Ans.  Let  0  be  the  inclination  of  the  rod  to  the  horizon,  and  2a 
the  angle  subtended  by  the  rod  at  the  centre  of  the  sphere ;  then 

a  —  i , 

tan^  = rtan  a. 

a  +  b 

.  1 3.  A  heavy  carriage  wheel  is  to  be  dragged  over  an  obstacle  on  a 
horizontal  plane  by  a  horizontal  force  applied  to  the  centre  of  the 
wheel ;  find  the  magnitude  of  the  required  force. 

Ans.  Let  ir  be  the  weight  and  r  the  radius  of  the  wheel,  h  the 
height  of  the  obstacle,  and  F  the  requisite  force  :  then 


F=  W 


■^2rh-K- 

T-h 


•  1 4.  If  it  be  attempted  to  drag  the  wheel  over  a  smooth  obstacle  by 
means  of  a  force  whose  line  of  action  does  not  pass  thiough  the  centre, 
what  happens  \  Is  the  result  in  last  example  modified  if  there  is 
friction  between  the  wheel  and  the  obstacle  ?    - 

15.  A  heavy  uniform  beam,  AB,  rests  with  one  end,  B,  against  a 
smooth  inclined  plane,  while  the  other  end,  A,  is  connected  with  a 
rope  which  passes  over  a  pul!ey  and  supports  a  given  mass ;  find  the 
position  of  equilibrium. 


t^'Vvn.rf . 
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Am.  If  a,  d,  and  <^.  are  the  inclinations  of  the  plane,  beam,  and 
rope  to  the  horizon,  W  and  P  the  weights  of  the  beam  and  the 
suspended  mass,  respectdvelr,  the  position  of  equilibrinm  is  defined 
by  the  equations  p  cos  (<f.  -  0)  =  IT  sin  a, 

2  tan  6  =  tan  <^  —  cot  a. 

The  student  will  easily  explain  why  no  linear  magnitude  enters 
into  the  result. 

16.  A  rectangular  board  (or  parallelopiped)  is  sustained  on  a 
smooth  inclined  plane  by  a  string  attached  to  its  upper  corner  ;  the 
string  passes  over  a  smooth  pidley  aud  sustains  a  weight.  Find  the 
mapiitude  of  this  weight  corresponding  to  a  given  direction  of  the 
string,  and  find  also  the  pressure  on  the  plane. 

Am.  Let  i  be  the  inclination  of  the  plane,  0  the  angle  made  by 
the  string  with  the  plane,  W  the  weight  of  the  board,  P  the  weight 
of  the  suspended  mass,  and  R  the  {:ressure ;  then 

P  =  W'^;  R=W^i^. 

cos a  cos  0 

17.  Show  that  a  rectangular  board  (or  parallelopiped)  cannot  be 
sustained  on  a  smooth  inclined  plane  by  a  string  attached  to  its  upper 
comer,  if  the  inclination  of  the  plane  is  greater  than  the  angle  made  by 
the  diagonal  of  the  board  with  one  of  the  sides  perpendicular  to  the  plane. 

18.  A  heavy  uniform  beam,  moveable  in  a  vertical  plane  about  a 
smooth  hinge  fixed  at  olc  extremity,  is  to  be  sustained  in  a  given 
position  by  means  of  a  rope  attached  to  the  other  extremity ;  find, 
geometrically,  the  least  value  of  the  pressure  on  the  hinge,  and  the 
corresponding  direction  of  the  rope. 

Ans.  The  least  pressure  on  the  hinge  =  |  TTsino,  TT  being  the 
weight  of  the  beam  and  a  its  inclination  to  the  vertical.  Also  if  $  is 
the  angle  made  by  the  rope  with  the  vertical  when  the  pressure  is  least, 

cot  ^  ^  2  cot  a  +  tan  a. 

19.  A  vertical  post,  loosely  fitted  into  the  ground,  is  exposed  to  a 
uniform  gale  of  wind ;  a  rope  of  given  length  is  to  be  attached  to  the 
post  and  to  the  grotmd ;  find  how  the  attachment  is  to  be  made,  in 
order  that  the  rope  may  be  least  likely  to  break. 

Ans.  If  A  is  the  height  of  the  post  and  if  the  length  of  the  rope 
is  <h^/2,  the  rope  mtist  make  an  angle  of  45"^  with  the  horizon  ;  but 
if  the  length  is  >h\^,  the  rope  must  be  attached  to  the  top  of  the 
post.     (See  example  -1.) 

'  20.  A  heavy  tmiform  bar,  AB,  is  moveable  in  a  vertical  plane  round 
a  sniooth  horizontal  axis  fixed  at  jl  ;  to  the  end  B  is  attached  a  cord 
which,  patsing  over  a  pulley  fixed  at  C  vertically  over  A  sustains  a 
mass  of  weight,  P ;  find  the  position  of  equilibrium. 

Ans.  If  AB  ^  2a,  AC  =  h,  weight  of  bar  =  H',  0  =  inclination 
to  the  vertical,  _  ^r=^  j._^^.„, 

ccs  $  = • 

iabW- 
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21.  A  ladder,  moveable  in  a  rertical  plane  about  one  extremity.  A, 
is  to  be  lowered  into  a  vertical  position  by  means  of  a  rope  attached 
to  a  given  point.  P,  of  the  ladder,  the  rope  pasiing  over  a  pnlley,  C. 
which  is  vertically  above  A  ;  find  the  t^ension  of  this  rope  in  any 
position,  and  sopposing  that  the  rope  will  just  Eostain  a  tension  Q 
withoat  breaking,  find  whether  or  not  it  will  break  in  the  operation 
of  lowering  ".he  ladder. 

J  718.  If  IT  is  the  weight  of  the  ladder,  whose  centre  of  gravity  is 
distant  a  from  A  ;  AC  ■=■  e;  AP  ^b;  CP  =  r  in  any  position  of  the 
ladder ;   T  =  tension  of  rope  in  this  position, 

be 

and  the  rope  will  break  if  Q<  W — . 

be 

22.  A  heavy  bar,  AB,  rests  with  one  extremity,  A.  placed  at  the 

line  of  intersection  of  a  smooth  Lorizontal  and  a  smooth  inclined  plane, 
a  given  point,  C,  in  the  bar  being  attached  to  a  rope  which,  passing 
over  a  smooth  pnlley  at  a  given  point,  L>,  in  the  inclined  plane, 
sustains  a  given  mass,  P;  find  the  position  of  eqtiilibrinm. 

Ane.  Let  d  be  the  inclination  of  the  bar.  a  the  inclination  of 
the  plane,  and  4>  the  inclination  of  the  rope,  to  the  vertical ;  a  the 
distance  of  the  centre  of  gravity  of  bar,  h  the  distance  of  the  pnlley. 
fttim  A  ;  e  ^  AC ;  Tr=  mass  of  bar.  Then  the  position  of  eqoi- 
librium  is  defined  by  the  equations 

Wa  ane  =  Pban  (<^— a), 

csin  (9 — <l>)  =■  6sin(^ — a), 

which  may  be  solved  graphically  thus :  draw  a  line  LM  ■=b;  at  M 

draw  the  line  JUy  making  the  angle  Z  JO"  =  a :  round  L  as  centre 

describe  a  circle  of  raditis  c  ;  ronnd  M  as  centre  describe  one  of  radius 

Pb 

-— — -c:  take  a  point  E  on  this  circle  such  that  if  RL  meets  the 
na 

first  circle  in  Q.  the  perpendicular  from  Ji  on  .V-V  ^  the  perpen- 
dicular from  Q  on  J/Z  ;  then  PJfL  =  4>  and  PLJl  =  0. 

23.  If  the  two  inclined  planes  were  removed,  a  smooth  horizontal 
axis  substituted  at  A.  round  which  axis  the  bar  could  turn,  would  the 
problem  be  in  all  respects  the  same  ! 

24.  A  bar.  AB,  whose  weight  is  negligible,  passes  through  two  fixed 
rings,  C,  I),  which  fit  it  tightly  and  presses  at  its  end  B  against  a 
fixed  surface,  a  given  force,  P,  being  applied  to  the  bar  at  its  end  A 
in  the  direction  AB:  find  the  pressures  on  the  rings  and  on  the 
surface  at  B. 

Am.  If  BC  =  a,  BD  =  h,  1  =  angle  between  AB  and  surfece 
pressed,  3'  =  pressure  at  B,  S  =  pressure  &t  C,  B  =  pressure  at  Z). 

,-       «  .  ~       „fccoti  „        „acott 

3=Pcoseci;         S=P r  ;         E=P ^• 

a — 0  a — o 

25.  A   heavy   uniform  circular  board  is   freely   moveable   in   a 
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vertical  plane  louud  a  horizoutal  axis  fixed  at  a  jioiut  0  on  its  eii- 
cumference  ;  from  two  given  points  ^-1  and  B  on  its  circumference 
two  masses,  P  and  Q,  respectively,  are  suspended ;  find  the  position 
of  equilibrium. 

Ans.  If  C  is  the  centre.  OCO'  the  diameter  through  0,  and  if 
LACO'=  a,  LBCO'=  /i,  6  the  required  inclination  of  OC  to  the 
vertical,  and  11'=:  mass  of  boai'd, 

P sma  —  Q  sin  /3 


tan(?  = 


2i'co&2^  +  2Qcos'|+F 


26.  A  rectangular  board,  ABCD,  of  uniform  thickness,  is  moveable 
in  a  vertical  plane  about  a  smooth  bingo,  P,  in  the  side  AD;  the  side 
AB  is  to  res-t,  at  a  given  inclination  to  the  horizon,  against  a  smooth 
peg,  Q :  find  the  position  of  tliis  peg  when  the  pressure  on  the  liinge 
is  equal  to  the  weight  of  the  hoard. 

Ans.  Let  0  be  the  point  of  meeting  of  the  forces  which  keep 
the  board  in  equilibrium,  and  G  the  centre  of  gravity  of  the  board. 
Tiien  QO  must  bisect  the  angle  POG.  Hence  fnmi  P  draw  a  line, 
PO,  making  the  same  angle  with  the  side  AB  as  AB  makes  with  the 
vertical ;  and  from  the  point,  0,  of  intersection  of  this  line  with  the 
vertical  thi-ough  G  draw  a  perpendicular,  OQ,  on  AB.  This  deter- 
mines Q. 

27.  Find  the  position  of  the  peg  when  the  pressure  on  it  is  equal 
to  the  weight  of  the  board,  the  inclination  being  fixed. 

Ans.  Let  PH  be  the  liorizontal  line  through  P  meeting  AB 
in  //;  produce  All  to  K  so  that  UK  =  IIP ;  then  KP  is  the  direc- 
tion of  pressure  on  hinge ;  therefore,  &c. 

28.  A  beavy  body  of  any  foitn  is  moveable  round  a  smooth  axis 
perpendicular  to  the  vertical  plane  passing  through  the  centre  of 
gravity,  and  is  sustained  in  a  given  pos-ition  by  a  roj)e  whose  weight 
may  be  neglected.  If  the  i^retsure  on  the  axis  Ijears  a  constant  ratio 
to  the  weight  of  the  body,  prove  that  the  direction  of  the  rope  must 
be  a  tangent  to  a  conic  who.'e  directrix  is  the  vertical  line  through  the 
centre  of  gravity,  and  focus  the  point  in  which  tlie  axis  of  suspension 
cuts  the  above-mentioned  vertical  plane. 

If,  in  the  last  example,  QO  be  the  direction  of  the  roj)e,  the  ratio 

-; —  is  given,  and  the  envelope  of  QO,  as  the  direction  PO  varies, 

is  a  conic  whose  focus  is  P,  directrix  GO,  and  eccentricitythe  given  ratio. 

29.  In  example  26,  if  the  hinge  is  at  the  corner  A,  and  the  po.sition 
of  the  peg  is  given,  find  the  magnitude  of  the  pressure  on  the  hinge. 

Ans.  Let  c  =  half  the  length  of  the  diagonal,  a  =  angle  between 
the  diagonal  and  the  side  AB,  x  =  the  distance  of  peg  from  A,  ji  =^ 
inclination  of  AB  to  the  vertical ;  then  the  pressure  on  the  hinge  is 


\/.r^  -  2  c.r  sin /3 sin  (a  4- /i ) -I- cViir  (a -)- /S) 
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Fig.  139- 


30.  In  the  latt  example,  find  the  position  of  the  jieg  when  the 
pressure  on  the  hinge  is  a  minimum,  and  tlie  mliiinium  vakie. 

Alls.  At  the  point  in  Ali  vertically  under  the  centre  of  gi-avitj' 
on  the  board.     The  minimum  pressure  =  K'cos/i. 

It  is  easilj'  seen  that  if  the  hinge  is  anywhere  along  the  side  AD, 
the  pressure  on  it  will  be  least  when  the  direction  of  this  pressure  is 
parallel  to  AB.  [  By  triangle  of  forces.] 
Hence  the  position  of  the  peg. 

31.  A  rectangular  board  of  uniform 
thickness  rests  in  a  vertical  plane, 
with  two  of  its  adjacent  sides  in  contact 
with  two  smooth  pegs  in  the  same 
horizontal  line ;  find  the  position  of 
equilibrium. 

Ans.  If  P  and  Q  (see  Fig.  134)  be 
the  two  pegs,  ('A  and  CJi  the  sides  in 
contact  with  F  and  Q,  respectively,  a 
the  angle  made  by  the  diagonal  CD 
with    t'B,    6   the    inclination    of    this 

diagonal  to  the  horizon,  c  half  the  length  of  the  diagonal,  and  I  the 
distance  FQ,  the  position  of  equilibrium  is  given  by  the  equation 

c  cosO  =  I  cos  2  {6  —  a), 

which  is  solved  graphically  by  the  aid  of  two  circles,  as  in  example 
30,  p.  83. 

32.  A  triangidar  board  (or  prism),  ABC  (Fig.  139),  of  uniform 
thickness,  is  placed  with  its  base  on  a  smooth  inclined  plane,  its 
vertex  being  connected  with  a  string  which  passes  over  a  smooth 
jjuUey  and  sustains  a  weight.     Find  the  conditions  of  equilibrium. 

Ans.  As>umiug  the  inclination  of  the  plane  to  be  fixed,  the 
string  must  take  such  a  direction  that  the  perpendicular  let  fall  on 
the  plane  from  the  point  of  intersection  of  the  string  with  tlie  vertical 
line,  Gm,  through  the  centre  of  gi-avity  of  the  board,  falls  inside  the 
base.  Hence,  if  Bp  be  the  perpendicular  at  the  extreme  point  of  the 
base,  and  if  the  string  cannot  cross  the  surface  of  the  board,  all 
possible  directions  of  the  string  are  included  between  Cm  and  Cp. 
Again,  supposing  the  string  to  have  a  direction,  Cn,  consistent  with 
the  possibility  of  equilibrium,  the  weight  F  and  the  reaction  of  the 
plane  arc  thus  found  :  From  ?i  let  fall  a  perpendicular  on  AB,  meeting 
it  in  a  point,  q,  suppose.  Then  qn  is  the  line  of  action  of  the  reaction 
on  the  plane  :  and,  resolving  along  the  plane,  we  have  IF  sin  i  =  Fcoa  9, 
i  being  the  inclination  of  the  plane,  and  6  the  angle  which  the  string 
Cn  makes  with  the  plane.  This  equation  determines  the  magnitude 
of  F  corresponding  to  the  direction,  Cn,  of  the  string.  If  F  is  a  little 
greater  than  the  value  thus  found,  tiie  board  will  begin  to  slip  up,  and 
if  P  is  less  than  this  value,  the  board  will  begin  to  slip  down  the  plane. 

33.  If  in  the  last  example  the  string  is  parallel  to  the  plane,  find 
the  greatest  inclination  of  the  plane  consistent  with  equilibrium. 

Ans.  Tan-'(^cot4  +  cot£). 
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34.  If  in  the  same  example  the  string,  instead  of  jaassing  over  a 
pulley  and  sustaining  a  weight,  is  knotted  to  a  fixed  peg,  how  are  the 
previous  conditions  of  equilibrium  modified? 

Ans.  The  only  condition  to  be  satisfied  is  that  which  has 
reference  to  the  direction  of  the  string.  This  direction  must  be 
somewhere  between  Cm  and  Cp. 

35.  If  a  rectangular  picture  be  hung  from  a  smooth  peg  by  means 
of  a  string,  of  length  2a,  attached  to  two  points  symmetrically  placed 
at  a  distance  2  c  from  each  other  on  the  upper  side  of  the  frame,  show 
that  the  only  position  of  equilibrium  is  one  in  which  this  side  is 
horizontal    if    the    adjacent    side    of    the   frame    is    gi-eater    than 

2  c' 

36.  A  rod  whose  centre  of  gravity  is  not  its  middle  point  is  hung 
from  a  smooth  peg  by  means  of  a  string  attached  to  its  extremities  ; 
find  the  positions  of  equilibrium. 

Ans.  There  are  two  positions  in  which  the  rod  hangs  vertically, 
and  there  is  a  third  thus  defined  :  let  F  be  the  extremity  of  the  rod 
remote  from  the  centre  of  gravity,  k  the  distance  of  the  centre  of 
giavity  from  the  middle  point  of  the  rod,  2a  the  length  of  the  string, 
and  2c  the  length  of  the  rod  ;  then  measure  on  the  string  a  length  FP 

from  F  equal  to  a(l  +  -j,  and  place  the  point  P  over  the  peg.    This 

will  define  a  third  position  of  equilibrium. 

37.  A  bar,  I>C,  moveable  round  a  smooth  horizontal  axis  at  a  point 
A  in  it,  has  a  cord  attached  to  its  upper  end  Jl,  the  other  end  of  the 
cord  being  fixed  at  a  point  D  in  the  horizontal  line  through  A  ; 
the  cord  carries  a  small  ring,  capable  of  sliding  freely  along  it,  from 
which  a  given  mass,  P,  is  suspended ;  find  the  position  of  equi- 
librium. 

Ans.  Let  6  =  inclination  otBC,  and  </>  =  inclination  of  cord  at  Z), 
to  the  horizon  ;  W  ^=  weight  of  bar  whose  centre  of  gravity  is  distant 
a  from  A  ;  BA  =  I ;  DA  =  c;  1  =  total  length  of  cord.     Then 

,     ,       ^  tan  5        2Wa-Pb 

0  cos  0  +  1  cos  d)  =  c  ; = =r5 > 

tan  4)  Pb 

which  at  once  give  0  and  (/)  by  the  intersection  of  a  right  line  with  a 
quasi-magnetic  curve  (see  p.  55). 

38.  A  heavy  regular  polygon  of  any  number  of  sides  is  attached 
to  a  smooth  vei'tical  wall  by  a  string  which  is  fastened  to  the  middle 
point  of  one  of  its  sides;  the  plane  of  the  polygon  is  vertical  and 
perpendicular  to  the  wall,  and  one  end  of  the  side  to  which  the  string 
is  attached  rests  against  the  wall.  For  a  given  position  of  the  poly- 
gon, find  the  requisite  direction  of  the  string,  and  show  that  in  all 
positions  of  equilibrium  the  tension  of  the  string  and  the  pressure  on 
the  wall  are  constant. 
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Ans.  Let  A  be  the  vertex  of  the  polygon  in  contact  with  the 
wall,  G  the  centre  of  gravity,  0  the  point  in  which  the  weight  and 
the  reaction  of  the  wall  meet,  and  J/ the  middle  point  of  the  fide  to 
which  the  string  is  attached.  Then  the  direction  of  the  string  is  OM, 
and,  the  quadrilateral  GOMA  being  inscribable  in  a  circle,  the  angle 
between  the  string  and  the  vertical  is  constant  and  equal  to  half  the 
angle  of  the  polygon. 

39.  A  square  board  rests  with  one  corner  against  a  smooth  vertical 
wall,  the  adjacent  corner  being  attached  to  the  wall  by  a  string  whose 
length  is  equal  to  the  side  of  the  board;  prove  geometrically  that  the 
distances  of  the  corners  from  the  wall  are  proportional  to  1,  3,  and  4. 

40.  One  end,  A,  of  a  Jieavy  uniform  bar  rests  against  a  smooth 
horizontal  plane,  and  the  other  end,  B,  rests  against  a  smooth  inclined 
plane ;  a  cord  attached  to  B  passes  over  a  smooth  pulley  situated 
in  the  inclined  plane,  and  sustains  a  given  mass ;  fiud  the  position 
of  equilibrium. 

Let  0  be  the  inclination  of  the  bar  to  the  horizon,  a  the  inclination 
of  the  inclined  plane,  W  the  weight  of  the  bar,  and  P  the  weight 
of  the  suspended  mass  ;  then  the  position  of  equilibrium  is  defined  by 
the  equation  ^^^  q  ^ j,.^^^  a-2P)=  0.  (1) 

Hence  we  draw  two  conclusions: — 

(a)  If  the  given  quantities  satisfy  the  equation  ITsin  a—2P=  0, 
the  bar  will  rest  in  all  positions. 

ill)  There  is  one  position  of  equilibrium,  namely,  that  in  which 
the  bar  is  vertical ;  but  this  position  will  be  impossible  unless 

P>Trsina. 

This  position  requires  that  both  jjlanes  be  conceived  as  prolonged 
through  their  line  of  intersection. 

41.  A  uniform  beam,  AB,  moveable  in  a  vertical  plane  about  a 
smooth  horizontal  axis  fixed  at  one  extremitj-,  A,  is  attaclied  by 
means  of  a  rope  BC,  whose  weight  is  negligible,  to  a  fixed  point,  C, 
in  the  horizontal  line  thi-ough  A  ;  show  that  as  the  point  C  varies, 
the  position  of  the  beam  being  always  the  same,  the  magnitudes  and 
lines  of  action  of  the  pressure  on  the  axis  will  be  represented  by  lices 
drawn  from  4  to  a  certain  right  line  parallel  to  AB ;  and  if  the 
position  of  the  beam  varies,  while  AC  is  always  equal  to  AB,  find  the 
curve  whose  radii  vectores  will  represent  the  pressure  on  the  axis. 

42.  A  thin  hemispherical  bowl  of  uniform  tbiclvness  rests  on  a 
horizontal  plane,  and  a  uniform  bar  rests  partly  inside  and  pai-tly 
outside  the  bowl,  being  entirely  supported  by  it ;  find  the  position  of 
equilibrium.     (College  Examination,  Cambridge,  1887.) 

Alls.  If  ir  =  weii:ht  of  bowl,  v:  —  weight  of  bar,  r  —  radius  of 
bowl,  2  rt  =  length  of  bar,  Q  =  inclination  of  bar,  and  4>  =  inclination 
of  the  plane  of  the  rim  of  the  bowl  to  the  horizon, 

W 

acosS  =  2rcos(29  +  (/))  =  — rsint^,  (a) 

VOL.  I.  N 
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which   give   the    following   construction   for   6:  on    AB(:=2a)   as 

diameter  describe  a  circle,  centre  C ;  on  the  diameter,  CD,  perpeu- 

w 
dicular  to  AB  take  D  such  that  CD  =  —  .  a  ;  then  if  F  is  the  point 

on  the  circle  such  that    DP.cosO  =  2r,  where  6  =  /.PAB,  this  is 
the  required  angle.     It  is  obvious  that 

AP.DF  =  iar, 

which   shows  that  F  is  a  point  of  intersection  of  the  circle  with  a 

Cassinian   Oval  whose   foci   are   A   and   D,   its  equatiou  referred  to 

them  beiuff  /        . 

o  pp  =  iar. 

Obtain  by  the  aid  of  circles  alone  a  graphic  representation  of  both 
the  unknown  angles  in  equations  (a). 


CHAPTER  VTT. 

THE    EQUILIBRIUM    OF    SYSTEMS    DEDUCED    FROM    THE    PRINCIPLE 
or    VIRTUAL    WORK.       [cOPLAJsAR    FORCES.] 

108.]  Theorem.  If  a  particle  in  cf|nili]irium  under  the  action 
of  any  forces  be  Constrained  to  maintain  a  fixed  distance  from  a 
given  fixed  point,  the  force  due  to  the  constraint  (if  any)  is 
directed  towards  the  fixed  point. 

Let  B  be  the  particle,  and  A  the  fixed  point.  Then  the 
string  or  rigid  rod  which  connects  B  with  A  may  be  removed  if 
we  enclose  the  particle  in  a  smooth  circular  tube  whose  centre 
is  A  ;  for  evidently  the  preservation  of  the  constancy  of  the 
distance  AB  receives  sufiicient  expression  in  this  manner.  Now, 
in  order  that  B  may  l)e  in  equilibrium  inside  the  tube,  it  is 
necessary  that  the  resultant  of  the  forces  acting  upon  it  should 
be  normal  to  the  tube,  i.  e.,  directed  towards  A. 

CoR.  \.  \i  A  and  B  be  two  particles  in  equilibrium,  con- 
nected by  a  rigid  rod  whose  weight  is  neglected,  the  reactions  of 
A  and  B  on  the  rod  are  two  forces  equal  in  magnitude  and 
opposite  in  direction. 

CoR.  2.  If  any  body  be  in  equilibrium  under  the  action  of  two 
forces  only,  these  forces  must  be  equal  and  opposite  in  the  same 
right  line. 

CoR.  3.  If  a  particle  in  equilibrium  under  the  action  of  any 
forces  is  constrained  to  maintain  a  fixed  distance  from  each  of 
a  number  of  other  particles  or  points,  the  forces  corresponding  to 
these  constraints  are  directed  in  the  right  lines  joining  the 
])article  to  each  of  the  other  particles  or  points. 

This  is  evidently  true  whether  the  invariable  distances  are 
maintained  by  straight  rigid  bars  or  by  crooked  bars. 

109.]  System  of  Particles  rigidly  connected.  Let  there  be 
any  number  of  particles,  m^,  m„,  m^,  ...  (Fig.  140),  each  acted  on 
by  any  forces,  and  connected  with  the  others  in  such  a  way  that 
the  figure  of  the  system  is  invariable. 
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Then,  by  the  last  Article,  the  force  proceeding'  from  the 
connection  of  m-^  and  m.^  is  in  the  line  Wj  ?«2  >  which  we  may 
imagine  to  be  a  rigid  bar.  Let  this  force  be  denoted  by  T-^.^. 
Similarly,  let  the  forces  in  the  bars  m.^  m^  and  m^  m^  be  denoted 
by  T„3  and  T^^  respectively.  These  internal  forces  may  tend 
either  to  increase   the  distances  between  the  particles   or    to 


Fig.  140. 

diminish  them.  In  the  figure  we  have  supposed  the  latter  to 
be  the  case,  but  the  result  will  be  the  same  if  the  former  sup- 
position is  made. 

Imagine  that  the  system  is  slightly  displaced  so  as  to 
occupy  the  position  abc.  Now,  it  has  been  already  proved 
(Art'.  71)  that  the  equation  of  virtual  work  for  two  particles 
rigidly  connected  will  not  involve  the  force  due  to  the  connection ; 
but,  for  clearness,  we  reproduce  the  proof  here. 

Let  fall  the  peqjendiculars  aa^  and  aa^  on  the  lines  m^m^ 
and  m^vi.^  ;  Ih^  and  Ib^,  on  w^ '"3  ^^"^  '''i'"2  '■<  ^^1  ^^^  ^^2  ^n  w^v'^s 
and  Tn^fHy  Let  the  sum  of  the  virtual  works  of  the  external 
forces  (not  including  T^,  and  T^^)  acting  on  i//.^  be  denoted  by 
2Fdji,  and  let  '2Qhq  and  2-ff8r  denote  similar  quantities  for  ?//, 
and  w/3.     Then  the  equation  of  virtual  work  for  m^  is  evidently 

2Pbj.  +  T,.,.m,a,  +  T,,.m,a,=  0;  (l) 


that  for  m.j.  is 


2Qbq-Ti.,.  m.^b^  +  T.,^  .m^ij^  =  0;  (2) 


and  that  for  t>i^  is 


2 i?8  ;■  -  r,3  .  n,^  c, -  T.,^  .  m^  q  =  0.  (3) 

Now  (Art.  69)     m-^a^  —  m.^b,  ;  m^a.,  =  m^e.^;  M.,i^  —  m^Cy 
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Hence,    by   addition,    the   internal    forces    disappear,    and    the 
equation  of  virtual  work  for  the  whole  system  is 

I.Phj>  +  ^Qbq  +  2Bbr  =  0, 
or  2{Pbj}+Qbq  +  Mr)=0.  (4) 

The  same  result  is  evidently  true,  whatever  be  the  number  of 
particles  forminj^  the  system ;  and  it  is  well  to  note  that  we 
have  been  enabled  to  obtain  equation  (4)  connecting  the  external 
forces  acting  on  the  system,  by  choosing  a  viiinal  displacement 
comjMtille  with  the  geometrical  comlitions  of  the  si/stem,  that  is, 
in  the  present  case,  a  virtual  displacement  which  allows  the 
mutual  distances  oT  the  particles  to  remain  unaltered  ;  or,  again, 
such  a  virtual  displacement  as  might  he  an  actual  one  ;  for  the 
system  could  actually  occupy  the  position  atjc. 

110.]  Elimination  of  the  Internal  Forces  of  a  System.  By 
the  Internal  Forces  of  a  sy:^tem  it  is  already  sufficiently  clear 
that  we  mean  forces  proceeding  from  the  internal  connections  of 
the  parts  of  the  system  among  themselves.  Such  forces  are 
directed  from  particle  to  particle,  and  will  contribute  nothing  to 
the  equation  of  virtual  work  of  the  system,  if  in  the  virtual 
displacement  the  distance  between  every  two  particles  remains 
the  same  as  before. 

It  is  evident  that  if  the  virtual  displacement  violates  any 
geometrical  condition  of  the  system,  the  corresponding  internal 
force  will  appear  in  the  equation  of  ATj-tual  work.  Thus,  if  in 
Fig.  140  the  distance  atj  is  not  equal  to  the  distance  between  Wj^ 
and  '/«2,  we  shall  have  by  addition  the  term 

or  —T^^.b{rn^w.),, 

where  b  (wj  m.^  denotes  the  change  or  variation  of  the  distance 
between  m.^  and  w,^. 

111.]  General  Equation  of  Virtual  Work  for  Forces  acting 
in  one  Plane  on  a  Rigid  Body  *.     If  the  particles  ;«, ,  w^,  m^ , ... 


*  We  formally  confine  the  discussion  for  the  present  to  Rigid  Bodies, 
although  it  is  clear  from  last  Article  that  what  follows  is  applicable  to 
systems  such  as  freely  articulated  bars  which,  without  being  rigid  systems, 
satisfy  certain  geometrical  conditions  that  are  not  violated  in  the  virtual 
displacement ;  and  it  is  equally  clear  that  these  conditions  may  he  violated 
if  we  include  in  our  equations  the  work  of  internal  forces. 
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form  a  continuous  body,  on  which  forces  P^,  P.,,  P^, ...  act  in  one 
plane  at  different  points  A^,  A.,,  Aj,  ...  of  the  system  (Fig.  141), 


f/ie  condition  necegsary  and  svfficieid  for  the  eqitilibrium   of  (he 

nystem  h  that  the  mm  of  the  virtual  works  of  the  given  forceii  is  equal 

to  zero  for  every  virtual  displacement  which  violates  none  of  the 

geometrical  cotnlitions  of  the  system. 

For  we  have  seen  (Art.  67)  that  the  condition  necessary  and 

sufficient  for  the  equilibrium  of  any  one  particle  of  the  system 

is  the  vanishing-  of  the  virtual  work  of  all   the  forces  acting 

upon  it,  the  internal  forces  proceeding  from  the  connection  with 

the   other  particles  of  the   system  being,   of  course,  included, 

as  in  equations  (1),  (2),  (3)  of  Art.  109.     Expressing  thus  the 

conditions  for  the  equilibrium  of  all  particles  of  the  system,  and 

adding  the  results,  there  remains  for  the  condition  of  equilibrium 

the  equation       ,  ^  ^ 

P,  hp,  +  P,8/;,,  +  PaS/^a  +  . . .  =  0,  ( 1 ) 

into  which  no  internal  force  enters. 

Conversely,  if  the  sum  of  the  virtual  works  of  the  forces 
vanishes  for  every  virtual  displacement,  the  system  is  in  equi- 
librium. 

For,  if  it  is  not,  it  will  take  a  determinate  motion,  each  point 
of  the  system  describing  a  certain  line  in  virtue  of  its  con- 
nections with  the  other  points.  Now,  this  motion  will  be  in  no 
way  interfered  with  if  we  introduce  new  connections  which 
render  it  the  only  motion  possible  for  the  system.  Under  the 
new  circumstances  it  is  clear  that  if  we  prevent  the  motion  of 
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any  one  point,  we  prevent  the  motion  of  the  system.  Suppose 
the  motion  of  the  point  A  to  be  stopped  by  the  application  of  a 
force,  F,  in  t!ie  direction  A'A,  A'  being  the  point  to  which  A 
moves.  Now,  equilibrium  exists  under  the  action  of  (a)  the 
given  external  forces,  (/3)  the  ncwlv-introdueed  geometrical  con- 
nections, and  (y)  the  force  /';  hence  the  sum  of  the  virtual  works 
of  these  forces  =  0  for  every  displacement.  Choose  that  dis- 
])laccmcnt  which  the  system  is  supposed  actually  to  undergo 
when  the  force  Fis  not  applied  at  A.  Now,  by  the  last  Article, 
since  none  of  the  geometrical  conditions  (/3)  are  violated  by  this 
displacement,  the  fosccs  proceeding  from  them  will  do  no  work. 
Hence  the  equation  of  work  is 

2Pbj)-F.AA'=0, 

where  2Pbp  denotes  the  virtual  work  of  the  given  acting  forces. 
But,  by  hypothesis,  5!  P  6;;  =  0  for  eveiy  displacement,  and  there- 
fore for  this  one  ;  hence  F.  A  A'  =  0,  i.  e.  either  A  A'  =  0,  or 
F=  0,  either  of  which  signifies  that  no  motion  of  the  system 
takes  place.     Hence  the  system  is  in  equilibrium. 

In  Fig.  141,  «,,  a.^,  a^,  ...  are  supposed  to  be  virtual  positions 
of  the  points  of  application  of  the  forces  P, ,  Pg'  -^s  •  •  ■  • 

112.]  Remarks  on  the  Equation  of  Virtual  Work.  Equation 
(1)  of  last  Article,  though  utr'ictlij  true  in  the  case  of  forces 
acting  on  a  particle,  is  not  so  when  these  forces  are  applied  at 
points  in  a  body  of  finite  extension,  or  to  a  system  of  particles 
connected  in  any  manner.  In  fact,  the  internal  forces  of  the 
system  have  been  ebminated  from  equations  (1),  (2),  and  (3)  of 
Art.  109,  by  assuming  that  WjiZg  — m,*,  =  0.  Now,  we  know 
that  this  quantity  is  not  strictly  equal  to  zero,  but  equal  to  an 
infinitesimal  of  the  second  order,  if  the  angular  displacement  of 
the  line  m^m,^  is  regarded  as  an  infinitesimal  of  the  first  order. 
It  is  more  correct,  therefore,  to  say  that  for  the  equilibrium  of 
a  body  the  virtual  work  of  the  applied  forces  is  an  infinitesimal  of 
the  second  order,  if  the  greatest  displacement  in  the  system  is  re- 
garded as  an  infiniiesimal  of  the  first  order. 

113.]  Groneral  Uniplanar  Displacement  of  a  Rigid  Body. 
Since  the  general  condition  of  equilibrium  of  a  rigid  body  re- 
quires the  vanishing  of  the  \'irtual  work  of  the  acting  forces  for 
every  virtual  displacement  which  could  be  an  actual  one,  it  is 
evidentlv  necessarv  to  investigate  all  the  kinds  of  displacement 
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which  sudi  a  body  could  undergo.  Now,  e\"idently,  the  position 
of  a  right  line  is  known,  if  the  positions  of  any  two  of  its  points 
are  known ;  and  also  the  position  of  any  body  is  knowm,  if  the 
positions  of  any  three*  of  its  points  which  are  not  in  directum 
are  knowTi.  Hence,  to  investigate  the  displacements  to  which 
a  rigid  body  may  be  subject,  it  is  suflBcient  to  determine  the 
general  displacements  of  a  system  formed  of  three  points. 

In  Fig.  140  let  such  a  system  be  m^m^m.^,  and  let  abc  be  any 
displacement  whatever  of  this  system  in  its  own  plane.  Then 
it  is  clear  that  if  we  moved  m^  into  the  position  a,  and  then  got 
m.^  into  the  position  I,  the  remaining  point,  w,,  would  take  up 
the  position  c.  This  follows  from  Prop.  VII  of  the  first  book  of 
Euclid.  Now  what  is  necessary  to  move  the  line  Wj  )n„  into  the 
position  al  ?     Two  things  are  necessary — 

(a)  The  point  »«i  must  be  moved  up  to  a,  by  a  simple  motion 
of  frail sht ion  ;  and 

(^)  \Vhen  this  is  done,  the  line  m^m^  must  be  rotated  about 
(7  so  as  to  bring  m,  into  the  position  h.  This  second  motion  is 
called  a  tnotion  of  rotation. 

If  we  suppose  that  in  the  first  motion  (a)  the  line  m^m^  is 
moved  parallel  to  itself,  while  %  is  moved  to  a,  the  subsequent 
motion  of  rotation  which  brings  n.,  into  the  position  b  will  be 
a  small  one,  the  position  ale  being  only  slightly  different  from 

Hence — ^'  a  rigid  bodi/  receives  any  displacement  parallel  to  a 

fxed  plane,  it  may  he  brought 
from  its  old  into  its  new  posi- 
tion by  (a)  a  motimi  of  trans- 
lation which  has  the  satne 
magnitude  and  direction  for 
all  its  points,  and  (/3)  a 
motion  of  rotation  which  has 
also  the  same  angular  viagni- 
tude  and    sense  for  all  its 

points. 
Fig.  143.  ,^         .      _,. 

Thus,  m  rig.  143,  by  the 

motion  of  translation  common  to  all  the  points,  w,  is  canied  to 

*  If,  as  in  the  present  chapter,  the  displacement  is  made  parallel  to  one 
plane,  the  positions  of  tico  points  will  sufSce.  We  use  the  term  uniylanar  to 
signify  '  confined  to  one  plane.' 
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a,  while  m^  is  carried  to  I',  and  Wj  to  c,  the  lines  m^7n^,  m^m^, 
and  liiiM^j  being  carried  parallel  to  themselves  to  ah',  h'c,  and 
ae',  respectively.  Then,  by  the  motion  of  rotation  ah'  is  turned 
round  to  ah,  and  c'  is  made  to  coincide  with  c. 

114.]  Reduction  of  Displacement  to  Rotation.  Every  uni- 
planar  displacement  of  a  rigid  body  can  be  produced  by  rotation 
simply.  For,  let  m-^m^m^  be  one  position,  and  ahc  any  other 
position,  of  the  body,  a,h,c  being-  the  displaced  positions  of  Wj, 
III.,,  m.j,  respectively.  Draw  a  perpendicular  to  the  line  w/jfl  at 
its  middle  point,  and  a  perpendicular  to  m^h  at  its  middle  point, 
and  let  thise  two  perpendiculars  intersect  in  /.  Then  m^m.,m.^ 
can  be  brought  into  the  position  ahc  by  a  pure  rotation  round  /. 
For,  comparing  the  triangles  rn^Im^  and  alh,  we  see  that,  since 
the  three  sides  of  the  one  are  equal  to  the  three  sides  of  the 
other,  the  angles  Wj  la  and  m.^  Ih  are  equal.  Hence,  if  the  body 
is  rotated  round  /  through  the  angle  m^  la,  so  as  to  bring  m^  by 
a  circular  arc  to  a,  this  rotation  will  bring  m^  to  I,  and  therefore 
every  other  point  of  the  body  to  its  proper  disjjlaced  position. 
If  the  displaced  position  is  very  close  to  the  original  position, 
instead  of  bisecting  m-^a  and  m.^h  and  erecting  perpendiculars, 
we  may  erect  these  perpemliciilars  at  ?«j  and  dk,  to  the  directions, 
m-^^a,  m^b,  of  the  displacements  of  vi^  ami  m^.  In  this  case  the 
point  /  is  called  in  Kinematics  the  Instantaneous  Centre  of 
rotation  of  the  bod}'. 

A  displacement  of  translation  is  one  such  that  the  centre  of 
rotation  is  at  infinity. 

115.]  Virtual  Work  corresponding  to  a  Virtual  Motion  of 
Translation.    Let  a  i-igid 
body   (Fig.    143)    be    in 
equilibrium     under     the 
action   of  any   forces  in 
one  plane,  P,,  -Pj.  -^31  ••■. 
and     let    the    body    be 
imagined    to    receive    a 
motion      of     translation 
parallel  to   an   arbitrary 
line,     Ox,    whereby    the 
points,  A-^,   J 2,   A^,   ...,    of  application  of  the  different  forces 
receive  virtual  displacements,  ^i«i,  ^2 "2'  -^z^S'  ■••>  ^^^  parallel  to 
Ox,  and  equal  to  a.     Then  (Art.  5  7),  the  virtual  work  of  the 


Fig.  143- 
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force  Pj  is  ax  projection  of  Pj  along  0^.  Let  the  projection 
of  Pi  along  Ox  be  X^:  then  the  virtnal  work  of  Pj  is  aJj. 
Similarly,  if  A'^,,  A3,  ...,  be  the  components  of  Pg,  P3,  ...  along 
Ox,  the  virtual  works  of  these  forces  will  l>e  aX,  aXj,  ... 
Hence  the  equation  of  virtual  work  is 

a(Ji  +  X2  +  X3+...)  =  0, 
or  a2J=0.  (l) 

Consequently,  since  a  is  arbitrary-,  we  have 

2X=0.  (2) 

Hence — For  the  equUibrimn  of  a  rigid  hody  it  ?'«  necesnary  that 
the  gum  of  the  components  of  the  acting  forces  along  every  arbitrary 
right  line  shall  be  zero. 

This  condition  is  not  sufficient,  since  every  virtual  displace- 
ment of  a  l)ody  is  not  one  of  translation  alone. 

116.]  Virtual  Work  corresponding  to  a  Motion  of  Kota- 
tion.     Let  several   forces,  Pj,  P.,,  P3, ...   (Fig.    144),    act    on 

a  body  at  points  A^,  A2,  A^,..., 
and  suppose  that  the  body  is  rotated 
through  a  small  angle  =  u>,  round 
an  axis  perpendicular  to  the  plane 
of  the  forces  through  an  arbitrary 
point,  0.  Then  the  points  A^,  A.,, 
J3,  ...will  describe  small  circular 
arcs,  ^i^i,  AoO.,,  A^a^,...  having 
0  as  their  common  centre,  and 
subtending  the  same  angle  co,  at  0. 
Let  0^  be  the  angle  between  OA^ 
and  the  direction  of  P,.  Then,  evidently,  the  projection  of  A^a^ 
on  the  direction  of  Pj  is  Aj^a^ .  sin  dj.  But  A^a^  =  to  .  OA^ ; 
therefore  the  virtual  work  of  Pj  is 

oiPj.  OA^  sin  e^. 
If  pj^  =  the  perpendicular,  Oq-^,  from   0  on  the  line  of  action 
of  P, ,  this  is  evidently  p 

Similarly,  the  virtual  work  of  P,  is  oiP^.p.,,  and  that  of  P3  is 
—  toPg  .j}^ .     Hence  the  equation  of  \-irtnal  work  is 

(o{PiP,  +  P^P2-PsP3+...)=0,  (1) 

or  2P/;  =  0.  (2) 


O' 
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But  the  ])roduct  of  a  force,  P,  and  the  perpendicular,  /;,  let 
fall  u]!on  it  from  the  point  0,  is  the  moment  of  the  force  with 
respect  to  the  point  0,  or  rather  with  respect  to  an  axis  through 
0  perpendicular  to  the  plane  of  the  figure. 

Hence,  equation  (2)  asserts  that  for  equilibrium  the  sum  {wilh 
their  proper  mtjufi)  of  the  mometita  of  the  forces  with  respect  to  any 
poitit  in  their  plane  is  zero. 

As  regards  the  signs  to  be  given  to  the  moments,  i'l/'i,  P^.Pi.i  ■■• 
of  the  forces,  we  see  that — 

Those  forces  whieh~  tend  to  rotate  the  hody  in  the  same  sense 
round  the  point  0  give  virtual  work  of  the  same  sign,  and  therefore 
hare  moments  of  the  same  sign  with  respect  to  0. 

Thus,  in  Fig.  144,  the  forces  Pj  and  P2  tend  to  tiu-n  the  body 
round  0,  in  a  sense  opposite  to  that  of  watch-hand  rotation, 
while  P.,  tends  to  turn  it  in  the  opposite  sense.  Hence,  in 
the  Equation  of  iloments,  as  the  equation 

'S.Pp=  0 

is  called,  Pi2h  ^^^  ■^'iP:.  ''"^'^  ^'^^  same  sign,  and  P,;'.j  has  an 
oi)posite  sign. 

Since  (Art.  114)  every  imiplanar  displacement  of  a  rigid  bodj' 
can  be  produced  by  a  rotation,  and  since  a  rotation  gives  an 
equation  of  virtual  work  which  is  simply  one  of  moments  roimd 
the  corresponding  centre  of  rotation,  it  is  clear  that  the  necessary 
and  sufficient  conditions  of  equilibrium  of  a  system  of  co])lanar 
forces  acting  on  a  rigid  body  are  exhausted  in  the  statement — ■ 
the  sum  of  the  moments  of  the  forces  round  every  point  in  their 
plane  is  zero. 

Also  since  all  possible  displacements  of  a  deformable  system 
are  by  no  means  exhausted  in 
motions  of  translation  and  rotation 
common  to  all  its  parts,  the  equa- 
tion of  virtual  work  for  such  a 
system  does  not  lead  to  the  above 
conditions  as  sufficient. 

117.]    Analytical    Expression 
for  the  Displacement  of  a  Rigid 
Body.     We  shall  now  investigate 
the  changes  produced    in   the   co-ordinates   of  any   point   in    a 
rigid  body  by  given  swall  motions  of  translation  and  rotation. 
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Let  the  motion  of  translation  first  take  place.  Then  diaw  any 
two  rectangular  axes,  Ox  and  Oi/,  through  0  (Fig.  145)  the  new 
position  of  a  point  0^.  Let  the  motion  of  translation  Ofi, 
common  to  all  jiarts  of  the  body,  be  resolved  in  two  com- 
ponents, a  and  I,  parallel  to  Ox  and  Oy. 

Then,  if  x  and  y  denote  the  co-ordinates  of  a  point  Q^  in 
the  body  with  reference  to  fixed  axes  di-awn  through  Oj 
parallel  to  Ox  and  Oi/,  these  quantities  will  be  increased  by 
a  and  h,  respectively,  by  the  motion  of  translation.  To  find 
how  much  they  will  be  subsequently  altered  by  an  angular 
rotation  =  o)  round  0,  let  Q,  describe  a  small  arc  of  a  circle,  Qq, 
round  0. 

Let  fiill  the  pei-pendiculars  Q^F  and  q»i  on  Ox,  and  Qp  on  qm. 
It  is  evident  that  0M=x  and  QM—y.  Then  the  increase  of^  pro- 
duced by  the  rotation  =  qp,  and  the  increase  in  a;  =  —  Qp.     Now 

Qp  z=  Qq.sinQOx  =  (o.  OQ .sin  QOx  =  w.  QJl  =  mj/  ; 
and    qp  =  Qq. cos  QOx  =  cu.  CQ.cos  Q  Ox  =  to.  OM  =  mx. 

Hence,  if  hx  and  hy  denote  the  changes  produced  in  x  and  y  by 
the  two  motions  combined, 

bx  =  a  —  (oy,  (1) 

h^  =  b  +  MX.  (2) 

These  are  the  general  analytical  expressions  for  the  displace- 
ments of  a  particle  in  the  body.  (They  can  obviously  be  obtained 
bj'  differentiating  the  equations  x  =  r  cos  6,  y  =  r  sin  d,  on  the 
supposition  that  6  alone  varies  by  a  quantity  8^  =  o),  and  then 
adding  a  and  b  to  the  results.) 

118.]  Analytical  Conditions  of  Equilibrium.  If  any  forces, 
Pj,  Po,  P3, ...,  act  on  a  rigid  body  in  one  plane,  the  condition 
necessary  and  sufficient  for  equilibrium  is  (Art.  Ill) 

P,bpi  +  J',bp.,+  P^bp^+...  =  0.  (1) 

Let  Xj  and  }\  be  components  of  Pj  along  two  rectangular  axes, 
Ox  and  Oy,  and  let  x^  and  y^  be  the  co-ordinates  of  the  point  at 
which  Pj  acts.     Then  (Art.  58) 

P,bp,  =  X,bx,+  Y^by^.  (2) 

Making  similar  substitutions  for  P^bp^t  -Pa^/'a, ...,  equation  (1) 
becomes       ^^  ^^^ ^  ^.^ ^^^ _^ ^^^ g^^  +Y^by._+ ...  =  Q,  (3) 

or  ^{Xbx+Yby)=Q.  (4) 
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Substituting  in  (4)  the  values  of  bx  and  by  given  in  the  last 
Article,  we  have 

2  {X{a-wy)+Y(i  +  wx)\  =  0, 

or  a.2A'+i.2;r+a>.2(j-}'-yJ)  =  0, ...  (5) 

since  a,  h,  and  o)  are  common  to  all  points  of  the  body,  and  may 
be  taken  outside  the  sign  of  summation. 

Now  the  displacements  a,  h,  and  &>  are  oompk'tely  independent 
of  each  other,  aud  therefore  ecpiation  (5). requires  that 

2X=0,     27=01  ,. 

2(a;r-yJ)  =  or  ^  ' 

For,  choose  another  virtual  displacement  in  which  a  and  h  are 
the  same  as  before  and  cu  dilferent.     Then  we  have 

«2X+i2l+co'2  (a;  r-j'l')  =  0.  (7) 

Subtracting  (7)  from  (5), 

(a>-a)')2(a;r-^X)  =  0. 

But  since  o)  — «>'  is  not  =  0,  this  equation  requires  that 

2(.rr-^X)  =  0. 

Similarly,  by  making  a  alone  variable,  we  prove  that  2  A'  =  0, 
and  by  making  h  alone  variable,  2  7=0. 

The  three  equations  (6)  constitute  the  analytical  conditions  of 
equilibrium  of  the  body. 

119.]  Varignon's  Theorem  of  Moments.  The  moment  of  the 
resultant  of  two  forces  irith  resj/ecl  to  any  point  in  their  plane  is 
equal  to  the  sum  of  the  moments  of  the  forces  with  respect  to  this 
point.  The  following  is  the 
proof  of  this  proposition  by  the 
principle  of  Virtual  Work. 

Let  Tt  (Fig.  146)  be  the 
resultant  of  two  forces,  F  and 
Q,  applied  at  a  point  A,  and 
let  0  be  any  point  in  their 
plane.  Then  the  \-irtual  work  of  B  for  any  displacement  of  ^  = 
the  virtual  work  of  P  +  the  virtual  work  of  Q.  Let  the  virtual 
displacement  of  ^  be  one  of  rotation  round  0,  through  a  small 
angle  =  o).  Then,  as  in  Art.  116,  the  virtual  work  of  i?  is  oj  .  i? .  OA. 
sin  OAR  ;  but  this  =1  w  .Rx  the  perpendicular  from  0  on  R=oy  x 
the  moment  of  R  with  respect  to  0.     Similarly,  the  virtual  work 


Fig.  146. 
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of  P  =  (o  X  momont  of  P  with  respect  to  0  ;  and  virtual  work  of 
Q  =  uiX  moruent  of  Q  with  respect  to  0.  Therefore,  &c. — Q.E.D. 
In  precisely  the  same  way,  the  moment  of  the  resultant  of  any 
number  of  forces  is  proved  to  be  equal  to  the  sum  of  the  moments 
of  the  forces  separately. 

120.]  Two  Parallel  Forces.  To  find  the  remltant  of  Uco 
parallel  forces,  P  and  Q,  acting  in  the  mme  sense. 

Let  AB  (Fig.  147)  be  the  shortest  distance  between  P  and  Q, 
and  let  the  forces  be  supposed  to  act  at  A  and  B.  Also  let  the 
reversed  resultant,  li,  act   at  any  point,  0,  in  xLB.     Since  the 

forces  are  in  equilibrium,  their 
virtual  work  =  0  for  every 
virtual  displacement  (Art.  111). 
Choose  first  a  virtual  displace- 
ment of  translation  along  AB. 
For  this  displacement  the 
virtual  work  of  the  forces  P 
and  Q  =  0,  therefore  the 
virtual  work  of  i?  =  0,  there- 
Q.  Again,  choose  a  virtual  dis- 
0  through  an   angle  =  o).     The 


fore  P 
placement 


Fig.  147- 

parallel  to  P  and 
of  rotation   about 


virtual  work  of  P  is  then  P.  u  OA,  and  that  of  Q  is  —  Q  .to  OB, 
while  that  of  R  is  zero.     Hence 

P.OA-Q.OB=0,  (1) 

0^  _  ^ 
■OB        P' 

Finally,  to  find  the  magnitude  of  B,  take  a  \-irtual  displacement 
of  translation  parallel  to  the  forces.     This  e\Tidently  gives 

B  =  P+Q.  (2) 

Therefore  the  resultant  of  two  parallel  forces  acting  in  the  same 

sense   is   a  force  parallel  to  them  in  the 

■R  same  sense,  equal  to  their  sum,  and  dividing 

the  line  joining  their  points  of  applicatimi 

*p      in  the  inverse  ratio  of  the  forces. 

Equation  (l)  asserts  that  the  moments 

of  two  parallel  forces  with  respect  to  any 

^.        „  point  on  their  resultant   are  equal  and 

Fig.  14S.  ^  1 

opposite. 

If  P  and  Q  act  in  opposite  senses  (Fig.   148),  the  resultant 


Q 
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is  obtained  in   mag-nitude  and  direction  by  simply   changing' 
the  sign  of  Q. 

Thus  (l)  becomes  qi        q 

which  shows  that  0  is  on  the  production  of  AB  at  the  side  of 
the  greater  force  ;  and  (2)  gives 

B=p-q.  (4) 


Examples. 

1.  To  solve  example  9,  p.  157,  by  the  principle  of  Virtual  "Work. 
Imagine   a  displacement  in   which  the   ends  A   and  B  remain  in 

contact  with  the  planes.  Then  the  virtual  works  of  R  and  H  are 
zero,  and  if  y  is  the  height  of  G  above  the  horizontal  plane,  the 
equation  of  virtual  work  is 

-Wd,j-P.d{AC)  =  Q>.  (1) 

Now2/  =  asin0,     AC  =  {a +  h)  cos 6;     .-.  tfy  =  acosfldfl,  and 

d{AC)=  -{a+h)&\aede; 

Wa 
.:  ( 1 )  gives       Wa  cosd  =  P{a  +  b)  sin  d,     or     tan  0  =  j.  • 

2.  To  solve  example  10,  p.  15",  by  the  principle  of  Virtual  Work. 
Choosing  a  virtual  displacement  which  keeps  A  and  B  in  contact 

with  the  planes,  the  equation  of  work  is 

-Wd,j-T.d{lQ)  =  0.  (1) 

Now  PC^  =  BP'  cos  W  +  AP-  sin  =0,  and  this  equation  also  holds  in  the 
displaced  position.    Hence  we  may  diiferentiate  it,  and  we  then  obtain 

PC.d{PC)=  -{PF'-PA-)sm0cosedd 

=  -[a  +  b)(PB— PA)  sin0cos0de; 

,.     d{PC)^-{'^  +  b)C-^-'^)sinecos0de 
^       '  ^         'Vcosfl      sin  0  •' 

=  -{a  +  b)  syn{0—^)d0. 

Also  y  =  asm0,  .:  dy  =  acos0d0;  and  substituting  these  values 
of  d  (PC)  and  dij  in  (1),  we  obtain  the  value  of  T. 

3.  Four  rigid  bars  (Fig.  149),  freely  jointed  together  at  their 
extremities,  form  a  quadrilateral,  ABCD  ;  the  opposite  vertices  are 
connected  by  strings,  A  C  and  BD,  in  a  state  of  tension  ;  compare  the 
tensions  of  these  strings. 

Let  the  bar  AB  be  considered  as  fixed,  and  let  the  quadrilateral 
undergo  any  slight  deformation.  Then  the  bars  AD  and  BC  will 
turn  round  the  points  A  and  B,  that  is,  the  points  D  and  C  will 
describe    small  paths,   Dd  and   Cc,   perpendicular  io  AD  and  BC. 
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Hence  (Art.  114)  the  point,  7,  of  intei-section  of  AD  and  BC  is  the 
instantaneous  centre  for  the  bar  CD,  and  the  angles  Bid  and  ( '7c  are 

equal.     Denote  their  common  value 
l.y  be.     Then  Dd  =  ID  .  b0,  and 

Cc  =  ic.be. 

Now,  since  in  the  displacement 
of  the  system  none  of  the  geo- 
metrical conditions — namely,  the 
constancy  of  the  lengths  of  the  bars 
— are  violated,  the  reactions  of  the 
bars  will  not  enter  into  the  equation 
of  virtual  work.  Hence  if  Tand  7" 
denote  the  tensions  of  the  strings 
AC  and  BD,  this  equation  will  be 
(see  p.  97) 

T.bAC+r.bBD  =  0.         (1) 

But     bAC  =  projection     of    Cc 

=  Cc.sinACB  =  IC .  sinACB.bO  : 


Fig.  149. 


on  AC 


and  similarly  bBD  =  —ID.sinBDA.be.     Hence  (1)  becomes 

T.  IC.  sin  ACB=r.  ID.  sin BDA.  (2) 

IC  _  AC  sin  CAD  T«.      lt,A<.B> 

Again,  -^  _  -j^j^^-^g^jj-  "'   ■■ 

Substituting  in  (2),  we  obtain 

„      AC  „.     BD 


1» 


IH- 


•Bte  fto 


OA.OC 


=  r 


OB.OD 


Another  solution  of  this  problem  (quoted  from  Euler)  will  be  found 
in  Walton's  Mechanical  Problems,  p.  101. 

4.  Four  rigid  bars,  freely  jointed  at  their  extremities,  form  a 
quadrilateral,  ABCD ;  the  bars  AB  and  AD  are  connected  by  a  string 
na  in  a  state  of  tension,  a  being  a  given  point  in  AB,  and  a  a  given 
point  in  AD  ;  in  the  same  way,  BA  and  BC  are  connected  by  a  string 
6y3;  CB  and  CD  are  connected  by  a  string  cy  ;  and  DC  and  DA 
by  a  string  db ;  find  the  relation  between  the  tensions  of  these 
strings. 

If  the  lengths  of  the  strings  aa,  hfi,  cy  and  db  are  denoted  bv  x,  y,  z, 
and  v,  and  the  tensions  in  them  by  X,  Y,  Z,  W.  the  equation  01 
virtual  work  for  a  slight  deformation  will  be 

Xbx-vYby-irZbz-irWbw^a.  (1) 

Now         :c^=  Ad-JrAa^-1Aa.AazosA  =Aa^^-Aa- 

-\^^^kAI^^AD^--BD^^- 


therefore 


xbx 


AB.AD 

=\A^.BD.bBD. 
\  AB.AD 
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Substituting  this  value  of  6x,  and  similar  values  ct  by,  bx,  bw,  in 
(1),  we  have 

fX    Aa.Aa      Z     Cc.Cy. 

But  from  the  last  Example,  we  have 

b^D  _       BD . OA . PC 
bAC~  ~  AC.OB.OD' 

^    „       fX    Aa.Aa      Z     Cc.Cy^     BD^ 
hence,  finally,     ( - •  -j^-j-^  +  - •  -^^-^jjj)  qsTq^ 

_.Y    Bb.BjB      W    Dd.Db  ^^     AC 
~Vy  '  BA.BC'^w'  DC.Da)  OA.OO' 

For  a  different  solution,  see  Walton,  ibid. 

5.  Six  equal  hea%-y  bars  are  freelj'  jointed  at  their  extremities; 
one  is  fixed  on  a  horizontal  jilaue,  and  the  system  lies  in  a  vertical 
plane ;  the  middle  points  of  the  two  upper  non-horizontal  bars  are 
connected  by  a  rope  in  a  state  of  tension.  Show  that  the  tension 
of  this  rope  is  BIFcotd, 

ir  being  the  weight  of  each  bar,  and  6  the  inclination  of  the  non- 
Iwirizontal  bars  to  the  horizon. 

■  Let  X  be  the  length  of  the  rope,  y  the  height  of  the  centre  of 
gravity  of  the  system,  2  a  the  length  of  each  bar,  and  7"  the  tension 
of  the  rope.  Then  the -^-irtual  work  of  the  tendon  is  —  ^Sx  (see  p.  181), 
and  the  virtual  work  of  the  weight  of  the  system  is  —6  Wbj/.     Hence 

rSx  +  GTFSy  =  0. 

But  X  =  2 a ( 1+  cos fl),  and y=2as\nd, and  the  deformation  imagined 
is  one  in  which  the  upper  horizontal  bar  moves  vertically  through 
a  small  space.     Hence  the  values  of  y  and  x  will  be  of  the  same  forma 
as  before,  and     ^^^_2asmdbe,     by  =  2acosebd. 
Substituting  these  values  of  6x  and  by,  we  have 

r  =  6  IF  cot  ^. 

I      6.  A  body  receives  a  small  general  displacement  parallel  to  one 
I  plane  ;  find  the  co-ordinates  of  the  instantaneous  centre. 

If  the  components  of  the  motion  of  translation  parallel  to  the  axes 
of  X  and  y  are  ba  and  bh,  and  the  rotation  is  8(o,  the  equations 
of  Art.  1 1 7  give  for  the  displacement  of  any  point  whose  co-ordinates 
are  X,  y,  bx  =  ba-yboi 

by  =  bb  +  xboi. 
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Now,  the  displacement  of  the  instantaueous  centre  is  zero ;  hence, 
if  {x,  y)  be  its  co-ordinates,  we  have 

hh  ha 

OO)  0(0 

A  particular  case  may  be  noticed.  If  any  body  in  contact  with  a 
surface  receives  any  small  displacement  parallel  to  one  plane,  the  body 
still  remaining  in  contact  with  the  surface,  the  instantaneous  centre 
lies  on  the  nonnal  to  the  surface  of  contact.  In  the  pure  rolling 
of  one  figure  on  another  the  point  of  ooutact  is  the  instantaneous 
centre. 

7.  A  uniform  bar,  AB  (Fig.  133,  p.  1G7),  rests  as  a  tangent  at  a 
point  P  against  a  smootli  curve  in  a  vertical  plane,  one  extremity.  A, 
resting  against  a  smootli  vertical  plane  ;  find  the  position  of  equi- 
librium, and  the  nature  of  the  curve  so  that  the  bar  may  rest  in 
all  positions. 

Let  the  weight  of  the  bar  tlirough  G,  and  the  normal  reactions 
at  A  and  P  meet  in  the  point  0  ;  take  the  vertical  line  AD  as  axis 
of  y  ;  and  let  2  a  =  the  length  of  the  bar.     Then,  if  a;  is  the  abscissa 

of  P,  we  have  AO  =:  .  '  .  j  and  also  AO  =:  a  sin  6.  Hence,  equating 
•V  6in  ^a 

■'these  values,  x  —  a%\i\^0.  (1) 

Now,  from  the  equation  of  the  given  curve,  0  is  known  in  terms  of 
a;  in  the  form  q  ^  f,^^  (o\ 

From  (1)  and  (2)  the  value  of  x,  and  therefore  the  position  of  equi- 
librium, can  be  found. 

For  example,  if  the  curve  be  a  circle  of  radius  r  whose  centre  is 
at  a  distance  c  from  the  vertical  plane,  we  find 

nsin'6  +  r  cosd—c  =  0. 

If  )•  =  0,  we  get  the  result  in  Ex.  7,  p.  1G7. 

If   (1)   holds   in  all   positions   in  which  the   bar  is   placed,   every 

position  is  one  of  equilibrium.     Now,  since  tan  fl  =  — ,  (1)  gives 

d>i  =  sja^  —  wa  .  .T~3  dx, 

and  since  this  equation  holJ.s  in  all  positions,  we  may  integrate  it. 

Hence  y-}-A=— (aa — a;^)*, 

or  x-'  +  (y  +  A,-)  a  =  aa, 

k  being  an  arbitrary  constant. 

"We  may,  without  loss  of  generality,  assume  A  =  0,  and  the  curve 
will  be  s       2         s 

The  equation  of  virtual  work  shows  that  in  this  case  the  centre 
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of  gravity  of  the  bar  is  at  a  constant  lieiglit.  For  if  y  denote  the 
ordinate  of  G,  this  equation  is 

ir<7y=0, 
and  since  this  holds  in  all  positions,  we  have,  by  integration,  y  = 
constant. 

8.  Four  rigid  bars  freely  jointed  at  their  extremities  form  a  quadri- 
lateral yl^Cl*  (Firr.  150) ;  tlie  middle 

points  of  the  opposite  pairs  of  bars  .rl 

are  connected  by  strings,  wini'  and  /  '.. 

nn' ,  in  a  state  of  tension.     Compare 
tlie  tensions  of  these  strings. 

Let  I  and  V  be  the  lengths  of  the 
s-trings  mm'  and  nn' ,  and  let  the 
tensions  in  them  be  T  and  T,  respec- 
tively. 

Then,  assuming  the  quadrilateral 

to    receive    any    small    deformation, 

the  equation  of  work  will  be  „. 

•*  Fig.  150. 

TU^T'hl'^Q.  (1) 

Now.  it  may  be  left  to  the  student  as  an  exercise  to  prove  that 

that  is,  l'"-  —  r-  is  constant,  however  the  quadrilateral  may  be  deformed. 
Hence  lbl-l'bl'=0;  (2) 

and  from  (1)  and  (2)  we  have 

1-4=0.  (3) 

a  remarkable  result,  since  it  shows  that  one  of  the  tensions  must  be 
negalire;  i.e.  if  the  bars  AB  and  CD  are  pulled  together,  equilibrium 
will  be  inqxissible  unless  the  bars  AD  and  BC  arc  pulled  asunder. 

It  is  well  to  notice  an  apparent  exception  to  the  result  (3).  The 
student  will  easily  prove  that  if  the  sides  AB  and  DC  are  parallel, 
equilibrium  will  be  maintained  by  the  single  string  mm'  in  any  state 
of  tension,  i.e.  7"=  0,  a  result  which  contradicts  (3). 

The  difficulty  is  easily  removed,  however,  by  reverting  to  (1),  which 
in  the  case  under  consideration  is  identically  satisfied.  For,  since  AB 
and  CD  are  paraUel,  the  line  mm'  passes  through  /,  the  instantaneous 
centre  for  CD,  and  therefore  for  a  slight  deformation  the  point  m' 
moves  perpendicularly  to  Im',  that  is,  to  mm'.  Hence  8^=0,  and 
equation  (1)  is  satisfied  by  having  at  once  7"=  0  and  bl  —  0.  The 
combination  of  (1)  and  (2)  is  therefore  iirelevant. 

9.  A  number  of  bars  are  freely  jointed  together  at  their  extremities 
and  form  a  polygon ;  each  bar  is  acted  on  perpendicularly  by  a  force 
proportional  to  its  length  ;  all  the  forces  emanate  from  one  point 
and  all  act  inwards  or  all  outwards ;  prove  by  the  principle  of  virtual 
work  that,  for  equilibrium,  the  polygon  must  be  inscribable  in  a 
circle. 

O  3 
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Let  the  polygon  be  ADOBE F ..{Fig.  150),  of  which  the  vertices 
E,  F, ...  are  not  represented  in  the  figure.  [AB  is  not  one  of  the 
bars.] 

Choose  a  virtual  displacement  in  which  all  the  bars  except  the 
three  AD,  DC,  CB  remain  fixed,  and  let  the  extremities  A  and  B  be 
fixed  in  the  displacement.  Then  /  is  the  instantaneous  centre  for 
DC.  Let  0  be  the  point  from  which  the  forces  emanate  ;  let  m,  n,  p 
be  the  feet  of  perpendiculars  from  0  on  AD,  DC,  CB,  respectively; 
let  Q  be  the  foot  of  the  perpendicular  from  /  on  DC ;  let  IQ  meet 
mO  in  L  and  pO  in  M ;  and  let  the  forces  in  Om,  On,  Oj)  be  k .  AD, 
k  .  DC,  k .  CB. 

If  AD  turns  round  A  through  the  small  angle  b<f>,  the  displacement 
of  D  is  AD  .  b<p  ;  and  if  DC  turns  round  /  through  bio,  the  displace- 
ment of  D  is  ID  .  boo.     Hence 

AD.b<l)  =  ID.bw. 

Similarly  BC  .bO  =  IC  .boy. 

if  bd  is  the  angle  through  which  BC  turns  round  B. 

Now  the  equation  of  virtual  work  is 

k.AD.  Am  .  b(}>  +  k  .  DC  .  In  .  bw  .  cos  InQ-k  .  LC.Bp  .bO  =  0; 
or,  by  the  first  two  equations, 

Am.  ID  +  DC.nQ~Bp.IC  =  0.  (1) 

Now  Im  .ID=  LI.  IQ,    and    Ip  .  IC  ^  IQ  .  IM ; 

therefore  Im.ID-Ip.IC^  LM .  IQ.  (2) 

Adding  (2)  to  (1),  we  have 

AI.ID-BI.IC  =  LM.  IQ-DC.nQ. 

But  the  light  side  of  this  equation  is  zero,  since  the  triangles  DCI 
and  LMO  are  similar  (nQ  is  the  altitude  of  the  latter).  Hence  the 
quadrilateral  ADCB  is  iuscribable  in  a  circle  ;  and  in  this  circle  lie 
also  the  quadi-ilaterals  DC  BE,  CBEF,...  and  therefore  the  whole 
polygon. 

10.  Six  equal  heavy  bars  are  freely  jointed  at  their  extremities ;  one 
bar  is  fixed  in  a  horizontal  position,  and  the  system  hangs  in  a  vertical 
plane  ;  the  middle  points  of  each  pair  of  adjacent  non-horizontal  bare 
are  connected  by  two  strings  in  a  state  of  tension.  Show  by  the 
principle  of  work  that,  if  the  hexagon  is  regular  in  its  position  of 
equilibrium,  the  tension  of  each  string  is  three  times  the  weight  of 
a  bar. 

11.  Four  bars  whose  weights  maybe  neglected  are  jointed  together 
by  smooth  pins  and  form  a  quadrilateral,  ABCD,  in  a  vertical  plane. 
The  joint  A  is  fixed,  while  the  lateral  joints  B  and  D  rest  each  against 
a  smooth  fixed  vertical  plane.  A  given  vertical  force  being  applied 
at  the  point  C,  find  the  magnitudes  of  the  reactions  of  the  planes  at 
B  and  D,  and  the  direction  and  magnitude  of  the  pressure  on  the 
joint  A. 

Ans.  Let  F  be  the  force  applied  at  C ;  P  and  Q  the  reactions  at 
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B  and  D  ;  R  tlie  force  on  A  ;  also  let  a,  /3,  y,  8  be  the  incliuations  to 
the  horizon  of  the  bars  AB,  BC,  CD,  DA,  and  0  the  angle  made  by  R 
with  the  horizon.     Then  we  shall  have 

P  Q  F 


l4-cotatan/3       l+cot8tany       tan/i  +  tany' 


cot  i3  +  cot  y 


tauO  = 


cot  a  cot  y — cot  /3  cot  6 


(To  get  P  choose  a  displacement  of  the  bars  in  which  AD  remains 
fixed  ;  the  intersection  of  AB  and  CD  will  then  be  the  instantaneous 
centre  of  rotation  for  the  bar  BC.) 

12.  Two  heavy  uniform  bars,  AC  and  CB  (Fig.  165,  Art.  139),  are 
connected  by  a  smooth  joint  at  C ;  the  bar  AC  is  moveable  in  a 
vertical  plane  about  a  sraootli  joint  fixed  at  A,  and  the  extremity  B 
of  the  bar  CB  is  capable  of  moving  along  a  smootli  horizontal  groove 
whose  direction  passes  tlirough  A.  It  is  required  to  keep  the  system 
in  a  given  position  by  means  of  a  horizontal  force  applied  at  B ; 
determine  by  the  principle  of  work  the  requisite  magnitude  of  this 
force. 

Atis.  If  a  and  a  denote  the  angles  CAB  and  CBA  ;    W  and  ))' 
the  weights  of  AC  and  CB ;  and  F  the  required  force, 

W+W 


F  = 


2  (tan  a  +  tan  a') 


13.  Four  bars,  freely  articulated  at  their  extremities,  form  a  paral- 
lelogram, ABCD;  two  forces,  each  equal  to  P,  act  in  opposite  directions 
in  the  diagonal  AC,  and  two  forces,  each  equal  to  Q,  act  similarly  in 
BD.     Find  the  figure  of  equilibrium. 

Ans.  The  adjacent  sides  of  the  parallelogram  being  a  and  h,  the 
angle  between  them  10,  we  have 

cos  O)  — 


2ah      P'  +  Q^ 

14.  If  the  forces  in  Example  9  are  each  transferred  to  the  middle 
point  of  the  bar  on  which  it  acts,  prove  by  virtual  work  that  the 
polygon  must  be  inscribable  for  equilibrium. 

15.  Four  rigid  bars  jointed  together  at  their  extremities  form 
a  plane  quadrilateral  ABCD  ;  forces  P,  Q,  R,  S  are  so  applied  at  the 
vertices  A,  B,  C,  D,  respectively,  as  to  preserve  equilibrium  ;  show 
that  the  lines  of  action  of  the  forces  must  be  such  that  the  diagonals 
of  the  quadrilateral  which  they  determine  pass  through  the  points  of 
intersection  of  the  opposite  sides  {DA,  CB)  and  {BA,  CD)  of  the  given 
quadrilateral. 

[This  follows  at  once  by  the  method  of  Example  3.  The  result  is 
also  thus  expressed  by  Schell  [Theorie  der  Bewegung  tmd  der  KrafLe, 
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vol.  ii.  p.  74) :  Any  two  adjacent  forces  and  the  side  at  the  ends  of 
which  they  act  form  a  triangle  which  is  in  perspective  with  that 
formed  by  tlie  lemaining  pair  and  their  corresponding  side.] 

16.  Seven  equal  uniform  heavy  bars,  freely  jointed  together  at 
common  extremities,  form  a  regular  heptagon,  ABCDEFG,  the  system 
being  suspended  vertically  from  the  point  .1,  and  the  vertices  G  and  D 
being  connected  by  a  weightless  strut,  as  also  the  vertices  B  and  E ; 
find  the  pressure  in  each  stnit. 

Ans.    Taking   a   virtual   displacement    in    which    the   vertices 

A,  By  C,  D,  E  all  remain  at  rest,  and  G  and  F  alone  move,  we  find 

the  pressure  to  be  ^ 

2irsin--, 
7 

where  11'=  weight  of  each  bar. 

[The  student  will  see  that  strings  would  not  do  instead  of  struts.] 

1 7.  Two  equal  bars,  OA  and  OC,  are  freely  jointed  at  the  fixed  point 
0  ;  four  equal  bars  forming  a  lozenge,  A  BCD,  are  freely  jointed  at 
A,  B,  C,  and  />,  and  the  system  (called  a  Peaucelliers  Ce'l)  is  held  in 
equilibrium  by  two  forces  applied  at  B  and  />.  If  the  force  at  D  is 
of  constant  magnitude  in  all  positions  of  the  cell,  as  it  suffers  de- 
formation about  0,  prove  that  the  force  at  B  will  be  one  varying 
inverselj'  as  the  square  of  the  distance  OB.  (Mr.  G.  H.  Darwin,  Pro- 
ceedings of  ilte  Lo7ulon  Math.  Soc,  April  8,  1875.  See  the  same 
paper  for  ^[r.  Darwin's  most  ingenious  mechanical  description  of  the 
Equipotential  Lines  of  any  number  of  magnetic  poles  by  means  of 
Peaucellier's  Cells.) 

18.  A  regular  pentagon,  ABODE,  foi-med  of  equal  heavy  uniform 
bars  jointed  together,  is  suspended  from  the  joint  A,  and  the  regular 
pentagonal  form  is  maintained  by  a  rod  of  negligible  weight  joining 
the  middle  points,  A",  L,  of  BC  and  DE  ;  find  the  stresses  at  A',  B, 
C.    {Tripos,  1885.) 

Ans.  If  ir=  weight  of  each  bar,  the  stress  (compressive)  in  KL  is 
2  ITcot  — ;  at  C  the  force  acting  on  the  bar  CD  has  a  vertical  upward 
comi30uent  \  W,  and  a  horizontal  tensile  component  2  TT  cosec  -  ;   at 

B  the  force  acting  on  AB  has  a  vertical  downward  component  I TI'', 

Sir 
and  an  outward  horizontal  component  2]rtan— —  • 

19.  Four  equal  uniform  bars,  each  of  weight  IF,  freely  jointed  at 
their  extremities  and  arranged  in  the  form  of  the  letter  W,  are  sus- 
pended from  the  iipper  ends  of  the  extreme  bars,  the  middle  points  of 
the  two  inner  bars  being  connected  by  a  uniform  rod  of  weight  P; 
find  the  stress  in  this  rod  and  the  reactions  at  the  joints. 

Ans.  The  force  acting  on  the  connecting  rod  at  each  end  has 
a  vertical  upward  component  =:  ^  -P  and  a  horizontal  tensile  com- 
ponent =  (4  ir+ S  P)  tan  (J,  where  2  0  is  the  angle  between  any  two 
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intersecting  bars  in  the  given  figure  ;  the  force  acting  on  the  left-hand 
middle  bar  at  its  upper  end  is  -wholly  horizontal  and  =(i}V+F)tand 
towards  the  left  ;  on  its  lower  end  the  force  acting  has  a  vertical 
upward  component  =  IF-f-  i  P,  and  a  horizontal  component  towards 
the  left  :=  I  (3W+ F)tand ;  this  latter  being  also  the  component  of 
force  acting  on  the  extreme  left-hand  bar  at  its  upper  end,  where 
there  is  also  a  vertical  upward  component  =  211'-!-^  /'. 

20.  Four  equal  uniform  l)ars,  each  of  weight  W,  are  jointed  together 
so  as  to  form  a  rhombus ;  this  is  suspended  vertically  from  one  of  the 
joints,  and  a  sphere  of  weight  P  is  balanced  inside  the  rhombus  so  as 
to  keep  it  from  collapsing  ;  find  the  figure  of  equilibrium. 

Ans.   If  r  is  the  radius  of  the  sphere,  2«  =  length  of  each  bar, 
20  =^  angle  at  the  fixed  joint, 

Bin'fl  _  Pr 

cosO  ~  4(P-t-2ir)«" 

121.]  Stable  and  Unstable  Equilibrium.  Wien  a  body,  or  a 
system  of  connec-tod  bodies,  is  in  equilibrium  under  the  action  of 
any  forces,  the  Principle  of  Virtual  Work  signalises  a  position  of 
equilibrium  of  the  body,  or  an  equilibrium  configuration  of  the 
system  of  bodies,  by  an  equation  which  asserts  that  for  all 
imagined  small  displacements  of  the  body  or  system  the  total 
work  of  the  forces  is  zero,  or  rather  an  infinitesimal  (juantity  of, 
at  most,  the  second  order,  if  the  greatest  displacement  imagined 
is  taken  as  an  infinitesimal  of  the  firet  order — just  as  the 
Differential  Calculus  analogously  defines  a  maximum  or  a  mini- 
mum value  of  a  function  of  some  variable  or  variables.  But 
(just  again  as  in  the  latter  case)  the  work  done  by  the  forces 
will,  in  reality,  be  some  infinitesimal  quantity  of  at  most,  the 
second  order  ;  and  a  great  deal  depends  on  whether  this  (quantity 
is  a  positive  or  a  negative  one.  If  the  former,  the  displacements 
will,  if  actually  made,  grow  in  magnitude,  i.  e.,  the  system  will 
not  go  back  to  its  state  of  equilibrium,  but  will  deviate  more 
and  more  from  it.  In  this  case  the  equilibrium  is  said  to  be 
vnsfahle.  If  the  latter,  the  system  will  revert  to  equilibrium, 
and  the  equilibrium  is  said  to  be  sfahle. 

As  this  subject  is  fully  gone  into  in  the  second  volume  of 
this  treatise,  it  is  not  proposed  to  discuss  it  here ;  but  the  very 
simple  case  in  which  a  system  is  in  equilibrium  under  the  action 
of  gravity  and  the  reactions  of  smooth  fixed  supporting  surfaces 
or  axes  may  be  here  anticipated. 

Per    any  displacements  in  which  the  points   of  contact  are 
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moved  simply  along  the  fixed  surfaces,  the  equation  of  Virtual 
Work  assumes  the  simple  form 

where  y  is  the  lieighl  of  the  centre  of  gravity,  G,  of  the  system 
above  any  fixed  horizontal  plane,  and  Ji'  the  weight  of  the  whole 
system. 

Hence,  in  general,  a  position  or  configuration  of  equili- 
brium is  one  in  which  the  centre  of  gravity  of  the  s\-stem 
occupies  the  highest  or  lowest  position  that  it  can  consistently 
with  the  resting  of  the  bodies  against  the  given  surfaces. 

And,  moreover,  since  if  y  is  a  maximum,  any  actual  slight 
displacement  would,  in  reality,  lower  G,  the  work  of  W  would,  in 
reality,  be  some  small  positive  quantity ;  then  ei;iuilibrium  would 
Vie  unstable ;  and  if  j?  is  a  minimum,  any  slight  displacement 
would  raise  G,  so  that  7/~  would  do  some  small  amount  of  negative 
work,  and  the  equilibrium  would  be  stable. 

Hence  for  such  a  system,  under  the  action  of  gravity,  its 
equilibrium  will  be  stable  when  its  centre  of  gra\nty  is  placed  in 
the  lowest  position,  and  unstable  when  its  centre  of  gravity 
is  placed  in  the  highest  position,  that  it  can  occupy  consistently 
with  the  given  conditions  of  constraint. 

Unstable  configui-ations  of  equilibrium  are  of  no  practical  value, 
since  they  would  cease  to  exist  after  the  slightest  disturbance. 
For  example,  a  rod  AB  moveable  round  a  fixed  smooth  horizontal 
axis  at  one  end,  A,  would  theoretically  be  in  equilibrium  if  its 
centre  of  gravity  were  placed  vertically  above  A  ;  but,  practically, 
such  a  position  does  not  exist. 

Again,  if  the  assumption  as  to  the  nature  of  Saturn's  Ring, 
that  it  is  a  continuous  solid  or  fluid,  whether  homogeneous  or  not, 
uniform  in  figure  or  the  reverse,  should  succeed  in  explaining 
its  relative  equilibrium,  but  should  at  the  same  time  lead  to  the 
result  that  its  equilibrium  is  unstable,  the  assumption  is  as 
much  to  be  rejected  as  if  it  did  not  explain  any  equilibrium 
at  all. 

Examples. 

1.  Two  uniform  rods,  AB,  CD,  have  their  extremities  A  and  C 
connected  by  a  string,  and  their  extremities  B  and  D  connected  by  an 
equal  string.    The  strings  are  placed  over  smooth  pegs  in  a  horizontal 
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plane,  and  the  rods  fire  licrizontal ;  find  the  position  of  equilibrium. 
Is  it  stable  or  unstable  ]     {Cambridge  Examinations.) 
Ans.  Stable. 

2.  When  several  liquids  of  different  densities  are  superposed, 
without  combining,  in  a  vessel,  show  that  they  will  arrange  them- 
selves in  layers  diminishing  in  density  from  the  bottom. 

3.  If  a  diving  bell  of  any  form,  whose  material  is  of  greater  specific 
weight  than  water,  requires  the  application  of  a  vertical  doirnivard 
force  in  order  to  sink  it,  show  that  it  will  reach  a  position  of  un- 
stable equilibrium  wlien  it  is  lowered  so  much  that 

P  _        P 

where  j)  =  intensity  of  pressure  of  the  air  in  the  bell  in  the  required 
position, 
2>„  =  intensity  of  pressure  of  the  atmosphere, 
11'=  weight  of  the  material  of  the  bell, 

W  =  weight  of  a  volume  of  water  equal  to  that  of  the  material 
of  the  bell, 
P  ^  weight  of  a  volume  of  water  equal  to  that  of  the  interior 
of  the  bell. 

4.  A  uniform  rod,  AB,  of  length  2  a  and  small  cross-section,  is 
moveable  about  a  smooth  horizontal  axis  at  one  end  A  which  is  at  a 
hoight  h  above  the  surface  of  a  liquid,  the  rod  partly  dipping  into 
the  liquid.  If  vj  and  w'  are  the  specific  weights  of  the  liquid  and 
the  rod,  and  6  the  inclination  of  the  rod  to  the  horizon  in  the  inclined 
position  of  equilibrium,  show  that 

■a         h  ^     w     si 
2a  ^10 — to  ' 
and  that  when  this  position  exists  it  is  one  of  stability. 

(Many  of  the  previous  examples  may  be  treated  with  a  view  to  the 
determination  of  stability  or  instability.) 
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SIMPLE    MACHINES. 


122.]  Functions  of  a  Machine.  A  machine  may  be  defined 
cither  from  a  staiical  or  from  a  kinematical  point  of  view. 
Regarded  statically,  it  is  any  instrument  ly  means  of  which  we 
may  change  the  direction,  magnitude,  and  j'Oint  of  application  of 
a  given  force ;  and  regarded  kinematically,  it  is  any  instrument 
ly  means  of  u-hich  ice  may  change  the  direction  and  velocity  of  a 
given  motion. 

In  Statics  it  is  >isual  to  consider  the  points  or  machines  to 
which  forces  equilibrating  each  other  are  applied  as  absolutely 
motionless ;  nevertheless,  it  appears  from  our  definition  of  force 
(Aj-t.  1),  that  a  system  offerees  acting  at  a  point  will  be  in  equi- 
librium when  the  point  has  a  uniform  motion  in  a  right  line. 
If  a  particle  describes  any  curve  whatever  with  uniform  velocit}', 
a  little  reflection  will  show  that  at  no  point  of  its  path  can  there 
be  any  force  in  the  direction  of  the  tangent — or,  in  other  words, 
the  force  acting  on  it  must  everywhere  be  normal  to  the  path. 
It  follows  (see  Art.  66),  that  there  is  no  work  done  by  this 
force  in  the  passage  of  its  point  of  application  from  any  one 
position  to  any  other.  Extending  this,  we  shall  so  far  anti- 
cipate the  results  of  Kinetics  as  to  assume  that  when  the  parts  of 
any  machine  are  each  in  a  state  of  uniform  motion,  the  forces  flcting 
on  the  machine  are  in  equiUhriiiin  among  themselves. 

By  the  extension  of  the  equilibrium  of  forces  to  this  case,  we 
comprise  botli  the  statical  and  kinematical  definitions  of  a 
machine  in  the  following: — a  machine  is  any  assemblage  of 
different  pieces  whose  displacemcnt.%  resulting  from  their  mode 
of  connection,  depend  on  each  other  by  geometrical  laws,  and 
whose  object  is  to  transform  into  mechanical  work  the  result  of  the 
action  of  given  applied  forces.  (See  Resal,  Mecanique  Generate, 
vol.  iii.  p.  3.) 
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It  has  been  already  pointed  out  that  in  applying  the  equation 
of  virtual  work  to  a  system  of  connected  bodies,  advantage  is 
gained  by  choosing  such  displacements  as  do  not  Anolate  any  of 
the  geometrical  connections  of  the  system.  This  principle  we 
shall  use  largely  in  the  discussion  of  machines,  and  the  dis- 
placements which  we  shall  choose  will  be  those  which  the 
different  parts  of  a  machine  actually  undergo  when  it  is  cm- 
ployed  in  doing  work.  Thus,  instead  of  equations  of  virtual 
work,  wc  shall  have  etiuations  of  actual  work  ;  and  in  future  we 
shall  speak  of  the  principle  refen-ed  to  as  the  Frinciple  of  Work. 

Since  in  the  motion  of  a  machine  the  work  done  by  a  force 
applied  to  any  part  of  it  depends  on  the  magnitude  and  direction 
of  the  displacement  of  the  point  of  application  of  this  force,  we 
see  at  once  the  importance  of  the  discussion  of  the  motions  pro- 
duced in  the  several  parts  of  a  machine  by  a  definite  motion 
given  to  some  one  part.  This  discussion,  which  is  a  problem  of 
pure  geometry,  constitutes  the  Kinematics  of  Macliinery,  for 
which  the  student  may  consult  Resal's  Mecanique  Generate, 
or  the  treatise  of  Iteuleaux. 

123.]  EflTorts  and  Resistances.  Every  machine  is  designed 
for  the  purpose  of  overcoming  certain  forces  which  are  called 
resist aiicev  ;  and  the  forces  which  are  applied  to  the  machine 
to  produce  this  effect  are  called  efforts.  The  distinction  between 
these  forces  is  easily  drawn  by  the  Principle  of  Work.  For, 
when  the  machine  is  in  motion,  eveiy  effort  displaces  its  point  of 
application  in  its  oWn  direction,  while  the  point  of  application  of 
a  resistance  is  displaced  in  a  direction  opposite  to  that  of  the 
resistance.  An  effort  is,  therefore,  one  whose  elementary  work 
is  positive,  and  a  resistance  one  whose  elementary  work  is 
negative. 

An  effort  applied  to  a  machine  is  often  (but  very  impro- 
perly) called  a  power.  The  resistances  against  which  a  ma- 
chine works  ai-e  divided  into  two  classes,  viz.  useful  resistances 
and  wasteful  resistances.  The  former  constitute  those  which  the 
machine  is  specially  designed  to  overcome,  while  the  over- 
coming of  the  latt«r  is  foreign  to  its  purpose.  For  example,  if 
a  pulley  is  employed  for  the  purpose  of  lifting  a  weight  by 
means  of  a  rope,  a  part  of  the  effort  employed  is  spent  in  over- 
coming the  friction  between  the  pulley  and  its  spindle,  and 
another  j)art  is  spent  in  overcoming  the  rigidity  of  the  rope. 
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Friction  and  rigidity  in  this  case  are  the  wasteful  resistances, 
and  the  weight  of  the  body  lifted  is  the  useful  resistance. 

The  distinction  between  the  resistances  overcome  gives  also 
the  distinction  between  useful  work  and  (so-called)  lost  work. 

Useful  work  is  that  which  is  performed  in  overcoming  the 
particular  resistance  which  the  machine  is  designed  to  overcome, 
while  lost  work  is  that  which  is  spent  in  overcoming  wasteful 
resistances. 

124.]  Efficiency  of  a  Machine.  The  ratio  of  the  iisrfnl  work 
yielded  by  a  machine  to  the  whole  amount  of  work  performed  by 
it  is  called  its  efficit'itcy. 

Let  //  be  the  work  done  by  the  applied  forces,  //  „  the  useful 
and  Wi  the  lost  work,  when  the  machine  is  moving  uniformly. 

and  if  r)  denote  the  efficiencv  of  the  machine. 

Since  some  of  the  work  expended  in  moving  the  machine 
must  be  exjjended  in  overcoming  wasteful  resistances,  the 
efficiency  is  alwaj's  less  than  unity,  and  the  object  of  most  im- 
provements in  the  machine  is  to  bring  its  efficiency  as  near 
unity  as  possible. 

The  count er-efficienc^  is  the  reciprocal  of  the  efficiency.  If  the 
useful  work  to  be  performed  is  given,  the  amount  of  work  to  be 
expended  on  the  machine  is  obtained  by  multiplying  the  former 
by  the  counter-efficiency. 

Let  P  be  the  effijrt  applied  at  any  point  of  a  machine  to 
perform  a  given  amount,  ll\, ,  of  useful  work ;  let  Hj  be  the 
work  lost,  and  let  «  be  the  distance  through  which  P  drives  its 
point  of  application  in  its  own  direction.     Then  we  have 

Ps=  lJ\+1Fi. 

Let  Pfl  be  the  force  which  would  pei'form  the  same  amount  of 
usefid  work  if  the  wasteful  resistances  were  removed.     Then 

Po*-7r„. 

W       P 

But  1)  —  -y^  =  -~ ;    hence  the    efficiency  is  the   ratio   of  the 

force  which  would  drive  the  machine  against  a  given  useful 
resistance,  if  the  wasteful  resistances  were  removed,  to  the  force 


126.]  THE    LEVEK.  205 

which  is  actually  required  to  do  so.     In  many  cases  this  definition 

is  useful  in  practice. 

The  following  consequence  regarding'  eflicieney  can  he  at  once 

proved  from  the  principle  of  AVork.     In  any  machine  for  raising 

a  mass,  if  the  friction  in  the  machine  is  of  itself  sufficient  to 

hold  the    mass  suspended,  the  efficiency  is  less  than  \.     If  an 

effort   P  is  required    to    raise   the  mass,  and  an   elibrt   P'  to 

P  +  P' 
sustain  it,  the  efficiencj^  is  • 

As  regards  the  wasteful  resistances  in  machines,  the  most 
noticeahle  are  friction,  the  rigidity  (or  rather  imperfect  flesi- 
hility)  of  ropes,  and  the  vibrations  which  are  jiroduccd  in  the 
various  jiieces.  Of  these  the  first  is  that  with  which  alone  we 
shall  be  concerned.  The  student  who  desires  information  on  the 
experimental  laws  of  the  rigidity  of  roi)es  may  consult  Coxe's 
translation  of  Weisbach's  Mec/iauics  of  Entjinecring  and  of  the 
Comlrudwn  of  J\fac7iiiies,  vol.  i.  p.  363  (New  York,  1872). 

125.]  Simple  Machines.  By  simple  machines  are  meant  the 
Lever,  the  Inclined  Plane,  the  Pulley,  the  AVheel  and  Axle,  the 
Screw,  and  the  ^Yedge.  Of  these,  the  Lever,  the  Inclined  Plane, 
and  the  Pulley  may  be  considered  as  distinct  in  ]irinci])le,  while 
the  others  are  only  combinations  of  pairs  of  these  three. 

126.]  The  Lever.  A  lever  is  a  solid  bar,  straight  or  curved, 
which  is  constrained  to  turn  round 
a  fixed  axis.  This  fixed  axis  is 
called  the  fulcrum  of  the  lever. 
It  is  usual  to  define  three  kinds 
of  levers.  If  the  fulcnim  is  between 
the  effort  and  the  resistance  the 
lever  is  said  to  be  of  ihefrst  hind  ; 
if  the  resistance  acts  between  the 
effort   and    the    fulcrum  (as   in  a  Fig.  151. 

wheelbarrow,  an  oar,  or  a  pair-  of 

nutcrackers),  the  lever  is  of  the  secotid  kind  ;  and  if  the  effort 
acts  between  the  fulcrum  and  the  resistance  (as  in  the  construc- 
tion of  the  limbs  of  animals),  the  lever  is  of  the  f/iird  kind. 
In  the  last  kind  the  effort  is  always  greater  than  the  resistance 
to  be  overcome. 

To  find  the  eff.ciency  of  a  lever,  the  wasteful  resistance  being 
friction — 
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Let  ilie  effort  P  be  applied  at  the  point  A  (Fig.  151)  in  the 
direction  OA  perpendicular  to  the  axis,  and  the  useful  resistance  at  B 
ill  the  direction  OB,  also  perpendicular  to  the  axis ;  let  EDF  be  a 
section  of  the  axis  on  which  the  lever  turns,  made  by  the  plane  of  P 
and  Q.  the  contact  between  the  beam  and  its  axis,  although  it  may  be 
very  close,  being  still  such  that  they  can  be  considered  as  touching 
along  a  single  line  when  the  machine  works.  In  this  case  (see  Art. 
100)  the  reaction  of  the  axis  consists  of  a  single  force  touching  the 
circle  of  radius  rsinX  concentric  with  EDF,  A.  being  the  angle  of 
friction  for  the  lever  and  its  axis  ;  and  since  this  reaction  must  also 
pass  through  0,  its  direction  is  obtained  by  drawing  from  this  jioint 
a  tangent  to  the  circle. 

Let  2>  and  q  be  the  perpendiculars  from  C,  the  centre  of  the  axis,  on 
OA  ami  OB,  respectively,  and  let  u>  =  ZAOB. 

Then  by  motnents  about  C,  we  liave 

Pp  =  Qq  +  Rr  sin  \ ; 
also  A'  =  ^2^-  +  2  PQ  cos  oj  +  Q' ; 

.:     Pp  =  Qq  +  rsm\  VP'  +  2PQcos(o  +  Q\  (1) 

If  /*(,  is  the  value  of  P  when  friction  is  removed, 

p         Q 

Substituting  -»j  for  -5-  in  (1),  we  have 


fq{\—r])-=r  sin  k  \^ p"^  ry  +  2pq  cos  o) .  J)  +  5°, 
which  gives  for  the  efficiency 


q  jjg'  +  r^coswsin^X  — rsinX  -v/^>''  + 27^5' cos  to  +  5"— »^sin-u)  sin''' A 
J)  q'  —  r"  sin^  A. 

If  the  coefficient  of  friction  is  small,  we  shall  have,  approximately, 


7)  =  1 -v/«'-+2»rtcoso)  +  g^ 

pq 

If  P  and  Q  are  parallel,  to  =:  0,  and  ?;  =  \—}xr(-+  -V 

If  the  lever  is  of  the  second  kind,  and  P  and  Q  parallel,  to  :=  77,  and 

)i=  1— ur( );  and  for  a  lever  of  the  third  kind,  we  find  easily 

in  the  same  circumstances 

•1       I- 


'/ 


\p        qJ 


127.]  The  Inclined  Plane.     Let  an  eflbrt,  P,  whose  direction 
makes  an  angle  0  ■«  ith  a  rough   inclined   plane,  be  emploj'cd 
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to  drag-  a  mass  of  weight   Q  up  the  plane.     Then  if  A  is  the 
angle  of  friction  and  /  the  inclination  of  the  plane, 

.  sin  (i  +  A) 


P=Q 


Q 


cos(e  — A) 
sin  i 
cos  5 


V  = 


1  +ij.tan9 
1  +lxcot  i 


X 


128.]  Fixed  and  Moveable  Pulley.  Let  a  flexible  string 
pass  over  a  smooth  Jixed  pulley  (that  is,  a  pulley  whose  axis  is  fixed 
in  space),  and  let  a  mass  of  weight  //'be  suspended  from  one 
extremity  of  the  string,  while  a  vertical  downward  force  P  is 
applied  at  the  other  extremity.  Then  to  raise  ir  we  must  have 
P  =  W,  and  in  the  uniform  working  of  the  machine  If  is  raised 
exactly  as  much  as  the  point  of  application  of  P  is  lowered. 

Suppose,  on  the  contrary,  that  one  extremity  of  the  string  is 
fixed,  that  the  string  passes  under  a  moveahle  pulley  from  which 
//'  is  suspended,  and  that  P  acts  vertically  upward  at  the  other 
extremity  of  the  string.  Then  evidently  P  =  i  //  ;  hence  in 
the  moveable  pulley  there  is  a  gain  in  force.  But  in  this  case 
W^is  raised  only  half  as  much  as  the  point  of  application  of  P 
ascends.  There  is,  therefore,  a  loss  in  the  expedition  with  which 
the  work  of  raising  the  weiffht  is  performed. 

129.]  Systems  of  Smooth  Pulleys.     "U'e  shall  consider  three 
different  arrangements  of  pulleys,  as  exemplifying 
the  Principle  of  Virtual  Work. 

I.  lu  the  first  system  there  are  two  blocks,  A  and  B 
(Fig.  152),  the  upper  of  which  is  fixed  and  the  lower 
movealile. 

Each  block  contains  a  number  of  separate  pulleys, 
of  tlie  same  diameter  usually,  each  pulley  being  move- 
able round  the  axis  of  tlie  block  in  which  it  is.  (The 
figure  represents  a  section  of  the  blocks  made  by  a 
plane  perpendicular  to  their  axes,  and  the  circumferences 
of  the  pulleys  are  projected  on  this  plane.)  A  single 
rope  (whose  weight  is  neglected)  is  attached  to  the  lower 
block  and  passes  alternately  round  the  pulleys  in  the 
upper  and  under  blocks.  The  portion  of  rope  proceed- 
ing from  one  pulley  to  the  next  is  called  a  -ply.  In  this 
arrangement  the  tension  of  the  rope  is  throughout  constant  and 
equal  to  P,  the  force  applied   at   the  free  extremity.     The  portion 


Fig-  152. 
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of  the  rope  at  wliich  the  effort,  P,  is  applied,  is  called  the  tackle- 
faU. 

Let  U'  be  the  weight  to  he  lifted,  and  assume  nil  the  plies  to  be 
parallel. 

Then  if  »i  is  the  number  of  plies  at  the  lower  block,  we  shall 
obviously  have,  neglecting  the  weight  of  the  block, 

nP  =  W. 

This  result  follows  also  by  the  principle  of  work.  For  if  2>  denote 
the  length  of  the  tackle-fall,  and  x  the  cormnon  length  of  the  plies,  we 

"'^^'^  p  +  Tix  =  constant, 

.•.     dp  +  ndx  =  0. 

But  Pdp+Wdx^O, 

...    7'  =  iTr. 

II.  Suppose  each  pulley  to  hang  from  a  fixed  beam  by  a  separate  rope. 
Let  A   (Fig.  153)  be  the  fixed  pulley,  n  the  number  of  moveable 

pulleys,    and   a:,,    x„,...x^   the    distances    of    the 
— ,         centres    of  these  latter   from    a    liorizontal  plane 

through  the  centre  of  .^. 
Then,  2^  being  the  length  {AP)  of  the  tackle-fall, 

2x^+p  =  const.,     2^2— X,  =  const., 

2x^—x.,  =  const.  ...  2x„— a-„_j  =  const. 

Hence  2"x„+2>  =  const.,  therefore 

2V.r„  +  c(^  =  0, 

and  Wdx^  +  Pdp  =  0, 

...     P  =  i^. 

2" 

III.  Let  a  separate  rope  pass  over  each  pulley,  anil  let  all  the  ropes 

be  attached  to  the  mass  to  be  raised. 
'>         _  i.  Neglecting  the  weights  of  the  i^ulleys  and  ropes, 

we  shall  have,  by  resolving  vertically  for  the  equi- 


Fig-  153- 


^-^ 

n 


niibrium  of  W, 

r=P(l  +  2-f-2=+...-f-2"-'),     h^M.'S.. 
the  whole  number  of  pulleys  being  n  ;  or 

ir 


P  = 


2"-l 


Tiie  Fame  result  follows  by  the  principle  of  work. 

For  if  the  distance  of   IF  from  a   horizontal  plane 

through  the  centre  of  the  fixed  pulley  is  denoted  bj- 

ig-  154-  ^  jj^j  jf  ^jjg  distances  of  the  centres  of  the  pulleys, 

counting  from  the  fixed  one,  are  Xj,  Xj, ... ,  »„_,,  we  have  evidently 

?/  +  .T5j=  const..     2/  +  a;^  —  2a;j=  const. ...,     2/  +  a;„_j  — 2a;„_3=  const., 

y+;j— a-„_i  =  const. 
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Hence,  multiplying  the   second  result  by  —>  the  third  by  — 


&e., 


nnd  adding,  we  have  2"   ^y+p  =  consUnt.    Now  the  equation  of  woik 
is  ir(/i/  +  Pd(j9  +  a;„_,)  =  0, 

or  {W+P)dy+2  Pdj>  =  0 ; 

and  2"~'c/y  +  c/p  =  0, 

W 


2"-  1 


130.]  The  Wheel  and  Axle.     This  consists  of  a  horizontal 
cylinder,  i  (I'ii?-   ijo)-  moveable   round   two  joui-nals   (or   small 
cylinders    projecting'  from    the   centres  of  its 
faces),  one  of  which  is  represented  in  section 
at  <■;   a  wheel,  a,  is  rigidly  connected  with  the 
cylinder,  and  the  journals  rotate  in  fixed  bear- 
ings.     The    machine    is,   in  reality,   a    rigid 
combination  of  two  pullej's,  a  and  i,  moveable 
about  a   common   axis,  c ;    and    its   theory  is 
precisely  the  same  as  that  of  the  lever.     The 
effort,  P,  is  applied  at  the  circumference  of  the 
wheel,  and  the  useful  resistance,   Q,  at  the  free  extremity  of  a 
rope  coiled  round  the  axle. 

All  wasteful  resistances  being  neglected,  the  relation  between 
P  and  Q  is  p^  ^  q/j^ 

where  a  =  radius  of  wheel,  and  b  =  radius  of  axle. 

The   friction  of  the  journal    (whose  radius  is  c)   against  its 
bearing  being  taken  into  account,  the  relation 
between  P  and  Q  is 
Pji 


Qfj  +  csm\^/P-+2PQ  cos  qj  +  Q', 

w  being  the  angle  between  the  directions  of  P 
and  Q,  exactly  as  in  Art.  126  ;  and  the  efficiency 
is  the  same  as  that  investigated  in  the  Article 
on  the  lever. 

Economy  of  force  is  attained  in  the  wheel 
and  axle  by  diminishing  S,  the  radius  of  the 
axle;  but  in  this  way  the  strength  of  the 
machine  is  diminished.  To  avoid  this  dis- 
advantage a  Liffereutial  Wheel  anil  Axle  is  sometimes  employed. 
In  this  instrument  the  axle   consists  of  two  cylinders  of  radii 

VOL.  I.  P 
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h  and  I'  (Fig.  156),  anil  the  rope,  wound  round  the  former  in  a 
sense  opposite  to  that  of  watch-hand  rotation  (suppose),  leaves  it 
(at  the  point  I  in  Fig'.  155).  and,  after  passing  under  a  moveable 
pulley  to  which  the  mass  to  be  raised  is  attached,  is  wound  in 
the  opposite  sense  round  the  remaining  portion  (that  of  radius 
i')  of  the  axle.  The  effort  P  is  applied,  as  before,  tangentially 
to  the  wheel.  For  the  equilibrium  (or  uniform  motion)  of  the 
machine,  the  tensions  of  the  rope  in  hm  and  h'n  are  each  equal 
to  i  Q  ;  and  taking  moments  round  the  centre  of  the  jom-nal,  c, 
for  the  equilibrium  (or  uniform  motion)  of  the  rigid  system 
consisting  of  the  wheel  and  axle  alone,  we  have 

Pa  =  \q{h-h'). 

Thus,  by  making  the  difference  h  —  V  small,  the  requisite 
effort  can  be  made  as  small  as  we  please;  but  since  the  amount 
of  irork  to  be  done  is  constant,  this  economy  of  force  is  accom- 
panied by  a  loss  in  the  time  of  performing  the  work.  For  it  is 
easily  seen  that  if  the  wheel  turns  through  an  angle  8^,  the 
point  of  application  of  P  will  describe  a  space  ahQ,  and  the 
suspended  mass  will  be  raised  through  a  space  ^  (4  — 1>')  8  0,  which 
latter  will  be  very  small  if  4  — 4'  is  very  small. 

131.]  The    Screw.     The    screw  consists  of  a  right  circular 

cylinder  on  the  convex  circumference 
of  which  there  is  a  uniform  project- 
ing thread,  Gil  (Fig.  158),  of  a 
helical  form. 

The  helix  is  a  cur%-e  traced  on 
the  circumference  of  a  cylinder  in 
the  following  manner.  Take  a  sheet 
of  paper  on  which  are  drawn  two 
indefinite  light  lines,  AB  and  AC, 
and  let  the  paper  be  wound  round 
the  cylinder  in  such  a  way  that  the 
line  AB  coincides  with  the  circumference  of  the  base  ;  then  the 
other  line,  AC,  will  appear-  on  the  cylinder  in  the  shape  of  a  spiral 
curve  which  is  called  the  helix.  (Fig.  157  represents  a  projection 
of  the  helix  on  a  plane  through  the  axis  of  the  cylinder.) 

A  screw  with  a  rectangular  thread  (which  is  that  represented 
in  Fig.  158)  is  obtained  by  making  a  small  rectangular  area,  ahcJ, 
move  so  that  one  side,  ah,  always  coincides  with  a  generating 
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line  of  the  cylinder,  the  middle  point  of  ah  deperihinq-  the  helix 
and  the  plane  of  the  rectangle  always  passing  through  the  axis 
of  the  cylinder. 

If  a  small  triangle  is  used  instead  of  the  rectangle,  we  should 
have  a  screw  with  a  triangular  thread. 

Let  p  and  q  be  two  points  on  the  indefinite  line  AC,  and  draAV 
jin  pcrpendiridar  to  AB  and  qn  parallel  to  it.  Then  jiq  hecomcs 
a  portion  of  the  arc  of  the  helix,  and  'pi  a  portion  of  a  section  of 
the  cylinder  perpendicular  to  its  axis,  pn  remaining  a  straight 
line  coinciding  with  a  generator  of  the  cylinder. 

Hence  the  relation  holding  hetwcen  the  sides  of  the  triangle 
pqti  before  the  paper  was  wound  round  the  cylinder  will  hold 
also  after  the  winding.     T5ut  if  the  angle  between  AB  and  AC 
is  i,  we  have  evidently     ^^,^  ^  ^„  _  ^an  J, 
pq-=  qn  .  sec  /. 

The  thread  C77"  works  in  a  block  on  the  inner  surface  of  which 
is  cut  a  groove  which  is  the  exact  counterjjart  of  the  thread. 
The  bhjck  in  which  the  groove  is  cut  is  often  called  the  nut. 
It  is  clear,  then,  that  if  the  screw  moves  in  the  nut  until  the 
jioint  /;  of  the  thread  occujiies  the  position  q,  the  axis  must  move 
in  its  own  direction  through  a  siiace^;^,  and  the  angular  rotation  ■ 

of  the   screw  about  its  axis  is  i-  j    r  being  the  radius  of  the 

r 
cylinder. 

Hence,   if  the  angle  —  through   which   the  screw   turns    is 

denoted  by  w,  we  have 

pn  =  (iir  tan  ?',    pq  =  <«  ?•  see  /. 

If  Q)  =  2  TT,  or  if  the  screw  make  a  complete  revolution,  any 
point  on  the  surface  of  the  screw  describes  a  space  2  7rrtanJ 
parallel  to  the  axis.  This  is  obviously  the  distance  between  two 
portions  of  the  thread  measured  on  a  generator,  and  is  called  the 
pitc/i  of  the  screw. 

We  shall  consider  the  screw  as  driving  a  resistance  Q  applied 
in  the  direction  of  the  axis,  and  the  effort,  P,  as  applied  in 
a  plane  pei-pendicular  to  the  axis,  at  the  extremity  of  an  arm 
whose  length  measured  from  the  centre  of  the  axis  is  a. 

Suppose  that  the  screw  rotates  through  an  angle  w.  Then 
the  work  done  by  P  is  Fa  co,  and  the  work  done  against  Q  is 

Qr  o)  tan  i. 

r  2 
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If  no  work  is  lost  against  wasteful  resistance,  we  must  have 

Ta  =  Qr  tan  /. 

If  there  is  friction  between  the  thread  and  the  groove,  let 
E  he  the  normal  pressure  on  any  element  of  the  thread  (acting 
towards  the  under  side  of  j)q  in  the  figure),  and  jxR  the  friction 
on  this  element.  Then,  in  a  small  angular  motion,  8  <u,  of  the  screw 
the  work  done  against  the  friction  is  iiR  .pq  (taking  jjq  as  an 
elementaiy  portion  of  the  thread),  or  ixlirbu)  sec  /.     Hence 

Pabw  ■=  (2/"5o)  tan  Z  +  nrSo)  sec  «2i2, 

2i?  denoting  the  sum  of  the  normal  reactions  at  all  points  of 
the  thread. 

But,  for  the  equilibrium  of  the  cylinder,  resolving  along  its 
axis,  we  have  Q  z=  1{E  cosi-iJ.li  sin  i), 

or  Q  =  (cos  i—ii  sin  i)  Sjff.  (a) 

Hence,  substituting  this  value  of  2  ^  in  the  previous  equation, 
Pa  =  Qr  tan  (/  +  A), 
X  being  the  angle  of  friction. 

This  result  could  have  been  obtained  without  the  principle  of 
work  by  combining  with  (a)  the  equation  of  moments  round  the 
axis  of  the  screw.     By  taking  moments  roxmd  the  axis,  we  have 

Pa  =  2  (i?  sin  ?  +  jiii?  cos  /)  r, 

or.  Pa  =  r  (sin  /  +  fx  cos  ?')  2  R.  (^) 

Dividing  (/3)  by  (a)  we  obtain  the  relation  between  P  and  Q. 
The  efficiency  of  the  screw  is  evidently 

tan  i 
tan  (/  +  A) 

which  will  be  a  maximum  when  i  = 

4        2 

A  good  illustration  of  the  action  of  a  screw  is  furnished  by 

the  common  coupling-screw  for  railway  carriages.     To  the  axis 

of  the  screw  whose   ends  work    in  nuts,   one  connected  with 

one  carriage  and  the  other  with  the  second  carriage,  is  rigidly 

attached  a  rod  perpendicularly  to  the  axis,  and  at  the  extremity 

of  this  rod  is  attached  a  heavy  ball.     If  the  ball  be  taken  in 

the  hand  and  swung  round,  it  will  cause  the   screw  to  rotate 

and  thereby  jjuU  the  two   cai'riages  together  in    spite    of  the 

buffer-springs  which  tend  to  keep  them  apart. 


i 


i 
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132.]  Prony's  Differential  Screw.  If  /i  denote  the  piteli 
of  a  screw,  the  relation  between  1'  and  Q  when  friction  is 
neglected  is 

2P-a=  Q/i; 
therefore  economy  of  force  in 
overcoming'  a  given  resistance  is 
gained  by  making  //  very  small. 
But  it  is  impossible  to  do  this  in 
practice,  and  to  attain  the  result 
desired  a  differential  method  is  resorted  to.  Let  the  screw  work 
in  two  blocks,  A  and  JJ  (Fig.  159),  the  first  of  which  is  fixed  and 
the  second  moveable  along  a  fixed  groove,  n.  Let  A  be  the  pitch 
of  the  thread  which  works  in  the  block  A,  and  //'  the  pitch  of 
that  which  works  in  the  block  £.  Then  one  complete  revolution 
of  the  screw  impresses  two  opposite  motions  on  the  block  £ — 
one  equal  to  /i  in  the  direction  in  which  the  screw  advances,  and 
the  other  equal  to  //  in  the  opposite  direction.  If,  then,  the 
resistance,  Q,  is  driven  by  this  block,  we  have  by  the  principle 
of  work  2F^a=Q(A-/i), 

and   the    requisite   effort    will   be    diminished    by   diminishing 

133.]  The  Wedge.     The  wedge  is  a  triangular  prism,  usually 
isosceles,  which  is  used  (as  represented  in  the  figure)  for  the 
purpose  of  separating  two  bodies,  A  and  B,  cr  parts  of  the  same 
body  which  are  kept   together  by  some 
considerable  force,  molecular  or  other. 

The  figure  represents  a  section  of  the 
wedge  made  through  the  line  of  action 
of  the  effort,  P,  perpendicular  to  the  axis 
of  the  wedge.  Suppose  that  the  Kne  of 
action  of  P  passes  through  the  vertex  of 
the  wedge,  and  that  slipping  is  about  to 
take  place ;  then  the  total  resistances  of 
the  surfaces  A  and  P  against  the  wedge 

wall  make  the  angle.  A,  of  friction  with  the  normals  at  the  points, 
)ii  and  n,  where  they  act ;  but  these  points  are  indeterminate 
themselves. 

To  fiid  the  efficienci/  of  the  wedge.  Let  the  wedge  be  driven 
through  a  vertical  space  equal  to  d/',  and  let  2  a  be  its  vertical 


Fig.  160. 
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angle.  Then  the  useful  work  performed  is  the  separation  of  J 
and  S  in  directions  normal  to  the  faces  of  the  wedge  in  contact 
with  them ;  in  other  words,  the  useful  work  is  that  done  by  the 
normal  components  of  the  total  resistances,  H.  Now  the  point 
m  moves  vertically  down  through  a  space  dj),  and  the  projection 
of  this  displacement  along  the  normal  at  m  is  e\-idently 

sin  a .  fljj. 

Hence  the  work  done  by  the  normal  components  ii 

2  i?  cos  X.  sin  adj), 

and  the  whole  work  expended  is  Pdj).     Hence 

2jScosA.sina 
V=  p 

But  by  resohang  verticallj'  for  the  equilibrium  of  the  wedge,  we 
^^"'^  P=2i2sin(a  +  A); 

sin  a  cos  X  tan  a 

■■•     V  = 


Ji 


sin  (a  +  A)       /i  +  tan  a 

Having  given  the  theory  of  the  simplest  machines,  we  proceed 
to  discuss  a  few  of  their  most  useful  forms. 

134.]  The  Balance.  The  balance  is  a  machine  which  is  em- 
ployed for  determining  the  weights  of  bodies,  and  in  its  common 

form   it    may  be   considered   as  an 
instance  of  a  lever  of  the  first  kind. 
Suppose  a  rigid  body  to  be  sus- 
'\T,  r^      pended  from  a  fixed    smooth  hori- 

p         zontal  axis  at  a  point  0  (Fig.  i6i), 
G  beino:  the  centre  of  gravity  of  the 
body,  at  a  distance  OG  (=  i)  from 
.  the  centre  of  the  axis  of  suspension, 

^.      ^  verticall\-  below   0  when  the   body 

Fig.  l6l.  •  1  •     n  o      . " 

rests    under    the    influence    of    its 
weight  alone. 

Let  A  and  £  be  two  points  in  the  body  in  the  horizontal  line 
through  0  at  equal  distances  (each  =  a)  from  0  on  opposite  sides, 
and  suppose  two  masses  whose  weights  are  P  +jj  and  P  to  be 
suspended  from  A  and  P  respectively,  IF  being  the  weight  of 
the  rigid  body.     Then  for  the  position  of  equilibrium,  if  ^denotes 
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the  angle,  ADA',  through  which  the  body  tiu-ns,  we  have,  bv 
moments  about  0,  n  .a 

i^e  =  J^.  (1) 

Such  a  rigid  body  may  be  regarded  as  a  common  balance,  and  it 
is  usually  made  in  the  shape  of  an  elongated  lozenge-shaped  bar 
or  beam,  symmetrical  on  both  sides  of  0,  two  scale-pans  of  c([ual 
masses  being  suspended  from  A  and  B,  the  masses  P  and  P-\-p 
being  placed  in  these  pans. 

Sensibiliti/  is  a  desirable  property  of  a  balance  ;  that  is,  for  a 
given  difference,/;,  between  the  masses  suspended  from  A  and  B, 
the  deflection  0  ought  to  be  as  great  as  it  can  be  consistently 
with  rigidity,  etc.,  in  the  machine.  Now  from  (l)  we  see  that 
the  greater  is  the  sensibility, 

(1)  the  greater  a,  i.  e.,  the  longer  the  beam, 

(2)  the  less  JF,  i.  e.,  the  lighter  the  beam, 

(3)  the  less  //,  i.  e.,  the  nearer  the  centre  of  gravity 

to  the  fulcrum. 
Of  course  h  must  not  be  made  zero  ;  for  if  it  were,  the  slightest 

difference  of  weight  would  always  make  0  =  —  ■ 

It  appears,  therefore,  that  the  sensibility,  in  the  above  arrange- 
ment, does  not  depend  on  the  magnitude  of  the  mass  in  either 
pan  but  on  the  differeyice  between  these  masses. 

The  sensibility  is  generally  measured  by  the  amount  of  deflec- 
tion caused  by  a  difference  of  weight,  j;,  equal  to  1  unit — say  that 
of  1  milligramme  in  the  case  of  extremely  fine  and  accurate 
balances  such  as  are  used  in  Physical  and  Chemical  Laboratories. 

If  the  point,  0,  of  support  of  the  beam  were  not  in  the  same 
right  line  as  the  points,  A  and  B,  of  suspension  of  the  pans,  it 
would  be  no  longer  true  that  the  sensi- 
bility depends  merely  on  the  difference 
of  the  weights  of  the  two  compared 
masses  and  not  on  these  masses  them- 
selves. For,  if  the  arrangement  is  that 
represented  in  Fig.  162,  in  which  AOB  is 
not  a  right  line,  and  if  OC  —  c,  we  have 

for  the  deflection  »  .  a 

tan  e  = 


the  suspended  masses  being  P  and  Q,  whose  difference  —  ji. 
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Now  this  equation  shows  that  for  a  given  difference,  7;,  the 
deflection  is  less  than  it  would  be  for  the  balance  if  c  were  made 
zero  ;  i.  e.,  if  0  were  at  C. 

Lightness  in  the  beam  is  attained  by  making  it  in  the  shape  of 
a  very-  elongated  lozenge,  the  central  portion  of  which  is  nearly  all 

cut  out,  its  sides  being,  how- 


ever,  braced  together  by  light 
brass  cross-pieces,  as  repre- 
sented in  Fig.  163,  which  shows 
only  a  few  portions  of  the  deli- 
cate form  of  the  instrument,  as 
it  is  used  for  the  very  minute 
weighings  in  laboratories. 

The  axis  of  suspension  is,  in 
such  an  instrument,  a  knife 
edge  (represented  vertically 
under  C)  which  rests  on  a  fixed  horizontal  plane  of  agate.  The 
deflections  of  the  beam  from  the  vertical  are  indicated  by  a  very 
long  pointer,  V,  connected  with  the  beam,  the  end  of  this  pointer 
moving  from  right  to  left  just  in  front  of  a  fixed  vertical  scale, 
S,  divided  into  a  large  number  of  close  divisions. 

Absolute  equilibrium  between  the  masses  in  the  pans  is 
scarcely  ever  attained ;  but  even  if  these  masses  were  equal, 
some  slight  disturbance  might  set  the  pointer  swinging  to  right 
and  left  of  its  zero  position,  and  if  the  amplitudes  of  these  swings 
were  equal,  we  could  conclude  that  the  masses  in  the  pans 
are  equal.  Hence  it  is  obviously  desirable  that  the  lime  of 
these  small  oscillations  should  be  as  small  as  possible.  The 
determination  of  the  time  of  a  small  oscillation  depends  on 
kinetical  principles,  and  we  must  assume  the  result  here. 

If  k  is  the  radius  of  gyration  of  the  beam  about  the  axis  of 
suspension,  ^  the  acceleration  of  a  body  falling  freely  in  vacuo 
near  the  Earth's  surface,  and  if  two  equal,  or  very  nearly  equal, 
masses,  P,  are  suspended  in  the  pans,  the  time,  t,  of  a  small 
oscillation  is  given  by  the  equation 


f  =  - 


wk'  +  iPcfi 


Whg 


(2) 


so  that  if  t  is  to  be  very  small,  L  e.,  the  oscillations  rapid,  a  should 
be  small  and  h  large.     These  conditions  are  therefore  the  reverse 
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of  those  for  sen.-jiLility,  and  nothing  but  a  compromise  can  be 
effected  between  them. 

Two  methods  of  exact  weighing — i.  e.,  weighing  to  within  a 
milligramme,  or  even  one-tenth  of  it — are  in  use,  namely  the 
counterpoise  method,  or  method  of  Borda,  and  the  method  of  Gauss. 

In  the  fii-st  method  a  mass  of  shot  or  sand  (the  amonnt  of 
which  we  need  not  know)  is  put  into  one  pan,  while  the  body  to 
be  weighed  is  put  into  the  other,  and  with  this  body  are  put  in 
known  weights  (multiples  of  a  gramme,  decigramme,  etc.)  until 
equilibrium  of  the  pointer  is  attained  either  in  the  middle  of  the 
scale  S  or  in  some  position  near  it.  The  body  to  be  weighed  is 
now  removed  from  its  2)an,  and  its  place  is  occupied  In'  known 
masses  (grammes,  etc.)  until  the  same  position  of  equilibrium  (or 
one  near  it)  of  the  pointer  is  ag^in  attained.  Obviously  the 
mass  of  the  body  to  bo  weighed  must  then  be  equal  to  the  sum 
of  the  masses  which  have  taken  its  place  and  which  produce  the 
same  effect  as  the  body  did. 

The  method  of  Gauss  consists  in  weigliing  the  body  first  in  one 
pan  and  then  in  the  other,  and  taking  the  weight  of  the  body 
equal  to  the  geometric  mean  of  the  two  (veiy  nearly  equal) 
amounts  which  seem  to  rejiresent  it.  If  the  arms,  0,-i,  OH,  of 
the  balance  were  absolutely  equal  in  length,  the  body  would 
appear  to  weigh  the  same  in  both  pans ;  but  very  slight  differ- 
ences between  the  arms  may  arise  from  various  causes,  and  we 
shall  therefore  assume  the  arms  to  be  of  different  lengths,  OA  —  a, 
OB  =  b.  Let  M  be  the  true  weight  of  the  body.  When  M  is 
suspended  from  A,  let  Pj  be  the  weight  of  the  known  mass 
which  must  be  suspended  from  B  to  bring  the  pointer  to  rest  in 
the  vertical  position  ;  that  is,  Pj  is  the  apparent  weight  of  the 
body,  and  it  appears  as  if  J/=  Pj.  The  true  relation,  however, 
between  M  and  Pj  is     M.a  =  P.^.  h.  (3) 

Again,    when    M  is  suspended  from  B,  let  B^  be  its  apparent 

weight. 

Then  M.b  =  P^.a.  (4) 

From  these  equations  we  have,  by  multiplication, 

M  =  vptrp^,  (5) 

which  proves  the  result  given  above.  In  practice,  since  the 
difference  between  the  apparent  weights  is  extremely  minute,  it 
is  usual  to  take  21  =\  (P^  +  P^),  (6) 
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i.  e.,  the  arithmetic,  instead  of  the  geometric,  mean,  the  two 
means  beino-  very  neai-lj'  the  same. 

For  a  full  description  of  the  practical  use  and  details  of  the 
balance  the  student  may  verj^  profitably  consult  the  Lessons  in 
Elemenfary  Practical  P/i^-ws  by  Stewart  and  Gee,  (Vol.  I). 

135.]  Boberval's  Balance.  Roberval's  Balance  is  an  excel- 
lent illustration  of  the  princijile  of  work. 

Two  equal   bars,  AB  and  CI)  (Fig. 

'V ':        164),  revolve  round  axes  through  their 

middle  points,  //  and  E,  which  are 
P  fixed  in  a  vertical  support,  UN;  these 
bars  are  connected  by  smooth  joints  to 
two  equal  bars,  AC  and  BB,  and  to 
these  latter  bars  are  rigidly  attached 
two  plates  or  scale  pans,  P  and  Q,  the 
points  of  attachment  being  any  what- 
ever, and  one  or  both  of  the  plates  may 
lie  totoanh  the  vertical  support,  or  away  from  it  (as  Mg.  164). 

Suppose  P  and  Q  to  be  the  weights  of  two  masses  placed 
in  the  pans  P  and  Q,  respectively.  Then  if  for  any  displace- 
ment of  the  bai-s  round  the  points  //  and  E,  the  pans  describe 
vertical  spaces  p  and  q,  respectively,  we  shall  have  for  equili- 
brium i>p_  Qq  =  0. 

Now,  the  bars  AC  and  BD,  being  always  parallel  to  the  fixed 
line  HE,  will  be  always  vertical,  and  the  vertical  space  through 
which  one  moves  up  is  obviously  equal  to  that  through  which 
the  other  moves  down.  Hence  7;  =  q,  and  we  have  for  equi- 
librium p  —  Q 

wliatever  he  the  lengths  of  the  pans  {provided  their  weights  are 
neglected"),  whatever  he  their  points  of  attachment  to  BB  and  AC, 
and  whatever  the  points  in  the  pians  at  ichich  P  and  Q  are  placed. 

If  the  weights  of  the  pans  are  taken  into  account,  the  same 
results  follow  if  they  are  of  equal  weight. 

If  the  pan  P  were  replaced  by  the  pan  P',  and  the  weight  P 
placed  at  P',  the  other  pan,  Q,  remaining  unchanged,  and  the 
weights  of  the  pans  being  either  equal  or  neglected,  equilibrium 
would  still  subsist — a  result  which  seems  at  first  sight  very 
strajige. 

If  the  lengths  AIT  and  IIB,  CE  and  EB  are  not  equal,  it  is 
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easy  to  prove  that  -  =  jr^  '  and  the  condition  of  equilibrium  is 

P.  IIB^Q. ITA. 

136.]  Balance  of  Quintenz.  This  is  a  compound  balance 
formed  of  a  combination  of  several  levers,  and  is  used  for 
weighing  verj-  heavy  loads.  This  machine  also  furnishes  an 
admirable  example  of  the  principle  of  work. 

AB  (Fig.  165)  is  a  lever  moveable  about  its  fixed  extremity, ./  ; 
JiJJV  is  another  lever  moveable 

about  a  fulcrum,  F,  fixed  at  its     ^ F_ 

middle  point ;  CD  is  a  moveable       i 

platform,    which    receives    the 

load  Q,  whose  weight  is  to  be 

found;    this    platform    is    con-  ^  h 

nected  with  the  lever  J/-V  by  a  Fig.  165. 

rigid  vertical  bar,  BT,  articulated 

at  I)  and  / ;  and  the  platform  further  rests  against  the  lever, 

ylB,  by  an  edge  of  contact  at  a  fixed  point,  //,  on  the  latter ; 

finally,  the  two  levers  are  connected  by  a  rigid  vertical  bar,  BM, 

articulated  to  both. 

The  weight,  P,  employed  to  measure  Q  is  applied  to  the 
upper  lever  at  K  Let  the  system  receive  any  slight  displace- 
ment, then  the  lever,  AB,  will  turn  round  A  through  an  angle 
6^,  suppose,  and  the  lever  J/.V  will  tm-n  round  F  through  an 
angle  6<^. 

V^'e  shall  arrange  the  dimensions  of  the  machine  in  such  a 
manner  that  the  platform,  CD,  may  remain  horizontal  in  the 
displacement.  The  vertical  descent  of  the  point  II  is  evidently 
All.  h6,  and  this  is  also  the  vertical  descent  of  the  point  in  the 
platform  above  //. 

The  vertical  descent  of  the  point  B  is  the  same  as  that  of  /, 
and  this  latter  is  obviously  FI  .b<f>  ;  hence  if  the  platform 
remains  horizontal,        Fl  .h<i>  =  AH .  b9. 

Again,  the  vertical  descent  of  M  is  the  same  as  that  oi  B  ;  or 

FM.b<l>  =  AB.be. 
Hence  from  these  equations  we  have 
MF  _BA 

FI  ~  Air 
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which  is  the  condition  for  the  horizontality  of  the  platform. 
Denote  -jj?  ^y  "•     "^^^  equation  of  work  is  obviously 

P  X  descent  of  N  =  Q  x  descent  of  D, 
.:     P.NFb<l>=  Q.FIdf, 

or  the  result  is  the  same  as  if  Q  were  suspended  from  the  point 
/  of  the  upper  lever. 

Loads  placed  on  the  platform  may  all  he  weighed  by  means  of 
a  constant  weight,  P,  by  merely  moving  the  point  of  suspension 
of  this  latter  along  the  arm  NF;  thus,  if  P  is  suspended  from 
the  point  K  between  iV  and  /',  we  shall  have 

P  _FJ 

137.]  Toothed  Wheels.  ^lotion  may  be  transferred  from 
one  point  to  another  and  work  done  by  means  of  a  combination 
of  toothed  wheels,  each  one  of  which  drives  the  next  one  in  the 
series.  The  discussion  of  this  kind  of  machinery  possesses  great 
geometrical  elegance  ;  but  the  space  at  our  disposal  renders  it 
impossible  to  do  more  than  give  a  slight  sketch  of  the  simplest 
case — that  in  which  the  axes  of  the  wheels  are  all  parallel. 

For  the  investigation  of  the  proper  forms  of  teeth,  the  student 
is  referred  to  Wilhs's  Principles  of  Mechanism,  CoUignon's 
Slatiqne,  and  Resal's  Mecaniqve  Generale. 

Fig.    i66  represents  a  toothed  wheel,  Jj,  moveable  round  a 

horizontal  axis,  ah;    the  effort,  P, 

?*  is  applied  by  means   of  a  handle, 

^-(m~) — L  |— fr  Bi  '■'^i  which,  when  turned,  causes  the 

W     f\  ,      axis  ah  io  rotate  in  its  bearings  at 

^Xf      \j     I  ^  ^^*^  ^  '^'^'^  '^'^  'Oxcxs.  the  wheel  A-^ ; 

•-Q         '< — 5-1 — vb  this  wheel  causes   another,  J5, ,  in 

Aj  contact  with  it,  to  rotate  round  a 

Fig.  i66.  horizontal  axis  which  also  moves  in 

fixed  bearings  at  its  extremities  ;  on 

this  latter  axis  is  fixed  another  wheel  A.^ ,  whose  rotation  in  like 

manner  tm-ns  B^  on  its  axis,  which  in  the  figure  is  the  axis  of  a 

cylinder  to  which  the  resistance,  Q,  is  attached. 

Suppose  that  there  are  n  wheels,  A^,  A.,,  ...  A„,  whose  radii 
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are  «!,  a2>  ••■ ''»•  ^nd  n  wlieels,  B^,  B.^,  ...B„,  whose  radii  are 
^i>  *2>  •••  ^»;  ""<i  1<^*  Ic  =  p,  and  the  radius  of  the  cylinder 
(or  wheel)  to  which  Q  is  attached  =  j.  Then,  if  a»,  is  the  angle 
through  which  the  radius  Ic  revolves,  the  effort  being  always 
applied  tangentially  to  the  circle  described  by  its  point  of  appli- 
cation, the  work  expended  is 

and  if  u>„  is  the  angle  through  which,  in  the  same  time,  the 
cylinder  rotates,  the  weight  Q  will  be  raised  through  a  distance 
ja)„,  and  the  work  done  against  the  resistance  is 

Supposing  then  that  no  work  is  lost  either  by  the  friction  of  the 
axes  in  their  bearings,  or  by  the  friction  of  the  teeth  against 
each  other,  we  must  have 

when  the  machine  is  moving  uniformlv. 

To  determine  the  kinematical  relation  between  oj,  and  oj,,,  let 
the  angle  through  which  P,  turns  be  u>.,.  Then,  since  the  dis- 
tances described  Ijy  the  points  of  A^  and  7?j  which  are  in  contact 
are  the  same,  a.^u>^  =  h^m,.  Also  if  0)3  is  the  angle- through 
which  i?2  turns,  we  have  a.^<^>^  =  b.jca^.  Proceeding  in  this  way, 
we  have,  by  multiphing  the  con-esponding  sides  of  these  equa- 
tions together,         a^a.,...a„.a}^  =  l^b.,...h„.io„. 

Hence  from  (1)  and  (2), 

Q  _  p    b^b,...l„ 

For  the  calculation  of  the  work  lost  by  the  friction  of  the  teeth 
among  themselves  see  Collignon's  Statiqne,  p.  468. 


CHAPTER   IX. 

DETEniriNATION    OF   MCTUAL    REACTIONS    OF   PARTS    OF    A    SYSTEM. 

138.]  Action  and  Reaction.     If  in  am^  sj'stem    of  bodies, 
connected  in  any  manner,  A  and  B  are  two  bodies  in  contact 
between  which  an  action  of  some  kind  is  exercised  ;  then,  what- 
ever be  the  forces  with  which  the  body  A  acts  uiion  the  body  B, 
the  very  same  forces,  reversed  in  directions,  will  constitute  the 
action  of  B  on  A.     Ijct  the  whole  system  of  forces  acting  on  A, 
excluding  those  iiroduced  by  B,  be  denoted  by  {P),  and  let  the 
forces  constituting  the  action  of  i?  on  J  be  denoted  by  {R) ; 
then  we  may  sever  the  connexion  between  A  and  B,  provided 
that  we  have  other  means  of  producing  on  A  the  system  of 
forces  (JS).     In  the  same  way,  if  (Q)  denote  the  whole  system  of 
forces  acting  on  B,  those  constituting  the  action  of  A  on  it 
being  excluded,  the  body,  B,  may  be  severed  from  A  provided 
that  we  have  the  means  of  producing  a  system  of  forces  {  —  R) 
on  B,  {  —  R)  denoting  a  system  of  forces  obtained  by  reversing 
the  direction  and  preserving  the  magnitude  of  everj-  force  in  (R). 
Tor  example,  the  beam  CB  (Fig.  126)  may  be  severed  from 
the  other  beam  along  any  section,  CB,  provided  that  there  be 
introduced  on  CI)  cither  the  single  force  R  acting  through  A, 
or  the  complex  system  of  tensile  and  compressive  forces  which 
act  at  the  section  CB.     This  equality  of  magnitude  and  oppo- 
siteness  of  direction  of  the  forces  existing  between  two  distinct 
bodies  in  contact,   or  between  ideally  severed  portions  of  the 
same  body,   is    sometimes    spoken    of  as  the  principle    of  ///e 
eqvaUfy  of  Action  and  Reaction  ;  but  this  is  by  no  means  the  whole 
of  the  Newtonian  principle  called  by  this  name ;    for  Newton 
specifies  several  senses  in  which  the  terms  Action  and  Reaction 
can  be  taken,  and  in  discussing  one  of  them  he  has  explicitly 
anticipated,  in  great  part,  the  principle  of  the  Conservation  of 
Energy — as  has  been  pointed  out  by  Thomson  and  Tait. 

139.]  Examples  of  Internal  Action.     The  cases  which  we 
shall  consider  in   this    chapter    are  those  in  which  the  action 
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between  two  portions  of  a  system  ideally  severed  consists  of  a 
single  force.  The  simplest  cxamjjle  of  such,  action  occurs  when 
a  single  point  of  one  body  rests  against  the  surface  of  another, 
the  bodies  being  cither  rough  or  smooth.  If  the  bodies  are 
smooth,  the  action  between  them  consists  of  a  single  force 
which  is  normal  to  the  surface  of  cotilact ;  and  if  rough,  the 
action  is  still  a  single  force  which  is  not  necessarily  normal 
to  this  surface.  In  all  cases  in  which  smooth  spherical  joints 
or  hinges  axe  concerned,  the  action  exercised  on  bodies  con- 
nected by  them  consists  of  a  single  force  passing  through  the 
centre  of  the  joint.  When  rough  joints  are  used,  the  action  will 
generally  consist  of  a  single  force  acting  somewhere  outside  the 
joint ;  or  of  a  force  and  a  couple  acting  at  the  joint ;  or,  possibly, 
of  a  couple  alone.  The  tension  of  a  string  is  also  an  instance 
of  internal  action,  and  its  nature  has  been  already  explained 
in  Chap.  II. 

Again,  if  we  ideally  separate  into  two  portions  by  an  arbi- 
trary surface  a  mass  of  a  perfect  fluid  in  equilibrium,  the  action 
of  one  portion  on  the  other  over  a  small  area  of  the  ideally 
separating  surface  will  consist  of  a  single  force  acting  normally 
on  the  ai-ea.  And  we  may  always  treat  as  a  separate  body  any 
portion  whatever  of  a  fluid  in  equilibrium*,  provided  that  we 
produce  along  the  surface  of  this  ideally  separated  portion  all  the 
forces  which  are  actually  produced  on  it  by  the  fluid  with  which  it 
was  surrounded.  This  is  what  we  have  already  enunciated  as  the 
principle  of  separate  equilihrium  (p.  32).  It  is  by  such  separate 
consideration  of  portions  of  a  fluid  that  we  arrive  at  a  knowledge 
of  its  internal  forces  or  pressures.  For  example,  if  a  heavy  fluid, 
whether  compressible  or  incompressible,  of  uniform  or  varying 
density,  be  contained  in  a  vessel,  we  can  prove  that  the  pressure 
is  the  same  at  all  points,  P,  Q.  in  the  same  horizontal  plane. 
For,  isolate  in  imagination  a  horizontal  cylindrical  column  of 
the  fluid,  ha\nng  small  vertical  and  equal  areas  at  P  and  Q 
for  extremities,  from  the  rest  of  the  fluid.  Then,  we  may  treat 
the  cylinder  of  fluid  PQ  as  a  separate  body,  provided  that, 
in  addition  to  the  external  force  (gravity)  acting  on  it,  we 
introduce   the   forces  which  it   actually    experienced   from   the 

*  It  is  usually  said  that  we  may,  under  the  above  condition,  imagine  any 
portion  of  the  fluid  (o  become  solidified  ;  hut  the  imagined  solidiflcation  is  not 
only  wholly  unnecessary  but  misleading. 
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surrounding  fluid.  Now  these  forces  consist  of  normal  pressures, 
p  and  q,  on  the  areas  at  P  and  Q,  together  with  normal  pressures 
all  over  its  curved  surface,  these  latter  being  all  at  right  angles 
to  the  axis  PQ.  If  now  we  resolve  horizontally  all  the  forces 
acting  on  the  cylinder,  we  get 

p  —  q  =  0,  or  p  =  q. 

This  demonstration  shows,  moreover,  that  in  the  case  of  a 
heavy  viscous  or  imperfect  fluid,  the  pressures  are  not  necessarily 
equal  iit  all  points  in  the  same  horizontal  plane. 

For,  in  this  case,  the  action  of  the  rest  of  tlie  fluid  on  PQ 
does  not  necessarilj'  consist  of  forces  normal  to  its  surface,  but 
of  oblique  forces.  Hence  the  horizontal  component  of  the 
pressure  at  P  is  not  equal  to  the  horizontal  component  at  Q; 
the  difference  between  them  is  equal  to  the  sum  of  the  hori- 
zontal components  of  the  ol'Iique  forces. 

The  importance  of  keeping  such  considerations  in  view  may 
be  illustrated  by  the  following  example  from  Hydrostatics. 

A  conical  vessel  is  filled  wiih  water  through  an  aperture  at 
the  vertex.  From  Hydrostatical  principles  it  follows  that  the 
pressure  on  the  base  of  the  cone  is  equal  to  the  weight  of  a 
ci/rimlrical  cohimn  of  water,  standing  on  the  base,  and  ha\'ing 
a  height  equal  to  that  of  the  cone  ;  that  is,  the  pressure  on  the 
base  is  much  greater  than  the  weight  of  the  water  contained 
in  the  cone.  Now  if  we  imagine  the  water  to  become  solidified, 
the  curved  surface  of  the  cone  may  lie  removed,  and  the  pressure 
on  the  base  will  be  equal  to  the  weight  of  the  ice,  that  is,  the 
weight  of  the  water  in  the  cone.  An  apparent  discrepancy  is 
the  result.  But  if  we  attend  to  the  proviso  that  in  the  separate 
consideration  of  the  equilibrium  of  any  portion  of  a  system,  solid 
or  fluid,  we  must  produce  upon  the  isolated  portion  all  the  forces 
which  were  originally  produced  upon  it  by  the  neighbouring 
portions  of  the  solid  or  fluid,  the  difficulty  disappears.  In  the 
fluid  state  the  liquid  in  contact  with  the  curved  surface  of  the 
cone  was  pressed  normally  by  a  sj'stem  of  varying  forces,  and 
the  circumstances  of  the  solidified  body  will  not  be  the  same  as 
those  of  the  fluid,  unless  its  surface  is  pressed  in  precisely  the 
same  way.  These  pressures  have  a  total  vertical  component, 
which  must  be  added  to  the  weight  of  the  block  of  ice  in  order 
that  we  may  obtain  the  true  pressure  on  the  base. 

The  action  between   two   portions  of  a  perfect  fluid  ideally 
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separated  by  a  plane  surface  of  any  area  always  consists  of  a 
single  force  which  is  normal  to  the  area ;  but  the  action  between 
two  portions  of  an  elastic  solid  along  a  jilanc  section  is  by  no 
means  so  simple ;  the  latter  is  not  generally  reducible  to  a 
single  force. 

140.]  Equilibrium  of  several  Bodies  forming  a  System. 
It  will  now  be  clear  that  when  a  system  is  conijw.sod  of  several 
bodies  in  contact  with  each  other,  we  can  consider  the  whole  set 
as  forming  a  single  body  in  equilibrium  under  the  action  of 
given  external  forces ;  or  we  may  consider  the  separate  equi- 
librium of  any  one  body  under  the  action  of  given  external  forces, 
and  the  reactions  of  the  other  bodies  with  which  it  is  in  contact. 
A  few  examples  of  such  systems  have  already  been  given  ;  but  it 
is  proposed  to  devote  the  present  chapter  more  especially  to  the 
consideration  of  such  questions. 


Examples. 

1.  Two  uuifbrm  bars,  connected  at  a  common  extremity  by  a 
Bmooth  joint,  are  jilaced  in  a  vertical  plane,  their  other  extremities, 
wiiich  rest  on  a  smooth  horizontal  plane,  being  comiectcd  by  a  cord ; 
fiud  the  tension  of  the  cord  iiiid  the  reaction  at  the.joint. 

Let  AC  and  C-B  (Fig.  167)  be  the  bars,  IF  and  IF' their  weights, 
a  and  a  tlieir  inclinations  to  the  horizon,  Ji  and  Ji'  the  reactions  of 
the  horizontal  plane  at  ..1  and  H,  and 
T  the  tension  of  tiie  ccrd. 

if,  then,  we  con.'-ider  the  two  bars 
as  forming  one  system,  the  mutual 
reaction  at  C  and  tlie  tension  of  the 
cord  will  be  internal  forces  of  the 
system,  and  will  therefore  disappear 
from  the  equations  of  equilibrium. 
The  forces  on  this  system  are  simply,  W,  W,  R  and  R'. 

Resolving  vertically  for  the  equilibrium  of  the  system, 

i?  +  7?'=  TT+TC'.  (1) 

Again,  considering  the  equilibrium  of  the  bar  AC,  the  forces 
acting  on  it  are  W,  R,  T,  and  the  unknown  reaction  at  C.  This 
latter  will  be  eliminated  by  taking  moments  about  C.     Thus  we  get 

2  7i  cos  a  =  2  7* sin  a+  TI'cos  a, 

(the  length  of  the  bar  dividing  out),  or 

i?=  rtana  +  lTT.  (2) 

Similarly,  taking  momenta  about  C  for  the  equilibrium  of  BC, 

i?'=rtana'+^lF'.  (3) 

VOL.  I.  Q 
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By  adding  (2)  and  (3),  and  making  use  of  (1),  we  get 

T=  -J^±^^.  (4) 

2(tana+tana')  ^  ' 

Again,  let  X  and  Y  be  the  horizontal  and  vertical  components  of 

the  reaction  at  the  joint.     Then,  for  the  equilibrium  of  the  bar  AC, 

T-X=0, 

W+Y~Ji  =  0. 

W+  W 


Hence 


A'  = 


Y  = 


2  (tan  a  +  tan  a') 
IT'tana-irtana' 


2  (tan  a  +  tan  a') 

If  we  wish  to  determine  T  by  the  principle  of  virtual  work,  let  y  be 
the  height  of  the  middle  point  of  either  bar,  and  we  have 

-{W+  W')dy-Td{AB)  =  0  (5) 

for   an    imagined   displacement   in   which    the   bars   are   drawn   out, 
whUe  A   and  B  remain  on  the  ground.      If  AC  =  2a,   BC=2a', 
y  =  asiaa,  AB  =  2acosa+2a'  cos  a'.     Therefore 
dy  =  a  cos  ada,  d{AB)  =  —2a  sin  ada  — 2 a' sin  a  da' 

sin  (a  +  a') 


—  2a- 


da 


(since  from  the  equation  asina  =  a'sina'  we  have  acosa<ia=:a'cosa'<^a'). 
Substituting  these  values  of  rfy  and  d{AB)  in  (5),  we  get  the  same 
value  of  T  as  before. 

2.  Two  equal  smooth  spheres  are  placed  inside  a  hollow  cylinder, 
open  at  both  ends,  which  rests  on  a  horizontal  plane ;  find  the  least 
weight  of  the  cylinder  in  order  that  it  may  not  be  upset. 

Let  Figure  168  represent  a  vertical  section  of  the  system  through 
the  centres  of  the  spheres.     Let  P  be  the  weight  of  the  cylinder,  a  its 

radius,  W  and  r  the  weight  and  radius 
of  each  sphere,  7?  and  li'  the  reactions 
between  the  cylinder  and  the  spheres 
whose  centres  are  0  and  0',  respectivel}'. 
Then,  the  only  motion  possible  for  the 
cylinder  is  one  of  tilting  over  its  edge  at 
the  point  A,  in  which  the  vertical  plane 
containing  the  forces  meets  it.  For,  con- 
sider the  equilibrium  of  the  lower  sphere 
which  rests  against  the  ground  at  D. 
This  sphere  is  in  equilibrium  under  the  influence  of  B'  (reversed  in 
Figure),  the  reaction  of  the  upper  sphere,  S,  acting  in  the  line  00',  its 
weight,  TI'^,  and  the  reaction  of  the  ground  at  D.  Xow,  since  three  of 
these  forces  pass  through  0',  the  reaction  of  the  ground,  whether  the 
latter  is  rough  or  smooth,  must  also  pass  through  C.  Hence,  if  6 
be  the  angle  which  00'  makes  vnlh  the  horizon,  we  have  for  the 
equilibrium  of  the  lower  sphere,  resolving  horizontally, 

R'^Scose.  (1) 


Fig.  1 68. 
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The  upper  spliere  is  in  equilibrium  under  the  action  of  R  (reversed 

in  Figure),  W,  and  S.     Hence  for  its  equilibrium  we  liave  in  the  same 

way.  R  =  Scosd.  (2) 

.-.     R  =  R'.  (3) 

Again,  the  cylinder  is  in  equilibrium  under  the  action  of  R.  R',  P. 
and  the  reaction  of  the  ground.  Eesolving  horizontally  for  its  equi- 
librium, we  have  the  horizontal  component  of  the  reaction  of  the 
ground  =  R  —  R'  ^  0.  Hence,  even  if  the  ground  is  rough,  there  is 
no  tendency  to  i-lip,  and  the  only  way  in  which  equilibrium  can  be 
broken  is  by  turning  round  -(. 

Taking  moments,  then,  about  A,  the  point  at  which  the  reaction  of 
the  ground  acts,  we  have  for  the  equilibrium  of  the  cylinder 

Pa  +  R'r  =  R{r+2rimd), 

or  Pa  =  2RriuiO.  (4) 

Again,  for  the  equilibrium  of  the  upper  sphere,  we  have 

r> 

=  cot  e.  (5) 


w 

Substituting  this  value  of  R  in  (4),  we  have 
Pa  =  2  Wr  cos  6. 


(6) 


But  evidently 
therefore,  finally, 


cos  0  = 


P=  2\V(\  -''V 


3.  A  heavy  bar  is  moveable  in  a  vertical  plane  round  a  sraootli 
hinge  fixed  at  one  extremity ;  a  heavy  sphere  is  attached  to  the  hinge 
by  a  cord ;  the  two  bodies  rest  in 
contact ;  find  the  position  of  equili- 
brium and  the  internal  reactions,  there 
being  no  friction  between  the  bodies. 

Let  0  (Fig.  169)  be  the  hinge,  0.1 
the  cord  by  which  the  sphere  is  at- 
tached, d  the  inclination  of  the  cord 
to  the  vertical,  Cm,  <f)  the  inclina- 
tion of  the  bar  to  the  vertical,  W 
the  weight  and  r  the  radius  of  the 
sphere,  I  the  length  of  the  cord,  a 
the  distance  between  0  and  G,  the 
centre  of  gravity  of  the  bar,  and  P  its 
weight. 

Then,  considering  the  spliere  and 
bar  as  one  S3-stem,  this  system  is  acted 
on  by  the  given  forces  W  and  P,  by  the  tension  of  the  cord,  and 
by  the  resistance  of  the  hinge.  The  two  latter  forces  will  be 
eliminated  by  taking  moments  about  0.     We  have  then 

W.  Om  =  P.  On, 
Q2 
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Om  and  On  being  perpendiculars  from  0  on  the  directions  of  W  and 
P.     But  Om  =  {^  +  '")  sin  Q,  and  On  :=  a  sin  <p ;  therefore 

W.{l  +  r)s\iie  =  P.a%m4>.  (1) 

This  is  the  statical  equation  connecting  6  and  <^  ;  the  geometrical 
equation  is  ^ 

sin  COB  =  = 1     or 

l  +  r 


sin  (e +  </,)=—. 


(2) 


(1)  and  (2)  determine  6  and  </>,  and  therefore  the  position  of  equili- 
brium. If  R  is  the  mutual  reaction  of  the  sphere  and  the  bar,  we 
have,  by  considering  the  equilibrium  of  the  sphere  alone, 

E  =  W-^^.  (3) 

cos((>  +  <^)  ^   ' 

Again,  if  the  cord  is  attached  to  the  binge  but  not  to  the  bar, 
and  if  X  and  Y  are  the  horizontal  and  vertical  components  of  the 
pressure  of  the  bar  on  the  hinge,  we  have  for  the  equilibrium  of  the 
bar 


X  =  .B  cos  (^  =  TT 


T=P-Rim<p  =  P-'n 


sin  6  cos  (^ 
cos  (6  +  <^) 

,sin  ^sin  <^ 


Hence,  if  S  is  the  resultant  of  X  and  Y, 


cos  (0  +  (/)) 


,S'-  =  P--2PTr 


sin  6  sin  <^ 


+  W-- 


sin^'i? 


(4) 


cos(04-<#))  cos\e-\-(\>) 

Evidently  S  acts  in  the  line  OD,  which  joins  the  hinge  to  the  point 
of  intersection  of  P  and  li. 

If  the  cord  is  attached  to  the  bar,  X  and  Y  are  the  components 

of  the  resultant  of  the  tension  of 
the  cord  and  the  pressure  on  the 
hinge. 

4.  Two  heavy  uniform  rods  are 
freely  jointed  at  a  common  ex- 
tremity, and  are  connected  at 
their  other  extremities  with  two 
smooth  hinges  in  the  same  hori- 
zontal line.  Required  the  mag- 
nitudes and  directions  of  the 
pressures  on  the  hinges,  and  the 
mutual  reaction  between  the  rods. 
Let  AC  and  CB  (Fig.  170)  be 
the  rods;  IPand  )F' their  weights, 
acting  through  their  middle  points,  /  and  g ;  a  and  a  their  inclina- 
tions to  the  horizon ;  R  the  mutual  reaction  at  C  ;  S  and  ^  the 
pressures  on  the  hinges  A  and  B,  G  the  centre  of  gravity  of  the 
.system  of  two  rods  ;  and  0  the  inclination  of  R  to  the  horizon. 


Fig.  170. 
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Consider  the  equilibrium  oi  AC  alone.  It  is  acted  on  by  three 
forces  W,  R,  and  S  ;  and  since  we  have  drawn  the  line  OC  to  represent 
the  direction  of  R,  the  direction  of.?  must  be  Aq,  q  beiii},'  tjie  point  of 
intersection  of  W  and  R.  By  taking  moments  about  .1  lor  the  equili- 
brium of  AC,  we  shall  express  R  in  terms  of  W,  a,  and  0 ;  and  by 
taking  moments  about  B  for  the  equilibrium  of  BC,  we  thall  express 
R  in  terms  of  IF',  a',  and  6;  equating  the  two  values  of  E  thus 
obtained,  we  get  a  value  for  tan  6  which  is  obtamed  by  dividing  the 
value  of  Y  by  that  of  X  in  Example  1 . 

Considering  the  two  rods  as  one  system,  this  system  is  acted  on  by 
the  three  external  forces,  <^,  8',  and  11'+  W,  acting  vertically  through 
G.     Hence  these  must  meet  in  a  point,  Q. 

It  is  evident  that  this  jjroblem  is  the  same  as  that  in  Example  1,  and 
that  if  the  reactions  /Sand  S'  are  resolved  each  into  a  vertical  and  a 
horizontal  component,  the  horizontal  components  will  be  equal  and 
opposite  (by  considering  the  two  rods  as  one  body  and  resolving 
horizontally).  These  horizontal  components  have  each  the  value  of 
the  tension  of  the  cord  in  Example  1 ,  and  the  vertical  components  are 
the  values  of  R  and  R'.  Thus  the  problem  might  be  completely 
solved  analytically. 

Geomelricdl  Sohdion*.  The  direction  of  the  resistance  at  the  joint  C 
can  be  easily  determined  as  follows : — From  A  and  B  draw  two  lines  to 
any  point,  D,  on  the  line  QG ;  let  AD  meet  ^/in  E,  and  let  BD  meet 
rg  in  //.  Then  the  line  Ell  will  meet  AB  in  0,  the  point  through 
which  the  line  of  resistance  at  C  passes.  For,  the  triangles  qrQ  and 
EUD  are  such  that  the  lines,  Eq,  DQ,  Hr,  joining  corresponding 
vertices  meet  in  a  point  (are  parallel),  therefore,  by  the  well-known 
property  of  triangles  in  perspective  (wliich  has  been  given  at  p.  141), 
the  intersections,  A,  B,  0,  of  corresponding  sides  must  lie  on  a 
right  line.  Hence  0  is  determined,  and  therefore  OC,  the  line  of 
resistance. 

The  direction  of  R  can  also  be  found  thus  geometrically : — 

Since  qrO  is  a  transversal  cutting  the  sides  of  a  triangle  AQB,  we 
have 

AO       Aq       Qr      Am       ivp      Am        np 

OB      qQ      rB       mil      pB      pB       mn 

^  Am       gG  _  AC  cos  a     W 
~^  ^  ^~  BC~^^V  '  W 

But  AO  =  AC^^^,  and  OB  =  BC'^^^;     therefore 
sin  0  sin  0 

sin  (a  +  6)        cos  a     W 

s\n{a'-U)  ~  cos  a' '  W 

fiom  which  we  get  the  same  value  of  tan  5  as  before. 

*  This  elegant  solution  was  suggested  to  me  by  Jlr.  Henrj-  Reilly. 
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5.  A  sphere  and  a  cone,  each  resting  on  a  smooth  inclined  plane, 
are  placed  in  contact;  find  the  position  of  equilibrium  of  the  system, 
and  the  reactions  of  the  j)lanes. 

Let  the  sphere  rest  on  the 
plane  OA  (Fig.  171)  whose  in- 
clination to  the  horizon  is  a,  and 
the  cone  on  OB  whose  inclina- 
tion is  a  ;  let  11^  and  W  be  the 
weights  of  the  sphere  and  cone, 
li  the  mutual  reaction  between 
them,  S  the  reaction  of  the  plane 
OA  on  the  sphere,  T  the  re- 
action of  OB  on  the  cone,  and 
let  y  be  the  semivertical  angle 
of  the  cone. 

For  the  equilibrium  of  the 
sphere  we  have 


Fig.  171. 


7t'  =  IF 


cos(a-i-a'  — y)' 


and  for  the  equilibrium  of  the  cone 


R=  W 


From  ( 1 )  and  (2)  we  have 


cosy 


W 


W 


cos  (a -fa'  —  y)  cosy 


(1) 
(2) 
(3) 


an  equation  which,  instead  of  giving  a  position  of  equilibrium,  gives 
a  condition  to  he  satisfied  in  order  that  equilibrium  may  be  at  all 
possible. 

It  is  evident  that  (3)  is  the  only  statical  equation  that  can  be 
obtained  without  involving  the  unknown  reactions.  Hence,  if  it  is 
satisfied,  every  position  in  which  the  bodies  are  placed  is  one  of  equi- 
librium; and  if  it  is  not  satisfied,  the  problem  must  be  radically 
changed,  and  one  or  other  of  the  two  bodies  must  rest  in  contact  with 
both  planes.     Suppose  the  cone  in  contact  with  both  planes. 

Here  there  are  only  three  forces  acting  on  the  sphere,  and  there  are 
four  forces  acting  on  the  cone,  viz.  IT',  E,  T,  and  F,  the  reaction  of 
the  plane  OA,  which  is  perpendicular  to  OA.  R  must  now  be 
determined  from  the  equilibrium  of  the  sphere.     Thus 

7?=TF- 


cos(a-)-a'—  y) 

To  determine  F,  consider  the  equilibrium  of  the  cone,  and  resolve 
along  OB.     Then 

F  =  [  W  sin  a'  -  IF      ""°''°f^      1  cosec  (a  -|-  a"). 
'-  cos(a-l-a  —  y)-"  ^  ' 
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To   determine    the    magnitude    of    T, 
cone  in  the  direction  OA.     Then 

r=(ir+ir)- 


resolve    the    forces    on    llie 


sin  (a  +  a') 

The  point   N  at  which   T  acts   is   obtained    by   taking    moments 
about  0  for  the  equilibrium  of  the  cone.     We  thus  get 


r.OiV^  =  ir7((tanycosa'- 


-  sina)  +  7.Vcot(- 2 )' 


r  being  the  radius  of  the  ppliere,  and  h  the  height  of  the  cone. 

VS  is  obtained  by  f-ubstitut- 
ing  in  tliis  e(|uation  the  vaU:es 
of  T  and  R  given  above,  and  it 
is  geometrically  evident  that 
the  point  N  lies  between  the 
foot  of  the  perpendicular  from 
P  on  OB  and  the  loot  of  tlie 
perpendicular  from  the  inter- 
section of  /'  and  W  on  OB. 

If  the  Fphere  is  in  contact 
with  both  planes,  the  discussion 
proceeds    in    a    eimilar   manner. 


Fig.  172. 

B,   is   then   determined   from    tlie 
equilibrium  of  the  cone,  T  acts  in  the  perpendicular  from  /'  on  OB, 


and  the  reactions  of  the  planes  on  the  sphere  are  easily  calculated. 
If  the  weight  of  the  sphere  be  greater  than  the  value 

,  Eina^cos(a  +  a^-  y) 
sin  a  cos  y 

given  by  (3),  it  is  sufficiently  clear  that  the  sphere  will  descend  to 
contact   with    the    plane 

P 


OB ;  whereas  if  it  is  less 
than  this  value,  the  cone 
will  descend. 

If  the  condition  (3)  is 
satisfied,  the  reaction  T 
of  the  plane  OB  on  the 
cone  is  easily  found.  For, 
let  the  directions  of  W 
and  R  meet  in  P;  then 
T  must  act  in  the  per- 
pendicular, PQ,  from  P 
on  OB,  and 

rj,_^y,  _  cos  (a-y)_ 
cosy 
Similarly  S  may  be  found. 

G.    Two   blocks,  AC  and  BC  (Fig.    173),  rest  against   two   fixed 
supports  at  A  and  B,  and  against  each  other  at  C ;  each  is  acted  on  by 


Fig-  i7,V 
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a  given  force  (in  addition  to  its  weight)  ;  find  the  lines  of  resistance 
at  A,  B,  C. 

Ans.  Let  the  resultant  of  the  weight  of  the  block  AC  and  the 
force  applied  to  it  be  the  force  P\  let  the  resultant  of  the  weight  of 
BC  and  the  force  applied  to  it  be  Q  ;  and  let  the  resultant  of  P  and  Q 
be  B.  Draw  the  line  AB ;  take  any  point,  h,  on  R,  and  draw  Ah  and 
Bh,  meeting  P  and  Q  in /and  g,  respectively.  Then  the  line_^  will 
intei-sect  AB  in  0,  the  point  through  which  the  line  of  resistance  at  C 
passes.  Draw  OC,  and  let  it  meet  P  in  F  and  Q  in  G.  Then  A  F  and 
BG  are  the  lines  of  resistance  at  A  and  B.     (See  Example  4.) 

7.  A  number  n  of  equal  smooth  spheres  of  weight  Tl"^  and  radius  r 
are  placed  within  a  hollow  vertical  cylinder  of  radius  a,  less  than  2r, 
cpen  at  both  ends  and  resting  on  a  horizontal  plane.  Prove  that  the 
least  value,  W,  of  the  weight  of  the  cylmder  in  order  that  it  may  not 
be  upset  by  the  spheres  is  given  by 

aW'^{n-l){a-r)W, 
or  a W ^  n(a—r)W, 

according  as  n  is  odd  or  even.     [Tripos,  1884.) 


141.]  System  of  Jointed  Ears. 


^K 


Fig.  174- 


When  a  system  consists  of 
a  number  of  rods  or  bars 
articulated,  or  connected 
together  by  smooth  joints, 
there  will  be  exerted  at 
the  extremities  of  each  rod 
certain  forces,  or  reactions, 
which  are  produced  by  the 
connecting  joints,  and  the 
calculation  of  the  directions 
and   magnitudes   of  these 


reactions  forms  an  important  part  of  Statics  as  applied  to  the 
construction  of  framework.  These  reactions  are  sometimes  called 
siregses,  although  this  term  is  more  properly  applied  to  forces  pro- 
duced by  strains  or  deformations  in  a  body. 

The  joint  connecting  any  two  bars  may  be  either  a  portion 
of  one  of  the  bars  or  a  hinge-pin  distinct  from  both  bars,  and 
the  directions  of  the  reactions  at  the  extremities  of  a  bar  will 
depend  on  the  manner  in  which  the  external  forces  axe  applied. 
Let  us  suppose  that  the  joints  at  B  and  C  (Fig.  174),  which 
connect  the  bar  BC  with  the  neighbouring  bars,  are  distinct 
from  BC  itself,  and  that  the  forces  applied  to  the  system  act  at 
and  «>«  the  joints.     Then  the  reactions  produced  at  £  and  C  on 
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the  bar  BC  act  alonnf  this  bar.  For,  the  only  forces*  acting-  on 
the  bar  are  the  reactions  of  the  joints  B  and  C,  and  when  two 
forces  keep  a  body  in  equilibrium,  they  must  be  equal  and 
opposite.  Hence  the  reactions  must  act  along-  BC.  Suppose, 
however,  that  the  forces,  still  apj)lied  at  the  joints,  act  on  the 
extremities  of  the  bar  BC  itself, 
and  let  Fig.  1 75  represent  the 
bar  apart  from  the  joints.  Let 
the  forces  applied  to  it  be  P  and 
Q.  Now  the  smooth  joints  must 
jiroduce  reactions  which  act  on 
the  bar  through  the  centres  of 
the  joints  (see  p.  159).      Hence  ^'=-  '75- 

BC  is  again  kept  in  equilibrium  by  forces  acting  at  its  extremi- 
ties, and  therefore  the  resultant  of  the  forces  at  B  must  be  a 
force  acting  in  the  direction  BC  or  CB,  and  the  resultant  of 
the  forces  at  C  must  be  a  force  acting  in  the  direction  CB  or 
BC.  Henee  the  reactions  produced  by  the  joints  cannot  act 
along  the  bar,  but  must  assume  some  such  directions  as  B  and  S. 

Thus,  in  any  n/jdeni  of  articulated  bars,  when  the  external  forces 
are  applied  at  the  joints,  the  reactions  will  he  in  the  directions  of  the 
bars  only  ichen  the  external  forces  act  at  the  joints  on  pins  ivhich 
are  distinct  from  the  bars  which  they  connect. 

142.]  Theorem.  When  a  system  of  articulated  bars  is  in 
equilibrium  under  the  action  of  external  forces  applied  at  given 
points  in  the  bars,  the  statical  condition  of  the  system  may  be 
determined  by  resolving  the  force  applied  to  each  bar  into  any 
two  components  acting  on  the  joints  at  its  extremities,  and  then 
representing  each  joint  as  in  equilibrium  under  the  action  of  the 
components  transferred  to  it  together  with  reactions  acting  on 
it  along  the  directions  of  the  bars  which  it  connects. 

Let  Fig.  176  represent  one  of  the  bars  detached  from  the 
joints  at  its  extremities,  and  let  Fig.  177  represent  the  joint 
which  connected  the  bars  AB  and  BC  (Fig.  174).  If  a  force  F 
is  applied  to  BC,  it  is,  of  course,  allowable  to  break  it  up  into 
any  two  components,  P  and  Q,  acting  on  the  bar.  Let  P  and 
Q  act  on  the  bar  at  its  extremities,  and  let  R  be  the  reaction  of 
the  joint  at  B  on  the  bar,  and  <S'  that  of  the  joint  at  C.     The 

*  The  weight  of  the  bar  is  supposed  to  be  neglected. 
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bar  is  then  kept  in  equilibrium  by  the  forces  P  and  R  at  B,  and 
the  forces  Q  and  S  at  C.  Hence  the  resultant  of  P  and  E  must 
be  a  force,  T,  along-  the  bar ;  that  is  to  say,  if  the  forces  P  and 
P  act  at  any  point,  they  produce  a  resultant  T ;  or  again,  if  we 
reverse  the  directions  of  E  and  T  (as  in  Fig.  177),  the  forces  P 


Fig.  176. 


rig.  17; 


and  T  are  equivalent  to  11.  Now  the  joint  was  kept  in  equi- 
librium by  the  equal  and  opposite  reactions,  R  and  R'  (Fig.  177), 
of  the  bars  BC  and  AB.  But  we  have  just  shown  that  R  is 
equivalent  t-o  the  transferred  component  P  of  the  force  F  and 
the  reaction  T,  acting  along  CB.  In  the  same  way,  Rf  may  be 
replaced  by  a  component  of  the  force  A'  (Fig.  174)  acting  on  AB 
and  a  reaction  acting:  alonsr  AB. 

We  may,  then,  rejdace  the  external  forces,  K,  F,  ...  (Fig.  174), 
which  act  on  the  bars  by  any  system  of  components  passing 
through  the  centres  of  the  joints,  and  represent  two  equal  and 
opposite  reactions  as  acting  at  the  extremities  and  in  the  direction 
of  each  bar  of  the  system.  But  it  must  be  remembered  that  the 
reactions  thus  calculated  (such  as  T,  Fig.  1 76)  are  not  the  tofal 
reactions  at  the  joints. 

T/ie  reaction  at  the  end  of  each  lar,  thug  calculated,  is  the  re- 
sultant of  the  total  reaction  at  the  joint  and  the  component  of  the 
force  acting  on  the  lar  which  has  heen  transferred  to  the  joint. 

For  example,  the  reaction  along  the  bar  AB  is  the  resultant 
of  the  total  reaction,  R,  and  the  component  of  A'  which  has  been 
transferred  to  the  joint  B. 

The  external  forces,  F,  K.  ...  may  be  each  broken  up  into  two 
components  passing  through  the  centres  of  the  corresponding 
joints  in  an  infinite   number  of  ways.     In   the  calculation  of 
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reactions  in  framework  it  is  usual  to  break  each  of  tlicm  up  into 
two  parallel  forces. 

143.]  Triangular  Framework,  Graphic  Calculation.  Let 
ABC  (Fig.  i/H)  lie  a  trian<>-ular  system  of  bars  connected  1)V 
smooth  joints  ;  and  let  given  forces,  P,  Q,  II,  kee])ing  the  system 
in  equilibrium,  be  applied  at  given  points  to  the  bars  BC,  CA, 
AB,  respectively.  It  is  required  to  find  the  reactions  at  the 
joints. 

The  reactions  on  BC  at  />  and  C  must,  for  the  equilibrium  of 
this  bar,  meet  on  J\  Sujipose  that  they  act  along  aC  and  aB. 
Siniilarlv  the   reactions   on  A7i  at  A  and  B  must  meet  on  B. 


Suppose  that  they  act  in  cA  and  cB.  And  let  the  reactions  on 
AC  act  in  bA  and  l/C.  Then  aBe  is  a  risrht  line,  since  'action 
and  reaction'  at  B  are  equal  and  opposite.  Similarly  cAi  and 
bCa  are  right  lines.  Hence  a 5c  is  a  triangle  whose  sides  pass 
through  three  given  points.  A,  B,  C,  and  whose  vertices  lie  on 
three  concun-ent  lines,  P,  Q,  B.  This  triangle  is  therefore  found 
(p.  141)  by  taking  any  point,  r,  on  B ;  let  rA  meet  Q  in  q,  and 
let  rB  meet  P  in  p;  let  jj/j  meet  AB  in  s  ;  join  ^  to  C ;  then  zC 
meets  P  and  Q  in  a  and  i,  while  bA  and  aB  meet  B  in  c.  "We 
have  thus  found  the  triangle  aic,  along  whose  sides  the  re- 
actions act. 
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Let  Tj,  T^,T^,  be  the  magnitudes  of  the  reactions  at  A,  B,  C. 
T,  _  sin  Ca  0  _  Ob  .  sin  a  Ob     ac^  _  ac.Ob.B 
2'^  ~  sin  £aO~  Oc  .dnc  Oa     ab  ~  ab  .  Oc .  Q 

UenceT,:T,:T,=  ^^  =  '^  =  '-^. 

If  the  perpendiculars  of  the  triangle  abc  drawn  from  the  ver- 

ticesarej!>j,;;2,/)3,  the  actual  magnitude  or  J\= p j 


20a    -/».»-!'. »-q.s-R 


,   where  *=  i{P+Q  +  Ii); 


Jh  ^ 

with  similar  values  of  T.>  and  T^. 

The  triangle  abc  may  be  regarded  as  a  funicular  polygon  of 
the  given  forces  P,  Q,  B. 

144.]  Deformable  Polygon  of  Bars.  Let  a  plane  polygon 
of  «  sides  be  formed  by  u  bars  rigullj  joined  together  at  their 
extremities,  and  let  «  forces,  T^,  P^,  ...  T^^'va.  the  plane  of  the 
polygon,  be  applied,  one  to  each  bar  at  a  given  point  in  its  length. 


Fig.  179. 


Then  if  the  force  and  fnnicidar  polygons  of  the  given  forces  are 
both  closed,  the  figure  is  in  equilibrium.  Now  let  the  rigidity 
be  removed  from  the  joints,  and  let  them  become  perfectly  free. 
TTie  system  will  no  longer,  in  general,  remain  in  equilibrium, 
because  of  the  restriction  now  imposed  on  the  internal  force 
between  bar  and  bar — viz.,  that  it  must  act  through  their  point 


1 44-]  DEFOEMABLE    POLYGON   OF   B.VRS.  237 

f:f  junction  (see  Art.  lOG).     Let  us  suppose  the  polygon  (o  remain 
in  e<piilil)rium  and  investigate  the  condition  for  this. 

Fig.  179  represents  a  polygon  of  five  bars  acted  upon  by 
forces  P, ,  Pj)  •••  -^5  whose  force  and  funicular  polygons  are  closed. 

Consider  the  separate  equilibrium  of  the  bar  J.j  y/j ,.  It  is 
acted  on  by  three  forces,  viz.,  Pj  and  the  reactions  at  its  ex- 
tremities. These  must  meet  in  a  point,  Cj.  Similarly  the  re- 
actions at  Jj,  and  A^r,  must  meet  in  a  point,  c. ,  on  I\  ;  and  the 
equilibrium  of  the  joint  A^^  requires  that  c^  A^^  c^  should  be  a 
right  line,  and  that  the  components  of  P,  and  P.-  along  it  (the 
other  components  of  these  forces  being  along  f\Aj.,  and  c^A^-, 
respectively)  should  be  equal  and  opposite.  Producing  (?j  A-^.,  to 
meet  Pg  in  C,,  and  so  on  all  round,  we  obtain  a  polygon 
CiC.^CyC^c^Ci  which  is  a  funicular  of  the  given  forces.  Hence 
the  necessary  and  sufficient  condition  of  equilibrium  of  the  de- 
formable  polygon  is  that — 1(  i«  possiljle  to  describe  a  funicular 
polygon  of  the  given  forces  whose  sides  all  pass,  in  order,  through 
the  joints  of  the  deformahle  pnli/gon  of  bars. 

Analytical  expression  may  be  given  to  this  condition  by  finding 
the  locus  of  the  pole  of  a  funicular  polygon  two  of  whose  sides 
pass  through  A^.^.  ind  A.y^,  the  locus  of  the  pole  of  a  funicular  two 
of  whose  sides  pass  through  A^^  and  A-^^,  and  so  on ;  and  express- 
ing that  all  these  loci  intersect  in  a  common  point,  0,  which  is 
the  pole  of  the  funicular  which 
circumscribes  the  jjolygon   of  bars.  / 

By  Art.   96  it  is  obvious  that  the  ""f ^^^^^ 

locus   of    the    pole    of    a   funicular     L,....      ■-  _  \ 

which  passes  through  A^^  and  Jj,  r ^  \i 

is    a    right    line,    OL^    (Fig.    180),  a».Ts^' /  ■./^/^* 

parallel    to    the    bar   A^^^  A^o ;    and  /\       ^^ 

this    maA^    otherwise     be    seen    by  ii     ^^ 

the   cotangent  formula   of  Ai-t.   36,  pi     jg^ 

thus :     denote    the   length    of    this 

bar  (to  which  the  force  Pj  is  applied)  by  V^'^,  and  denote  the 
segments,  l^A^^  and  ^1^5,,  into  which  Pj  divides  it  by  4'^'  and 
^5<'>,  the  first  being  that  adjacent  to  the  A'ertex  J,^  and  the 
second  adjacent  to  A^^^.  Then  if  0  is  any  position  of  the  pole, 
draw  OZ,  parallel  to  A-^^A^-^,  and  we  easily  see  that  OL^  is  a 
fixed  line  ;  for,  in  the  triangle  c^  A^^  A^^  we  have 
/i  cot  ^1  =  l.J^1  cot  a-}^m  cot  /3, 
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where  a  =  Ci  Ag^  ij  and  13  =  c^  A^o  ^1 ;  but  a  is  also  the  angle 
fljj  OXj,  and  /3  is  a-^.,OL.^,  while  6^  is  the  angle  between  OZj 
and  a,2  a^^ ;  hence  this  cotangent  formula  applied  to  the  triangle 
Oay,a^^  shows  that  OZj  divides  ai2«5i  in  the  given  ratio  4*^^ :  4**') 
the  segment  next  a^^  being  proportional  to  4*'*!  and  that  next 
a, 2  to  /j^**.  If  we  denote  the  length  of  «,,  a^-,  by/)j ,  and  take  the 
line  flj,  «io  as  axis  ofy,  and  a  parallel  to  the  bar  A^^A^.^  through 
the  point  a^^  as  axis  of  x,  the  equation  of  OL-^  is 

If,  in  the  same  way,  we  take  the  line  o^„a^  as  axis  of  y,  and 
a  parallel  through  a^,  to  the  bar  ^,2  A.^  as  axis  of  n",  the  equation 
of  OZ2  will  be  /  (2) 

where  p^  is  the  length  of  012^23)  ^^^  ^3-'^  is  the  segment,  ^2^23' 
of  the  bar  A^o  A.^^  adjacent  to  J^a  naade  by  P^ .  And  similarly 
we  have  the  equations  of  the  other  lines  OL^,  OZ^, ....  Trans- 
forming these  into  equations  all  referred  to  a  common  origin  and 
axes,  and  expressing  the  condition  that  the  co-ordinates  of  the 
point  of  intersection  of  any  two  must  satisfy  the  equations  of  ail 
the  rest,  we  obtain  »t— 3  new  conditions  of  equilibriimi  of  a  de- 
formable  polygon  formed  of  n  bars,  each  acted  on  by  an  assigned 
force. 

The  analytical  conditions  are,  however,  more  rapidly  obtained 
by  the  Principle  of  Virtual  Work. 

Thus,  supposing  the  system  to  be  in  equilibrium,  choose  a 
virtual  displacement  in  which  all  the  vertices  except  A^^  and  J^s 
remain  at  rest,  i.e.,  let  the  bars  A-^  A^.^  and  A^^  A.,^  pivot  round 
^5j  and  A.^,  respectively.  Remembering  that  the  point  of  in- 
t'Crsection,  I,  of  A^^  A^^  with  A^^  A.^-^  (produced)  is  the  instan- 
taneous centre  for  the  bar  A^.,  A.^^ ,  we  find  with  no  difBculty  the 
equation 

P  P 

fX)  ^5*'^  sin  d^  sin  A^.,  +  ^-^|,  [Z/^)  sin  A,.,  sin  (d.,  -  A.,^) 

p 

-l^i-)  sin  A.^  sin  (6.,  +  Jj,)]  -|-  -^^  Z/^)  gj^  ^^  gj^  j^^  _  q 

the  angles  of  the  polygon  being  denoted  by  the  lettere  at  the 
A^ertices. 

Now  P^  sin  ^j  is  the  component  of  P^  normal  to  the  bar  Jj,  .ij.. 
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p 

measured   outwards  from  the  polygon,   and  jyy>  would   lie   tlio 

normal  force  per  unit  length  if  the  normal  component  of  -Pj  were 
uniformly  distributed  along  the  bar,  so  that  P^  fr^:  would  be 
the  total  normal   force  over  the   segment  4,  A^-^ .     Denote   this 

/  (3) 

by  -A^s**'-     I"  1'1'^c  c^se,  Pj  -A—  would  be  the  total  amount  of 

normal  force  over  the  segment  h^  A^ ,  measured  outwards  from 
the  polygon.  Denote  it  by  ^l'^'■^\  And,  moreover,  if  </)^  denotes 
the  angle  11/.,  A.^^,  while  i'*-'  denotes  the  component  of  P.,,  per- 
pendicular to  1.,  b.,  measured  towards  the  same  side  of  this  line 
as  that  from  which  0.^  is  measured  (i.e.,  the  lower  side  of  I.^h.,  in 
the  Figure),  this  equation  becomes 

3^_^  +  3^=0.  (a) 

sin  ^]2       sm  92       sm  A^.^  ^  ' 

The  same  type  of  condition  is  obtained  for  the  three  bars 
//i2  ^23 '  -^23  -^34 '  -^^34  -^45  >  ^^^'^  ^^^  cach  of  the  u  —  2  systcms  of  three 
similarly  taken  in  succession. 

Sjaecial  cases  of  dcformal)lc  polygons  of  bars  arc  treated  inde- 
pendentl}'  in  the  examjiles  following,  and  the  student  may  verify 
the  general  results  typified  by  (a)  in  these  particular  cases. 

145.]  Polygonal rramework.  We  shall  now  consider  a/r«;«e- 
U'ork  of  bars  connected  with  each  other  by  smooth  pins  at  their 
extremities.  The  framework,  moreover,  is  supposed  to  contain  no 
superfluous  bars,  i.e.,  it  contains  just  so  many  as  are  necessary  to 
render  its  figure  invariable.  The  principle  of  calculating  the 
reactions  of  the  bars  in  such  a  framework  in  general  will  be 
snflSciently  understood  from  the  discussion  of  the  simple  frame- 
work rej)resented  in  Fig.  i8i.  The  graphic  method  here  used 
is  that  which  is  usually  employed  in  the  calculation  of  the 
reactions  in  bridges ;  but  in  such  structures  the  bars  are  so 
numerous  that  the  figm-es  of  graphic  statics  which  apply  to 
them  are  extremely  complicated,  without,  however,  involving 
any  more  of  principle  than  is  involved  in  a  simple  framework 
consisting  of  only  a  small  number  of  bars. 

Fig.  1 8 1  represents  a  framework  consisting  of  seven  bars  kept 
in  equilibrium  by  forces  applied  at  the  vertices.  These  forces 
must  of  course  satisfy  the  two  graphic  conditions  of  equilibrium, 
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i.e.,  their  force  and  funicular  polj-gons  must  both  be  closed.  Any 
three  of  them — suppose  P^ ,  P^ ,  P^ — may  be  arbitrarily  assumed 
both  in  magnitudes  and  in  directions ;  and,  in  addition,  we  may 
assume  the  line  of  action  of  P.^ .     Then  P^  and  P,  are  completely 


Fig.  181. 


determinate,  because  we  can  construct  the  resultant  of  P3,  P4,P, 
(Art.  94)  :  produce  the  line  of  action  of  Pj  to  meet  this  resultant ; 
join  their  point  of  intersection  to  the  vert-ex  1,  and  this  will  be 
the  line  of  action  of  Pj.     Hence  Pj  and  P,  are  both  known. 

Ha\-ing  thus  completely  determined  the  external  forces  and 
drawn    their    force  polygon,    a-^^a-^.a.^^a^^a^-^a^-  (Fig.   182),  we 

proceed  to    represent  the 
•^  p"       equilibrium  of  each  vertex 

separately. 

Each  vertex  is  in  equi- 
librium under  the  action  of 
the  external  force  at  it  and 
the  reactions  in  the  bars 
which  meet  in  this  vertex. 
Hence,it  isobviousthatthe 
external  force  is  completely 
equivalent  to  these  reactions  reversed,  and  therefore  that  it 
might  be  replaced  by  them  in  the  force  polygon  of  the  external 
forces.  If  then  we  choose  to  replace  any  force — say  P4 ,  which  is 
represented  by  a^^  a^ — by  the  reversed  reactions  of  the  bars  which 
meet  in  the  vertex,  4,  it  is  clear  that  the  lines  representing  P4 


Fig.  182. 
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and  these  reactions  must,  in  Fig-.  182,  form  a  closed  polygon. 
Denote  this  polyf^on  by  {P^,  p^).  Similarly  the  lines  in  Fig.  182, 
which  represent  Pf,  and  the  reactions  in  the  bars  which  meet  in 
vertex  5,  must  also  form  a  closed  polyg-on,  {P^,  P;,),  say.  And 
since  one  of  these  reactions — viz.,  that  in  the  bar  45  which  joins 
the  vertices  of  P^  and  P^ — belongs  also  to  the  previous  polygon, 
(P^,  p^),  these  two  polygons  must  have  one  side  in  eommon. 
But  in  the  force  polygon  of  the  external  forces,  the  forces  P^ 
and  P5  have  heen  drawn  coitseattivel^,  i.e.,  they  have  a  point, 
«45,  in  common  ;  hence  the  side  eommon  to  the  two  polygons 
must  pass  through  this  point ;  or,  in  other  words,  through  the 
point  of  intersection  of  any  two  consecutive  forces  in  diagram  182 
must  be  drawn  a  ])arallcl  to  the  bar  which  connects  their  vertices 
in  I'ig.  181 ;  and,  moreover,  no  other  line  can  pass  through  this 
point,  because  in  drawing  the  polygon  [P^,  p^)  only  two  forces 
are  represented  at  each  vertex,  so  that  in  this  polygon  we  have 
P^  and  the  reaction  in  bar  45  at  the  point  a^^ ;  and  similarly  only 
two  forces  are  represented  at  this  point  in  the  polygon  [P^ ,  pj), 
viz.,  the  force  7'.,  and  the  reaction  just  mentioned. 

Hence  through  each  vertex,  Aj^,  a^.^, ... ,  of  the  force  polygon  of 
the  external  forces  pass  three  and  only  three  lines. 

But,  in  addition  to  the  vertices  a^.^,  a,,„,...in  Fig.  782  which 
correspond  to  two  forces  in  Fig.  181  and  the  bar  joining  their 
vertices,  there  will  be  other  vertices,  aj.,4,  02-4'  "iii'  through  each 
of  which  pass  also  i/iire,  and  only  three,  lines,  viz.,  lines  parallel 
to  the  bars  forming  the  various  triangles  into  which  the  frame- 
work (Fig.  181)  is  divided.  That  is  to  say,  through  a^^-  will 
pass  three  lines  parallel  to  the  sides  of  the  triangle  145  of 
Fig.  181.  It  is  easy  to  see  that  the  line  in  Fig.  182,  which 
answers  to  the  bar  45  in  Fig.  i8x,  must  pass  through  the  point  of 
intersection,  a^^-^,  of  the  lines  answering  to  the  bars  15  and  54 
(Fig.  181).  For  we  may  replace  the  force  Pr,  by  its  two  com- 
ponents along  51  and  54  ;  and,  imagfining  these  components  to 
act  at  the  vertices  1  and  4,  respectively,  suppress  altogether  the 
bars  51  and  54.  This  would  give  us  tico  external  forces  at  the 
vertex  1,  and  also  two  external  forces  at  the  vertex  4  ;  but  the 
two  external  forces  must  at  each  vertex  be  replaced  by  one.  If 
this  is  done,  the  external  force  at  the  vertex  1  would,  in  Fig.  182, 
be  represented  in  magnitude  and  sense  by  the  line  a^^^  a^jj  ^^^'^ 
the  external  force  at  vertex  4  would  be  represented  by  the  line 

VOL.  I.  R 
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"34  *i4s  !  these  forces  would  then  be  consecictive  in  the  force  poly- 
gon of  external  forces — which  would  be  then  a^^^  a^^  a.,3  a^  a■^^^ — 
and  14  (Fig.  181)  would  be  the  bar  joining  their  vertices  in  the 
framework.  But  we  have  just  seen  that  the  line  answering  to 
the  bar  14  should  be  drawn  through  the  point,  Oj^,,  of  inter- 
section of  the  two  (consecutive)  external  forces  acting  at  vertices 
4  and  1. 

Hence,  then — Through  each  vertex  in  Fig.  183  pass  three,  and 
only  three,  linef,  and  these  lines  ansirer  either  to  two  consecutive 
forces  and  the  bar  joining  their  vertices,  or  to  three  bars  forming  a 
triangle  in  the  framework . 

This  removes  any  ambiguitj'  which  may  arise  in  the  construc- 
tion of  the  diagram  representing  the  reactions  in  the  framework. 

Thus,  considering  the  equilibrium  of  the  simplest  vertices, 
viz.,  5  and  3,  in  Fig.  181,  we  determine  the  reactions,  a^  a.jj,  and 
a^j  <^i4-,  1  in  the  two  bars  43  and  45  which  belong  to  the  vertex  4. 
Then  for  the  equilibrium  of  this  vertex  we  draw  ay„^  '^ ji ''is  "ui > 
reaching  the  point  a^^^,  at  which  it  is  doubtful  for  a  moment 
whether  we  are  to  draw  a  parallel  to  the  force  in  the  bar  42  or  a 
parallel  to  the  force  in  the  bar  41 — which  are  the  two  remaining 
forces  acting  on  B,  The  consideration  that  the  three  lines  to  be 
drawTi  through  a^^-  answer  to  three  bars  forming  a  triangle.and  that 
since  one  of  these  lines,  a^r^a^^.^,  already  answers  to  bar  45  which 
belongs  to  the  triangle  451,  decides  the  question  in  favour  of 
the  bar  41.     Thus  the  doubt  is  removed. 

The  force  polygon  of  the  external  forces  may  be  drawn  in 
sevei"al  different  ways.  Indeed,  if  our  only  object  is  to  find  the 
resultant  of  any  number  of  forces  acting  on  a  rigid  body,  the 
sides  of  the  force  polygon  may  be  drav\Ti  parallel  to  the  forces  in 
any  order  whatever.  But  in  the  calculation  of  the  reactions  in 
the  bars  of  a  framework  we  must  observe  the  rule  that  in  draw- 
ing the  force  polygon  of  the  external  forces  710  ttco  forces  are  to 
le  drawn  consecutively  unless  their  vertices  are  connected  by  a  bar. 
In  other  words,  two  consecutive  forces  in  the  force  polygon  cor- 
respond to  two  forces  at  the  vertices  connected  by  a  bar  ;  but  the 
converse  does  not  hold — i.e.,  it  is  not  true  that  the  forces  which 
act  at  every  two  connected  vertices  of  the  framework  are  con- 
secutive in  the  force  polj-gon. 

For  example,  vertices  1  and  4  are  connected,  but  their  forces 
are  not  consecutive  in  Fig.  183. 
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The  force  polygon  might  have  been  eonstrncted  by  drawing, 
in  succession,  lines  to  represent  Pj,  7^, ,  P^,  P^.P^.  If  the 
external  forces  are  applied  at  given  points  in  the  bars,  and  not  at 
the  joints,  they  may  all  be  replaced  by  components  at  the  joints,  as 
explained  in  Art.  142,  and  the  calculation  of  the  reactions  which 
would  thence  result  proceeds  graphically  as  explained  in  this 
Article.  The  true  reactions  exerted  at  the  extremities  of  each 
bar  in  the  actual  case — reactions  which  are  noi  directed  along  the 
bars — can  then  bo  found  as  explained  in  Art.  142. 

The  student  who  is  desirous  of  studying  the  force  diagrams  of  systems 
of  frameworks,  such  as  those  which  Leloiif;  to  Engineering  and  Arclii- 
tecture,  is  recommended  to  s-tudy,  in  the  first  instance,  Levy's  Stalique 
Graphique.  An  excellent  work,  treating  veiy  fully  of  the  theory  of 
recijjrocal  figures  and  their  statical  applications,  is  Fnvaro's  Lezioni  di 
Statica  Grafica  (Padova,  1877).  For  great  elaboration  of  the  subject 
Culmann's  Die  Graj)hische  Statik  may  be  consulted. 

146.]  Method  of  Separation  of  the  Sars.  Another  method, 
which  is  often  convenient  in  practice,  consists  in  representing 
the  bars  as  disjointed  from  each  other,  and  replacing  the  reactions 
by  rectangular  components,  parallel  to  chosen  axes,  at  their  ex- 
tremities. Two  examples  will  suffice.  Four  equal  uniform 
bai-s,  AB,  PC,  CJ),  and  JDJ'J  (Fig.  1 83),  are  connected  by  smooth 


Fig.  183. 

pins  at  P,  C,  D,  and  the  extremities,  AE,  are  fixed  in  a  horizontal 
line  by  smooth  joints  ;  it  is  required  to  find  the  position  of  equi- 
librium. 

Let  a  be  the  common  inclination  of  ABunH  ED  toihe  horizon, 
and  /3  that  of  CP  and  CP. 

Let  Fig.  1 84  represent  the  bars  AP  and  PC  separated  ;  .V^  the 
reaction  at  C,  which  is  evidently  horizontal ;  A'j  and  Y-^  the  com- 
ponents of  the  reaction  at  P.     These  components  act  on  AP  in 

R  2 
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directions  opposite  to  those  in  which  they  act  on  BC.     Finall_v, 
let  W  he  the  weight  of  each  har. 

Resol\-ing  vertically  for  the  equilibrium  of  BC, 

i\  =  rr.  (1) 

Taking  moments  about  C  for  the  equilibrium  of  BC, 

2X1  sin  j3  +  /7'cos  /3  =  2  Ti  cos  /3, 
or  X^  =  i  Jf '  cot  ^.  (2) 

Taking  moments  about  A  for  the  equilibrium  of  AB, 

(  JF+  2  Fj)  cos  a  =  2X^  sin  a, 
or,  substituting  the  values  oi  X^  and  }\  from  (2)  and  (1), 

tan  a  =  3  tan  jS.  (3) 

With  this  equation  must  be  combined  the  geometrical  equa- 
tion which  expresses  that  AE  is  equal  to  the  sum  of  the  hori- 
zontal projections  of  the  bars.  If  the  length  of  each  bar  is  a, 
and  the  distance  AE  =  c,  we  have 

c  =  2a  (cos  a  +  cos  /3).  (4) 

Equations  (3)  and  (4)  determine  a  and  /3,  and  therefore  the 
position  of  efjuilibrium. 

Graphically,  a  and  /3  can  be  found  from  the  intersection  of  a 
right  line  and  a  magnetic  curve. 

When  the  bars  are  numerous,  the  use  of  a  large  number  of 
symbols,  Xj ,  }\,  X^,  ...  for  the  components  of  reactions  necessi- 
tates the  writing  down  of  a  large  number  of  equations  of  equi- 
librium, many  of  them  consisting  of  only  two  terms.  Hence 
a  saving  of  symbols  and  equations  is  easily  effected  by  making 
use  of  the  simple  results  of  resolution  of  forces  as  we  proceed  from 
joint  to  joint  and  bar  to  bar,  so  that  finally  we  have  to  use 
equations  of  moments  almost  entirely.  This  process  is  illus- 
trated in  the  solution  of  the  following  problem.  ABCB  (Fig.  1 85) 
is  a  hexagon  formed  of  equal  bars,  each  of  weight  W;  it  is 
suspended  in  a  vertical  plane  from  the  pin  A  which  is  fixed,  and 
the  hexagon  is  kept  regular  by  cords  connecting  A  with  C,  D, 
and  E.  Find  the  tensions  of  these  cords  and  the  reactions  at  the 
various  joints. 

We  shall  assume  that  the  joints  are  formed  by  pins  distinct 
from  the  bars  themselves,  though  this  is  not  absolutely  necessary. 
Fig.  186  represents  the  framework  completely  disjointed,  and 
exhibits  the  separate  equilibrium  of  each  pin  and  bar. 
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Considering  the  equilibrium  of  the  framework,  it  is  kept  at 
rest  by  two  forces,  viz.,  its  weight,  GJF,  and  the  reaction  of  the 
wall  in  which  the  pin  J  is  fixed;  hence  this  reaction  =  6lF. 
Consider  the  separate  equilibrium  of  the  pin  A.  It  is  at  rest 
under  the  influence  of  this  vertical  upward  reaction,  the  tensions, 
S,  in  the  cords  AC,  AE,  the  tension  T  in  AT),  and  the  reactions 
of  the  bars  AB,  AF,  of  which  nothing  is  yet  known. 


ACTV 


-w-T 


w  is 


T 


Fig.  186. 


Let  X  and  Y  be  the  horizontal  and  vertical  components  of  the 
reaction  of  the  pin  B  on  the  bar  AB.  These  reversed  are  the 
forces  exerted  on  the  pin  B  by  the  bar  AB  ;  and  therefore  X  and 
Y  are  the  components  of  reaction  of  the  bar  BC  on  the  pin  B 
(from  consideration  of  separate  equilibrium  of  the  pin  B).  Hence 
the  pin  B  exerts  on  the  bar  BC  the  components  X,  Y  in  the 
senses  opposite  to  those  in  which  these  components  act  on  AB. 
But  from  the  equilibrium  of  the  bar  BC  we  see  at  once  that 
X  =  0,  since  BC  is  vertical  and  all  the  forces  acting  on  it, 
except  X,  have  zero  moments  about  C.  This  now  enables  us  to 
see  that  1  =  2  W  by  considering  the  equilibrium  of  the  bar  AB  ; 
for  if  Y  is  the  force  acting  on  it  at  B,  the  force  at  A  must  be 
W—  Y,  and  moments  about  either  A  or  B  give  J  =  IW. 
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Henceforth  in  the  figure,  then,  we  may  discard  the  symbol  Y 
and  use  \  W  for  it. 

Consider  the  equilibrium  of  the  bar  BC.  It  is  acted  upon 
downwards  liy  IF,  and  by  \  IF  at  B  ;  therefore  the  pin  C  is 
producing  on  it  a  vertical  upward  force  =  f  ^,  and  no  horizontal 
force. 

Consider  the  equilibrium  of  the  pin  C.  It  is  acted  upon 
downwards  by  §  W  from  the  bar  BC,  by  the  tension  S,  and  by 
the  reaction  of  the  bar  CB,  whose  components  must  be  \S 
towards  the  left  and  f/F— J5-/3  vertically  up;  and  these  last 
components  reversed  are  those  exerted  by  the  pin  C  on  the  bar 
CD,  the  other  forces  keeping  which  in  equilibrium  are  TF  {\is 
weight)  and  the  reaction  of  the  pin  Z*,  whose  comjionents  must, 
therefore,  be  \S  towards  the  left  and  |  W—\  SVs  vertically  up. 

These  last  reversed  are  the  components  of  the  force  exerted 
on  the  pin  B  by  the  bar  CB. 

Finally,  considering  the  equilibrium  of  the  pin  B,  we  see  that 
it  is  acted  upon  by  ^S  towards  the  right  and  |/F—  ^SVs  down- 
wards from  the  bar  CB,  and  (by  symmetry)  by  ^  S  towards  the 
left  and  |/F — ^  SVs  downwards  from  the  bar  BE,  as  well  as  by 
the  tension  T.     Resolving  these  forces  vertically,  we  have 

T=5JF-Sx^3, 
which  is  precisely  the  same  as  the  result  obtained  by  considering 
the  separate  equilibrium  of  the  pin  J,  because  we  have  shown 
that  the  bar  AB  exerts  on  it  a  vertical  downward  force  =  fF—  Y, 
i.e.,  i  IF,  and  no  horizontal  force.  Similarly  the  bar  AF  exerts 
\W  on  it  vertically  downwards. 

The  unknown  force  S  is  found  from  the  equilibrium  of  the  bar 
CB  by  moments  about  B,  from  which  we  have 

S  =  IF  VI, 
and  therefore  T=  2lF. 

Thus,  then,  the  reaction  at  C  on  the  bar  CB  is  wholly  hori- 
zontal and  —\W vS,  the  reaction  at  its  end  B  passing  through 
the  intersection  of  the  lines  of  action  of  this  force  and  the  weio-ht 
of  the  bar,  and  being  equal  to  \  W'/y. 
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Examples. 

1.  A  triani^lar  sys-tem  of  bars,  AB,  BC,  and  CA,  freely  jointed  at 
their  extremities,  is  kept  in  equilibiium  by  three  forces  acting  on  the 
joints  ;   determine  the  reactions  at  the  ends  of  each  bar. 

Since  the  forces  are  applied  directly  to  the  joints,  the  reactions  will 
act  along  the  bars.  Let  P,  Q,  H,  denote  the  forces  ai)plied  at  A,  B,  C, 
respectively;  let  the  reactions  in  the  sides  BC,  CA,  AB  lie  denoted  by 
7",,  T^,  1\  ;  and  let  the  applied  forces  meet  in  a  point  0. 

Then  for  the  equilibrium  of  the  joint  C,  we  have 

r,  _  ^\nACO  _  a.OA.%mAOC 
¥j~  sin  M'O  ~  b.  OB.  em  BOC' 

a,  b,  e  being  the  sides  of  the  triangle. 

But  P:Q:  li  =  sin  BOC  :  sin  COA  :  sin  .1  OB.     Therefore 

r,      a.OA.Q 

wrbJjBn^'  "•• 

„    „       a.OA    b.OB    c.OC 
■'■•^^^  P  Q  K 

If  0  is  the  centroid  of  the  triangle,  we  know  (p.  1 55)  that 
P:q:Rz=OA:OB:OC; 
therefore  T,:  T^:  1\  =  a:b:c, 

or  the  reactions  are  proportional  to  the  sides. 

If  0  is  the  orthocentre  (or  intersection  of  perpendiculars), 

P:Q:R  =  a:b:c; 

therefore  T,:  T^:T^=  OA  :  OB:  OC 

2.  A  number  of  bars  are  jointed  together  at  their  extremities  and 
form  a  polygon  ;  each  bar  is  acted  upon  perpendicularly  by  a  force 
proportional  to  its  length,  and  all  these  forces  emanate  from  a  fixed 
point.  Find  the  magnitudes  and  directions  of  the  reactions  at  the 
joints. 

[This  problem  and  the  following  elegant  method  of  solution  are  due 
to  Professor  Wolstenholme.] 

Let  AB  and  BC  (Fig.  187)  be  any  two  adjacent  bars  of  the  polygon, 
and  let  P  be  the  point  from  which  emanate  the  forces,  Pp.  Pq,---, 
acting  on  the  bars.  Then  the  reactions  at  the  joints  A  and  B,  acting 
on  AB,  must  meet  in  a  point,  j),  on  the  line  of  action  of  the  force  Pp. 
Draw  AQ  and  BQ  perpendicular  to  the  reactions  in  the  directions  Ap 
and  Bp.  Now  since  the  tides  of  the  triangle  AQB  are  perpendicular 
to  three  forces  which  are  in  equilibrium,  and  since  the  side  AB  is 
proportional  to  the  force  to  which  it  is  perpendicular,  the  sides  A  Q 
and  BQ  are  proportional  to  the  forces  to  which  they  are  perpen- 
dicular, that  is,  to  the  reactions  at  A  and  B,  respectively. 
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Fig.  187. 


Let  q  be  the  point  in  which  Bp  intei-sects  Pq.  Then  the  forces 
acting  on  the  bar  BC  must  act  in  the  directions  qB,  Pq,  and  qC. 
Draw  CQ. 

lu  the  triangle  BQC  the  sides  BQ  and  BC  are  perpendicular  and 
proportional  to  two  of  three  forces  in  equilibrium  ;  therefore  CQ  is 

perpendicular  and  propor- 
tional to  the  third,  that  is, 
to  the  reaction  at  C.  In  the 
same  way  it  can  be  shown 
that  the  reaction  at  any  joint 
is  perpendicular  and  propor- 
tional to  the  line  joining  the 
joint  to  Q.  This  ])oint  Q  is, 
therefore,  a  reaction  centre  for 
the  system.  It  may  be  shown 
that  the  polygon  of  bars  tmtst 
be  inscribable  in  a  circle. 
For,  since  the  angles  at  A 
and  B  are  right,  the  quadri- 
lateral ApBQ  is  inscribable 
in  a  circle  whose  diameter  is 
pQ.  If  at  the  middle  point 
of  .12?  a  perpendicular  be  drawn  to  AB,  it  will  pass  through  the 
centre  of  the  circle,  and  will,  therefore,  bisect  Qji.  But  this  per- 
pendicular is  parallel  to  Pp  ;  therefore  it  bisects  PQ  in  0.  Also, 
since  the  reactions  at  A  and  B  are  proportional  to  QA  and  QB,  the 
same  point  Q  must  bo  determined  by  considering  BC  and  the  next 
bar,  as  was  determined  from  the  bars  AB  and  BC ;  consequently  the 
point  0  must  be  the  same  ;  and  since  it  is  evident  that  OB  =  OC, ... , 
0  must  be  equally  distant  from  all  the  vertices  of  the  polygon,  that 
i?,  the  polygon  must  be  inscribable  in  a  circle. 

The     reaction     centre     is 
- - -  therefore  constructed  by  join- 

ing P  to  the  centre  of  the 
circumscribing  circle,  and  pro- 
ducing PO  to  Q,  so  that 
PO  =  OQ. 

3.  The  preceding  construc- 
tion can  be  extended  to  the 
case  in  which  the  forces  acting 
en  the  polygon  are  equally 
inclined,  but  not  perpendicu- 
lar, to  the  sides. 

Let  .4.5,  BC,...  be  sides  of 

the    polygon,    and   let    forces 

ri»  iss.  proportional  to  the  sides  act 

Lu  the  lines  Pb,  Pc, ...  so  that 

ZPbB  =  APcC  =  —    It  is  required  to  prove  that  for  equilibrium  the 

polygon  must  be  inscribable  in  a  circle,  and  to  find  the  reaction  centre. 
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The  reactions  at  A  and  B  must  meet  in  a  point  on  tlie  force  iu  Pb.  If, 
then,  we  draw  at  A  and  B  linos,  QA  and  QB,  making  with  tlic  directions 
of  the  reactions  angles  equal  to  APbB,  we  shall  have  a  triangle,  QAB, 
the  sides  of  which  are  each  equally  inclined  to  the  corresponding 
force  ;  and,  since  AB  is  proportional  to  the  force  in  Pb,  it  follows  that 
QA  and  QB  are  proportional  to  the  reactions  at  A  and  B.  It  is  easy 
to  prove  that  if  through  A  and  B  any  two  lines,  Ap  and  Bp,  be  drawn, 
meeting  in  a  point  on  the  right  line  Ph  ;  and  at  A  and  B  lines,  AQ 
and  BQ,  be  drawn  making  with  Aj)  and  Bj),  respectively,  angles  equal 
to  PbB,  the  locus  of  (^  is  a  right  line,  ma,  making  Aa  =  Bb,  and 
AmaB  =  A.mbA.  Drawing  the  line  Qd,  in  like  manner,  by  making 
Cd  =  Be  and  I-QdB  =  PcC,  we  obtain  the  point  Q,  which  is  the 
reaction  centre. 

Now,  since  /.PcC  =  /.PbB,  it  follows  that  /bPc  U  the  supplement 
oi  /.B ;  and  since  AQiiA  ^  /QdB,  it  also  follows  that  /aQa  ^  tt — B. 
Hence  the  quadrilateral  mPnQ  is  inscribable  in  a  circle,  and  this 
circle  must  pass  through  O,  the  point  of  intersection  of  the  perpen- 
diculars to  AB  and  .BC  drawn  at  their  middle  points,  since  /mOn  is 
also  the  supplement  of  B.     Hence  also 

/qPO  =  /QnO  =  5  -  ncC,    and    QO  =  OP. 

Again,  the  reactions  at  A  and  B  being  proportional  to  QA  and  QB, 
the  same  point  Q  must  be  determined  when  Ji'(^  and  the  next  bar  are 
considered.     Hence  the  point  0  is  the  same.     But 

OA  =  OB=OC^...; 
therefore  the  polygon  is  inscribable  in  a  circle. 

The  point  P  being  given,  if  the  angle  which  the  forces  through  it 
make  with  the  corresponding  bars  varies,  the  locus  of  the  reaction 
centre,  Q,  is  a  circle  concentric  with  that  round  the  polygon,  its  radius 
being  OP.  To  construct  the  reaction  centre,  then,  we  describe  a 
circle  round  0  as  centre,  having  radius  OP,  and  draw  PQ  making  the 
LOPQ  =:  the  complement  of  the  angle  which  the  forces  make  with 
the  bars. 

4.  A  system  of  heavy  bars,   freely  articulated,  is  suspended  from 
two  fixed  points,   P  and  Q  (Fig.   189);    determine  the  magnitudes 
and  directions  of  the  reactions  at 
the  joints. 

Let  the  bars  be  denoted  by 
the  numbers  1,  2,  3,  ...,  and 
let   their    weights    be     TT,,     If',, 


IT,,  ....  Then  transfer  \\\\ 
and  \  IF2  to  the  joint  connect- 
ing 1  and  2,  which  we  shall 
denote  by  (1,  2).  Transfer  1  r, 
and  \V,\  to  the  joint  (2,  3);  \W^  and  ^IF,  to  (3,  4),  &c.  Thus 
all  the  forces  act  at  the  joints.  Let  T-^,  T^,  T^,...  be  the  tensions 
acting  along  the  bars  1,  2,  3,...  on  the  joints,  and  let  S^^,  S^^,  S^^,... 
be   the   total  reactions  at   the  joints  (1,  2),  (2,  3),   (3,  4),....     For 
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timplicity  suppose  the  bar  2  to  be  horizontal.  Xow,  construct  a  force- 
diagram  (Fig.  190),  by  drawing  a  vertical  line,  AD, 
uid  measuring  oft" 


/ 

D 

/ 

0 

/ /y 

c 

//y^.- 

h 

^^' 

B 
a 

^^- 

A 

AB: 


r,  +  w. 


BC  = 


tt£5  ^.j^n^s  +  F, 


2  2     '  "  2 

Also  take  BO  parallel  to  the  bar  2  and  equal  to  the 
tension  T^,  which  is  the  constant  horizontal  component 
of  eacli  of  the  tensions.  The  lines  OA,  OC,  OB,... 
will  then  be  parallel  to  the  bars  1,  3,  4, ...  and  equal 
to  the  tensions  in  them.  Hence,  if  a  be  the  inclina- 
tion of  3  to  the  horizon, 

tan  BOB  —  — -~— \- 5  .  ta„  „ 

and  in  the  same  way  the   inclinations  of   the    other 

bars  may  be  expressed  in  terms  of  the  inclination  a. 

W 
Again  (Art.  1 42),  the  reaction  (S,,  is  the  resultant  of  T,  and  — -  • 

ir,  .  2 

Hence,  taking  Ja  =  -— -j    Oa    will    be    equal    and   parallel    to    i^j,. 


Fig.  190. 


W 

Similarly,  taking  Bb  =  -— ?  >  and  Cc  ■■ 

it 


"'. 

'i 


the  lines  Oh  and   Oc  will 


be  equal  and  parallel  to  the  reactions  /%3  and  li^^.     The  tangent  of 

the   angle    made   by  S.,.  with   the  horizon  =  -fr-,  =  ,_ — W  •  tan  a. 
°  ■'      ''  BO      M^^+W-j 

Similarly  for  the  directions  of  the  other  reactions. 

If  the  weights  of  the  bars  are  all  equal,  the  tangents  of  the  inclina- 
tions of  the  successive  bars  are  tana,  2  tan  a,  3  tan  a,...  and  the 
tangents  of  the  inclinations  of  the  reactions  are  \  tan  a,  f  tan  a, 
5  tana, ... . 

5.  A  rectangular  frame,  ABCD,  consists  of  four  bars,  whose  weights 
are  negligible,  freelj- jointed  at  their  extremities,  the  bar  AD  being 
completely  fixed  in  a  vertical  position,  AB  being  the  upper  and  CD 
the  lower  bar.  If  a  load  W  is  placed  at  a  given  point,  P,  on  AB, 
while  the  rectangular  figure  is  preserved  by  a  cord  connecting  the 
joints  A  and  C,  find  the  tension  of  this  cord  and  the  stresses  in  the 
bars.  If  the  load  ir  is  transferred  to  the  point  on  CD  vertically  under 
P,  prove  that  the  tension  is  unalteied,  and  find  the  stresses.  {Scholar- 
ship Examinalion,  Cambridge,  1886.) 

Ans.  If  AP  =  X,  AB  =  «,  BC  =  h,  AC  =  c,  we  have  the  tension 

=  IF— •    In  the  first  case  the  stress  in  BC  consists  of  pressure  equal 
ab 

to  !('-)  and  in  CD  of  pressure  equal  to  W  ,  ■    In  the  second  case, 
o  ^  ^  6 

if  the  bars  are  connected  by  pins  distinct  from  them,  there  is  no  stress 

in  ^  B  or  BC,  while  the  action  of  the  pin  C  on  the  bar  CD  is  the 

tension  of  the  cord. 

6.  Si.x  equal  uniform  bars,  freely  articulated  at  their  extremities, 
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foi-m  a  hexagon  ABODE F  (Fig.   191).     The  bar  ED  is  fixed  in  a 

horizontal  position,  and  its  middle  point  is  connected  by  a  string  with 

the  middle  point  of  the  lowest  bar,  AB,  in  such 

a  manner  that  the  bars  hang  in  the  form  of  a 

regular  hexagon.    Find,  by  a  force-diagram,  the 

tension  of  the  string  and  the  magnitudes  and 

directions  of  the  reactions  at  B  and  C. 

Ans.  If  ir  is  the  weight  of  each  bar,  the 
tension  of  the  string  =  3  IF;    the  reaction  at 

C  is  horizontal,  and  =  — — rzr  \  the  reaction  at 


2V3 


A  B 

Fig.  191. 


B=W 


and  makes  with  the  horizon  an  angle  whose  tangent 


=  2V3. 

7.  Prove  that  the  reaction  centre  for  the  bar  BC  is  the  intersection 
of  a  perpendicular  to  BC  at  C  with  the  line  joining  the  middle  points 
of  AB  and  BC. 

8.  Three  bars,  freely  articulated,  form  a  triangle  ABC,  the  centre 
of  whose  inscribed  circle  is  0.  Each  bar  is  acted  on  by  a  force 
passing  through  0,  proportional  to  the  sine  of  half  the  angle  sub- 
tended by  the  bar  at  0,  and  bisecting  this  angle.  Prove  that  the 
reaction  at  A  makes  with  OA  an  angle  whose  tangent  is 

.    A 

^■"2- 

B  C' 

cos  2^- cos  — 

(This  is  a  direct  example  of  the  Theorem  of  Art.  142.) 

9.  AB  (Fig.  192)  is  a  rigid  bar  whose  weight  is  neglected  fixed  at 
one  extremity.  A,  by  a  smooth  joint ;  CD  is  another  such  bar  fixed  at 
C  by  a  smooth  joint,  which  is  vertically  below  A,  and  jointed  to  AB 
at  D.  From  B  a  mass  of  weight,  P,  is  suspended  ;  find  the  magnitudes 
and  directions  of  the  reactions  at  the  joints. 

Ans.    The    reactions    at    C   and    D    are    along    CD,    and    each 

=  ^'  ■   .   ,'   ,  r.  '  *1^®  reaction  at  A  is  in  A 0,  0  being  the  intersection 
AC  .  AD 

of  CD  produced  with  the  vertical  through  B,  and 


=z  P 


VAB^.AD-  +  AC\Bn^ 


ACAD 

10.  In  example  6,  if  the  bars  BC  and 
CD,  AF  and  FE,  are  replaced  by  any  bars 
all  equally  inclined  to  the  horizon,  show 
that  the  reactions  at  C  and  i^will  still  be 
horizontal. 

[One  simple  proof  of  this  is  obtained  by 
taking  moments  about  B  for  the  equilibrium 
of  BC,  and  about  D  for  the  equilibrium  of  CD 


It  follows  then  that 
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tlie  peipendiculars  from  B  and  D  011  the  line  of  action  of  the  reaction 
at  C  are  equal.] 

11.  Two  uniform  heavy  bars  are  freely  jointed  at  a  common  ex- 

tremity, and  are  fixed  at  their  other  extremities  to 
two  smooth  joints  iu  a  vertical  line ;  find  the  re- 
actions at  the  joints. 

Ans.  Let  G  (Fig.  193)  be  the  centre  of  gravity 
of  the  bars,  m  and  n  their  middle  points.  It  follows, 
by  taking  moments  about  A  and  G  for  the  equi- 
lil)rium  of  the  bars  separately,  that  the  segments  of 
*■  AC  made  by  the  line  of  the  reaction  at  B  are  pro- 
portional to  the  weights  of  the  bars.  Hence,  taking 
tig  ■=.  mG,  the  reaction  acts  in  the  line  gB.  The 
reactions  at  A  and  C  act,  therefore,  in  Ag  and  Cg. 

If  iris  the  weight  of  AB,  the  reaction  at  B  =  \W  —  ,  and  the  re- 

\qA  .  y"- 

action  at  J  =  \W- —      Hence  the  reactions  at  A,  B,    and   C  are 
gn 

proportional  to  gA,  gB,  and  gC. 

12.  Five  equal  bars,  each  of  length  a,  are  hinged  together  and 
placed  on  a  smooth  horizontal  table,  one  of  the  angular  points  being 
joined  to  the  two  opposite  vertices  by  two  equal  strings  of  length  2  c ; 
horizontal  forces,  each  equal  to  P,  act  at  the  middle  points  of  all  the 
rods  in  an  outward  direction  perpendicular  to  them  ;  find  the  tensions 
of  the  strings,  and  show  that  the  stress  at  each  of  the  joints  where 
there  is  no  string  is  parallel  to  the  nearest  string,  and  equal  to 

P— «=. 

{Trijios,  1887.) 

Ans.  Let  A,  B,  C,  D,  E,  be  the  vertices,  A  being  connected  with 
C  and  D  ;  let  lACD  =  a,  lACB  =  /3 ;  if  T  is  the  tension  of  each 
string,  we  have 

T=  —^P  (cosec  a+  2  cosec  /3+  4  sin /3), 
w-hich  shows  that  strings  will  not  suffice,  so  that  A  must  be  connected 
with  C  and  D  by  bars. 

The  most  simple  way  of  seeing  that  the  stress  at  B  is  parallel  to 
AC  is  to  consider  the  separate  equilibrium  of  the  bar  AB  and  take 
moments  about  A.  The  moment  of  the  stress  about  A  is  equal  to 
\  Pa.  Again,  consider  the  separate  equilibrium  of  the  bar  BC,  and 
take  moments  about  C.  The  moment  of  the  stress  at  B  about  C  is 
again  \  Pa,  so  that  the  perpendiculars  on  its  line  of  action  from  A 
and  C  are  equal,  .-.  it  acts  in  a  line  parallel  to  AC ;  whence  its 
magnitude  follows  at  once. 

1 3.  Six  bars  of  equal  lengths  and  weights  are  freely  jointed  together 
at  their  extremities  and  form  a  hexagon  which  is  hung  vertically  from 
one  corner;  the  two  middle  rods  are  connected  by  a  horizontal  bar 
whose  weight  is  negligible.     Show  that  if  this  bar  is  so  attached  that 
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the  two  midclle  bars  rest  vertically,  the  ratio  of  the  segments  into 
which  it  iliviJes  them  is  5:1,  no  matter  what  the  figure  of  the 
hexagon  is.  If  the  horizontal  bar  has  weight  equal  to  that  of  each 
bar,  the  ratio  is  G  :  1.  Find  the  longitudinal  stress  in  the  connecting 
bar. 

Ans.  If  2  0  is  the  angle  at  the  fixed  comer,  the  compressive  stress 
is,  in  the  first  case,  3  If  tan  0;   and,  in  the  second,  |  IF  tan  6. 

14.  The  regular  hexagon  of  bars  in  example  6  rests  in  a  vertical 
plane,  the  bar  AB  being  fixed  in  a  horizontal  position,  and  the  joints 
F  and  C  are  connected  by  a  string  ;  find  the  tension  of  the  string,  and 
the  reactions  acting  on  the  bar  F£  at  its  extremities. 

Ans.  The  tension  =  W-/^ {W  being  the  weight  of  each  bar); 
W        /f         _  .  .  _  /s 

the  reaction  at  JE'  =  "o"  A  /    q  '  ^^^  ^^  makes  with  FE  sin  '  i  a  /  -  j 

W        /sT  /  3 

the  reaction  at  i''=-— A  /  — ,  and  it  makes  with /"^  sin~n  a  /  — • 
2  'V     3  '  '^^    31 

1 5.  Four  equal  uniform  heavy  bars,  freely  jointed  together  at  their 
extremities,  form  a  square,  A  BCD;  the  joint  A  is  fixed,  while  the 
diagonally  opposite  joints  B  and  D  are  connected  by  a  string,  and  the 
whole  system  rests  in  a  vertical  plane,  the  string  being  horizontal ; 
find  the  tension  of  the  string  and  the  magnitudes  and  directions  of 
the  reactions  on  the  bars  at  A,  B,  and  C. 

Ans.  The  tension  =  2  H';  the  reaction  at  C  is  horizontal  and 
=  \  W;  the  reaction  on  the  bar  BC  at  B  makes  with  the  vertical  tan"'  \, 

-/5 
and  =  'F'— r-;  the  reaction  on  .45  at  i?  makes  with  the  vertical  tan~'f, 

and  =  ^—f,     J  ^■^'^  t^'^  reaction  on  AB  ai  A  intersects  the  line  BD 

at  a  distance  \BI)  from  B,  and  is  equal  to  ^  W. 

16.  Two  uniform  heavy  bars,  AB  and  BC,  connected  by  a  smooth 
joint  at  B,  rest  each  on  a  smooth  vertical  prop,  the  props  being  of  the 
same  height ;  find  the  position  of  equilibrium,  ABC  being  horizontal. 

Ans.  If  ICand  la  are  the  weight  and  length  of  AB,  TT'  and  26 
the  weight  and  length  of  BC,  c  the  distance  between  the  props ;  then 
X,  the  distance  of  the  middle  point  of  AB  from  the  corresponding 
prop,  is  given  by  the  equation 
(TT^+  r')ar>  +  [(Tr+  Tl^')(<;-a)-  ir'(a  +  6)]a;-  Wa{c-a-h)  =  0. 

1 7.  Two  bars,  A  C,  CB,  connected  together  by  a  smooth  horizontal 
axis  at  C,  rest  with  their  extremities  A  and  i?  on  a  horizontal  plane, 
a  tight  cord,  AD,  being  attached  to  one  bar  at  A  and  to  the  other  at 
any  point,  D,  in  its  length  ;  determine  the  line  of  resistance  at  C,  and 
show  that  if  the  point  D  is  made  to  vary  along  CB,  the  point  of 
intersection  of  the  line  DA  and  the  line  of  resistance  will  describe 
a  given  vertical  line. 

(Let  IT  be  the  weight  of  A  C,  and  let  the  line  of  action  of  W  meet 
AB  in  'in  ;  let  71''  be  the  weight  of  BC  and  let  its  line  of  action  meet 
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AB  in  ni.     Let  AD  meet  the  vertical  at  B  in  Q;  iu  DA   produced 

take  0  such  that  — -  =  -;pr^ —  :   then  OC  is  the  line  of  resistance. 
OA        11  .  Am 

As  D  varies,  tliis  ratio  is  constant.     The  resistance  is  least  when  D 

is  at  B.) 

18.  ABC  is  an  isosceles  triangular  framework  of  heavy  bars  jointed 
together  at  the  veitices,  the  equal  sides  are  AC  and  BC;  the  extremities 
A  and  B  rest  on  two  smootli  vertical  pillai-s  of  equal  lieight,  the 
plane  of  the  triangle  being  vertical ;  a  mass  F  is  suspended  from 
the  joint  C ;  find  the  reactions  at  the  joints. 

Ans.  Let    IT  =  weight   of  ^C=  weight   of  BC ;    a  =  lCAB; 

then  the  reaction  on  AC  st  C  makes  with  ^C  an  angle  0  such  that 

H'sinacosa      ,     ,      .  ,3  .     ,  /.    ,  ■ 

tan  0  =  -- — rrz -—  J  the  horizontal  and  vertical  components  of  this 

P  +  )^  cos^  a  ^ 

reaction  being,  respectively,  |(P+Tr)cota  and  \P.  The  reaction 
between  the  bars  AC  and  AB  has  for  horizontal  and  vertical  com- 
ponents, respectively,  i{P  +  Jr)  cot  a  and  Jr+  J  P. 

19.  Three  uniform  bars,  AB,  BC,  CD,  freely  jointed  at  B  and  C, 
are  attached  by  smooth  hinges  to  two  points  A  and  D  in  the  same 
horizontal  line,  the  lengths  of  .45  and  CD  being  equal;  a  fourth 
uniform  bar,  £F,  rests  horizontally  against  AB  at  £  and  against  CD 
at  F;  find  the  reactions  at  the  joints  and  hinges. 

Ans.  Let  a  =  /.DAB;  ABz=zCD  =  2a;  BC  =  26;  FF=2c; 
P  =  weight  o{AB=  weight  of  CD ;  Q  =:  weight  of  BC ;  W=  weight 
of  EF.     Then  the  horizontal  component  of  reaction  at  A 

=  ^^(ir^ cos^a)-i(P  +  <2)cota; 

sin  2a  ^  2a  cos  a  /         '  ' 

vertical  component  of  reaction  at  ^1  =  P+\{Q+W) ;  horizontal  com- 
ponent at  .6  =  J  IT  tan  a  — (previous  horizontal  component) ;  vertical 
component  a.t  B  =  ^Q. 

20.  A  plane  polygon  is  formed  of  bars  jointed  together  at  their 
extremities,  and  forces  are  applied  at  the  joints ;  show  that  there 
is  one  and  only  one  set  of  equilibrating  forces  meeting  in  a  point 
which  will  cause  given  stresses  in  three  selected  bars.    {Tripos,  1888.) 

(Since  the  polygon  is  a  funicular  of  the  forces,  the  point  of  inter- 
section of  any  two  sides  lies  on  the  resultant  of  tlie  intermediate  forces. 
If  the  stresses  in  the  two  sides  are  given,  the  resultant  of  the  inter- 
mediate forces  is  given  in  magnitude  and  line  of  action.  Similarly 
for  one  of  these  sides  and  any  other;  and  all  the  forces  are  given 
concurrent.) 

21.  A  BCD  is  a  jointed  quadrilateral  at  rest  under  two  pairs  of 
equal  and  opposite  forces,  viz.,  P,  P  applied  to  the  sides  AB  and  CD, 
and  Q,  Q  applied  to  the  sides  AD  and  BC.  If  the  reactions  at  the 
opposite  joints  are  parallel  to  each  other,  prove  that  they  are  pro- 
portional to  the  sides  of  the  parallelogram  along  which  they  act,  and 
that  the  applied  forces,  P,  Q,  are  proportional  to  its  diagonals. 


146.] 


EXAMPLES.  255 


22.  A  quadrilateral,  A  BCD,  of  bars  freely  jointed  togetlier  at  their 
extremities  is  to  be  held  in  equilibrium  in  a  given  figure  by  four 
forees,  /', ,  P„,  J\,  P^,  each  of  which  is  to  be  ajiplied  to  a  side  of  the 
quadrilateral.  If  the  forces  /",  and  i'„,  applied  to  the  sides  AB  and 
BC,  respectively,  be  completely  given,  show  that  the  reactions  at  all 
tlie  joints  except  D  are  completely  given,  and  find  to  what  extent  the 
remaining  two  forces,  P^,  P^,  are  arbitrary. 

Ans.  The  remaining  forces  may  have  any  magnitudes  whatever, 
provided  that  their  arithmetical  sum  is  greater  than  the  magnitude  of 
the  resultant  of  P,  and  P^ ;  but,  once  the  magnitudes  of  P„  and  P, 
are  assumed,  their  lines  of  action  are  determined,  and  so,  of  course,  is 
the  reaction  at  the  joint  D.     (Consider  Fig.  1 8o.) 


CHAPTER  X. 

EQnLIBEII'M    OF    P.OCGn    BODILS    UNDER   THE    IXFLUEXCE    OP 
rOECES    IN    ONE    PLANE. 

147.]  Criterion  of  the  existence  of  Friction.  Vt'e  have 
already  learned  to  regard  Friction  as  a  passive  resistance ;  and 
every  passive  resistance  comes  into  existence  for  the  pnrpose  of 
preventing'  some  motion.  Thus,  the  normal  reaction  of  a  surface 
on  a  body  in  contact  with  it  comes  into  existence  for  the  pur- 
pose of  j^reventing  the  body  from  penetrating  the  surface  at  the 
point  of  contact ;  and  if  the  circumstances  of  the  ease  were  so 
arranged  that  there  was  no  tendency  to  this  penetration,  the 
magnitude  of  the  force  (normal  resistance)  required  to  prevent 
this  motion  would  be  zero. 

Friction  comes  into  existence  for  the  purpose  of  preventing 
a  certain  motion — motion  in  the  tangent  plane — of  a  body  resting 
against  a  rough  surface.  If  the  circumstances  in  any  case  of 
two  rough  bodies  in  contact  are  such  that  there  is  no  tendency 
to  slip  at  their  point  of  contact,  the  force  required  to  prevent 
this  motion  (friction)  will  not  come  into  existence. 

Generally,  in  the  ease  of  all  passive  resistances,  if  there  is  no 
teiuhncy  to  the  displacement  which  a  jiassire  resistance  is  required 
to  prevent,  this  force  tcill  not  come  into  play. 

Hence  in  many  cases  of  contact  between  rough  bodies  the 
conditions  and  circumstances  are  exactly  the  same  as  if  the 
bodies  were  smooth  ;  and  to  find  whether  in  the  contact  of 
two  bodies  friction  acts  or  not — imagiTie  that  the  bodies  were 
smooth  at  their  point  of  contact,  and  if  no  displacement  tvould  result 
from  this  supposition,  friction  does  not  come  into  ptlay  at  that pioint. 

In  illustration  of  this  consider  the  problem  in  Example  26, 
p.  174.  How  would  the  circumstances  be  altered  if  the  peg  Q 
were  rough  ? 

The  peg  being  rough,  let  it  be  imagined  to  become  smooth, 
and  what  motion  occurs  ?     Clearly  none,  supposing  the  board  to 
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Le  rigid.  Hence  as  there  is  no  tendency  of  the  side  AB  to  slip 
over  the  peg,  there  is  no  friction  called  into  play,  and  the  ease  is 
the  same  as  if  the  peg  were  smooth.  But  if  the  lioard  is  not 
rigid,  the  forces  acting  can  bend  its  fibres  and  elongate  or 
contract  them  ;  and  if  we  imagine  the  peg  to  become  smooth, 
it  is  possible  that  (even  a  very  slight)  slipping  might  ensue  at 
the  peg,  and  as  this  slipjiing  is  prevented  by  the  roughness,  the 
force  of  friction  really  acts  in  the  case,  and  the  pressure  on  the 
hinge  is  modified  by  the  assumption  of  smoothness  at  the  peg. 

However,  even  when  the  board  is  elastic,  it  is  possible  that  no 
friction  is  called  into  play,  as  will  be  explained  in  Art.  154. 

Rankine's  hint  that  friction  is  of  the  nature  of  shearing  stress 
has  been  already  ])oiii(ed  out. 

148.]  The  Cone  of  Friction.  The  essential  characteristic  of 
a  smooth  surface  is  that  it  is  capable  of 
resisting  in  a  normal  direction  onlv.  If 
two  rough  surfaces  are  in  contact,  their 
mutual  reaction  is  not  constrained  to 
assume  a  direction  normal  to  the  sur- 
face of  contact.  Each  surface  is  capable 
of  offering  resistance  to  the  other  in  any 
direction  which  does  not  make  with  the 
1  normal  to  the  surface  of  contact  an  angl«) 

exceeding  a  certain  magnitude.  Thus  (Fig.  194),  let  two  rough 
bodies,  A  and  B,  be  in  contact  at  any  point,  P,  and  let  PN  be 
the  normal  to  the  sm-face  of  contact. 

Let  A.  denote  the  greatest  angle  that  the  total  resistance  at  P 

can  make  with  PN,  or,  in  other  words,  the  greatest  oblicpiity  of 

the  mutual  reaction  ;  then,  describing  round  PN  a  right  cone, 

CQB,  whose  semivertical  angle,  NPB,  is  equal  to  A,  this  cone  is 

called  the  cone  of  friction,  and  the  total  resistance  at  P  can  act 

in  any  direction  whatever   included   within    this    cone.      This 

angle  A  is  what  we  have  called  in  Chap.  Ill  the  atigle  of  friction, 

and  its  tangent  is  the  co/fficient  of  friction  for  the  two  surfaces 

considered.       For,  if  N  denote  the   normal    pressure    between 

them  at  P,   and   F  the   force  of  friction  (which  acts  in   the 

common  tangent  plane),  it  is  clear  that  when  the  resultant  of 

N  and  F  acts  along  any  generator,  PB,  of  the  cone,  we  have 

F 

-^  =  ia.n  NPB  =  tan  A, 

N  ' 
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so  tliat  tan  X  is  the  greatest  ratio  of  the  fnrce  of  friction  to  the 
normal  pressure.     This  quantity  we  have  called  /x. 

If  a  rigid  rod,  M  (p.  52),  of  negligible  weight,  he  pressed 
against  a  rough  surface  at  0,  the  greatest  angle  that  the  rod 
can  make  with  the  normal  is  the  angle  of  friction.  For,  since 
the  rod  is  acted  on  In'  only  two  forces,  viz.,  the  applied  pressure 
and  the  total  resistance  at  0,  these  must  he  equal  and  opposite, 
that  is  along  the  rod.  Hence  the  greatest  obliquity  of  the  rod 
to  the  normal  is  A. 

If  the  resistance  to  slipping  is  not  the  same  in  different 
azimuths,  i.  e.,  if  it  is  dill'erent  in  difl'erent  planes  through  the 
normal,  the  value  of  \  will  not  be  the  same  in  all  these  planes, 
and  the  cone  of  friction  will  not  be  a  right  circular  cone. 

149.]  Axiomatic  Law  of  Friction.  We  have  said  that  the 
total  resistance  of  a  rigid  surface  is  a  force  which  can  assume 
any  magnitude.  This  force  will  in  any  given  case  be  exerted 
by  the  surface  to  such  an  extent  as  is  necessary  to  preserve  equi- 
librium, but  to  no  greater  extent.  It  is  in  its  nature  a  passive 
Iresixfance.  i.e.,  one  which  can  be  exerted  to  any  extent,  but 
which  will  not  be  exerted  beyond  the  bare  requirements  of  the 
case.  Within  certain  limits,  also,  it  can  assume  any  direction, 
and  in  any  given  case  it  will,  if  possible,  assume  such  a  direction 
as  will  presers^e  equilibrium.  In  fact,  in  virtue  of  its  jjassive 
nature,  we  must  regard  the  resistance  of  a  rough  surface  as  an 
opposition  called  into  existence  by  the  action  of  external 
forces  ;  and  it  is  evident  that  these  forces  will  call  into  play 
only  that  amount  of  opposing  force,  exact  both  in  magnitude 
and  in  direction,  which  will  just  counteract  their  own  action. 

The  amount  of  assumption  contained  in  this  princijjle  is 
enunciated  in  the  following  axiom  : — 

T/te  total  resisfcHce  which  acts  at  any  point  of  a  rough  surface 
will,  if  possible,  assume  such  a  magnitude  and  sdirection  as  will 
preserve  equilibrium  at  that  jaoint. 

This  axiom  is  sometimes  expressed  thus : — If  passive  resistances 
can  give  equilibrium,  they  will. 

150.]  Bemarks  on  this  Axiom.  Two  important  observations 
must  be  made  on  the  principles  contained  in  this  axiom. 
Firstly,  it  is  important  to  imderstand  the  cii-cumstances  which 
may  render  it  impossible  for  the  resistances  of  rough  sui'faces  to 
preser\-e  the  equilibrium   of  a  system  in    any  given    position. 
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Suppose  that  a  Lody,  acted  on  In"  given  external  forces,  is  in 
contact  with  a  rough  surface  at  a  single  point,  F.  Then,  for 
equilibrium,  it  is  necessary  that  the  resultant  of  the  given 
external  forces  should  pass  through  P,  and  that  the  total  re- 
sistance at  P  should  he  equal  and  opposite  to  this  resultant. 
But  if  the  direction  of  the  resultant  makes  with  the  normal 
to  the  siu-face  of  contact  at  P  an  angle  >  A,  it  is  impossible  that 
the  total  resistance  could  take  the  required  direction,  and  equi- 
librium cannot  subsist. 

Again,  take  the  case  in  which  a  heavy  beam,  AB  (Fig.  195), 
rests  aerainst  a  rous-h  horizontal  and 
an  equally  rough  vertical  plane. 
Describe  round  the  normals  to  the 
planes  at  A  and  B  the  cones  of 
friction,  and  let  the  sections  of 
these  cones  by  the  plane  of  the 
figure  be  rAi  and  pBs.  Let  G  be 
the  centre  of  gKn-ity  of  the  beam, 
and  6'rthe  vertical  line  through  it. 

Tlien  the  beam,  if  in  equilibrium,  is  so  under  the  action  of 
three  forces,  namely,  the  weight  through  G  and  the  total 
resistances  at  A  and  B.  These  three  forces  must  meet  in  a 
point,  and  if  it  be  j'ossible  to  find  a  jioint  in  which  they  can 
meet,  the  resistances  will  assume  proper  values.  Now,  in  the 
figure  it  is  impossible  to  find  any  point  on  GT,  the  line  of  action 
of  the  weight,  the  lines  di'awn  from  which  to  A  and  B  could  be 
directions  of  possible  resistance  at  loth  A  and  B.  For  the 
portion  of  GV  which  is  inside  the  cone  of  friction  at  B  is 
outside  the  cone  of  friction  at  A,  and  vice  vend.  Hence,  for 
equilibrium,  there  mmt  be  some  portion  of  the  line  GF  included  in 
the  siiace  pcirs,  common  to  both  cones  of  friction. 

Unless  this  condition  is  satisfied,  it  is  not  possible  for  the 
total  resistances  to  give  equilibrium,  whatever  their  magnitudes 
may  be.  A  possible  position  of  equilibrium  is  represented  in 
Fig.  196.  For,  if  from  any  jioint  on  the  portion,  vin,  of  Gl , 
which  is  included  in  the  space  common  to  both  cones  of  friction, 
lines  be  drawn  to  A  and  B,  these  lines  are  possible  directions  of 
total  resistance  at  A  and  B  ;  and  in  this  case  the  actual  magni- 
tudes and  directions  of  the  resistances  at  A  and  B  cannot  be 
determined  bv  what  is  called  Rational  Statics. 
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If  it  be  proposed  to  find  the  position  of  limifing  equilibrium, 
that  is,  the  position  in  which  the  beam  is  bordering  on  motion, 


Fig.  19;. 

we  must   make   the  vertical  through   G  pass  through  r,  as  in 
Fig.  197. 

In  this  case  there  is  only  one  point  on  GT  which  is  inside 
both  cones  of  friction,  viz.,  the  point  r.  Hence  the  total  re- 
sistances act  in  rA  and  rB,  and  each  makes  the  limiting  angle 
(\)  with  the  corresponding  normal.  ISIorcover,  both  resistances 
are  now  determinate.  If  6  be  the  angle  made  by  the  beam 
^v-ith  the  horizon,  we  have,  from  the  triangle  ArB, 

2  cot  rGB  =  cot  ArG-  cot  Br  G, 
or  2  tan  0  =  cot  A  —  tan  A, 


which  defines  the  position  of  limiting  equilibrium. 

It  may,  therefore,  in  certain  cases  be  impossible  for  the  total 
resistance  at  one  or  more  points  to  preserve  equilibrium  ;  and 
this  impossibility  is  always  due  to  something  in  the  aiTangement 
of  the  figure  or  the  external  forces  which  requires  the  direction 
of  the  resistance  to  make  with  the  normal  to  the  surface  of 
contact  an  angle  >  the  angle  of  friction. 

Again,  in  the  axiom  is  contained  the  following  important 
proposition : — 

If  a  hody  reds  agaimt  a  rovgh  sviface  at  a  point,  and  if  the 
eqiiiUhrium  is  about  to  be  broken  ht/  some  change  in  the  acting  forces, 
equilibrium  at  that  point  will,  if  2iossible,  be  broken  by  a  rolling 
instead  of  a  sliding  motion. 
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For,  in  this  case,  the  point  of  the  body  actually  in  contact 
with  the  surface  would  be  kept  at  rest.  This  part  of  the  axiom 
is  sometimes  stated  thus — If  a  hody  can  roll,  it  u-ill  roll,  in 
preference  to  slipping.  Exactly  the  same  considerations  as  before 
determine  the  possibility  or  impossibility  of  the  rolliny  motion. 
Such  a  motion  will  always  take  place  if  it  does  not  require  the 
total  resistance  to  make  with  the  normal  to  the  surface  of  con- 
tact an  angle  >  A. 

For  example,  let  us  discuss  the  following  problem : — 

A  heavy  cubical  block  rests  on  a  rough 
Iwrizontal  plane,  and  a  string  attached  to 
the  middle  of  one  of  the  iqq)er  edges  passes 
over  a  smooth  pnlley,  and  sustains  a 
weight  which  is  gradually  increased.  Find 
the  nature  of  the  initial  motion  of  the 
block,  the  string  and  the  vertical  through 
the  centre  of  gravity  of  the  block  being  in 
the  same  vertical  plane. 

liet  AJSC  {Fig.  198)  be  the  vertical  plane  in  which  all  the 
forces  act;  CO  the  line  of  the  string,  intersecting  the 
vertical  through  the  centre  of  gravity  of  the  block  in  0  ;  P  the 
weight  of  the  suspended  mass,  and  JF  the  weight  of  the  block. 
(Since  the  length  of  the  string  is  immaterial,  no  linear  magni- 
tude can  enter  into  the  result,  therefore  the  side  of  the  block 
need  not  be  known.)  * 

Now  in  all  such  cases  as  this,  it  is  necessarj-  to  observe  the 
following  rules  : — 

1.  Write  down  the  motions  of  the  system  which  are  geo- 
metrically  possible. 

2.  Exclude  those  which  would  obviously  violate  any  of  the 
fimdamcntal  rules  of  Statics. 

3.  If  there  remain  possible  cases  of  slipping  and  rolling  (or 
turning  over),  solve  the  problem  on  the  supposition  that  equi- 
librium is  broken  in  the  latter  way,  and  if  this  does  not  require 
too  great  a  value  of  the  angle  of  friction,  equilibrium  will  be 
broken  in  this  way. 

In  the  present  case,  the  following  motions  are  geometrically 
possible  : — 

(a)  The  block  may  be  lifted  vertically  off  the  plane. 
{P)  It  may  turn  round  the  edge  A. 
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(y)  It  may  slide  in  the  direction  AB. 

(5)  It  may  turn  round  the  edge  B. 

Now  (a)  is  obviously  excluded,  because  if  the  block  is  just  out 
of  contact  with  the  horizontal  plane,  it  is  acted  on  by  only  two 
forces,  namely,  its  own  weiyht  and  the  tension  of  the  string. 
But  since  these  cannot  be  equal  and  opposite,  equilibrium  cannot 
be  broken  in  this  way. 

Suppose  (/3)  to  happen.  Then  the  total  resistance  of  the  plane 
passes  through  A  and  through  0.  But  it  is  impossible  that 
three  forces  acting  in  the  directions  o(  AO,  OC,  and  Off'  could 
be  in  equiliba-ium.     Hence  (/3)  is  excluded. 

The  cases  (y)  and  (8)  remain.  Now  in  virtue  of  the  principle, 
if  (6)  is  possible,  it  will  happen.  Solve,  then^  on  the  supposition 
that  the  block  turns  round  B.  It  is  then  kept  in  equilibrium 
by  its  weight,  the  tension,  and  the  total  resistance  which  must 
act  in  BO.  If  the  ZCBO  is  less  than  A,  the  angle  of  friction, 
the  block  will  turn  round  B ;  but  if  CBO>\,  this  motion  is 
impossible,  and  slipping  must  take  place  in  the  direction  AB. 

To  express  this  analytically,  let  6  be  the  angle  made  with  the 
horizon  by  the  string  OC,  and  let  fall  from  0  a  perpendicular  on 
BC  meeting  BC  in  7;.     Then 

i.nCB0  =  ^=  ^^^  -        ' 


Bjj      BC-  Op .  tan  ^      2  -  tan  0 

Hence  if  a  (or  tan  A)  be  > -,  >  the  block  can  turn  round 

'  2  —  tan  $ 

B,  and  will  do  so  if  P  is  gradually  increased. 

The  magnitude  of  P  which  will  just  cause  the  tilting  of  the 

lilock  is  found  b}-  taking  moments   about  B.     "We   evidently 

o^^t^i'^  P=h  /^sec  e. 

Suppose  that  CBO>\,   or  that  u<  -•      Then  the   in- 

2  —  tan  d 

crease  of  P  will  produce  a  sliding  motion,  and  we  can  easily  find 

the  magnitude  and  point  of  application  of  the  total  resistance  of 

the  plane.     Now  since  CBO>\,  the  point,  J/,  of  application  of 

the  total  resistance  of  the  plane,  is  found  by  drawing  from  0  a 

Hne  021  making  with  the  normal  to  the  plane  an  angle  =  A. 

The  point  M  lies  between  B  and  the  point  in  which  the  vertical 

through  0  cuts  AB.     P  can  then  be  determined  either  by  taking 
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moments  about  .1/,  or  by  resolving'  vertically  and  horizontally. 
Resolving  vertically,  we  have, 

li  cos  k—  Jl'—P  sin  6; 
resohnng  horizontally, 

Esin\  =  P  cos  0  ; 

P  cos  fl  „  IX  JF 

-IX,      or     P  = 


11'-  P  sin  Q       '^'  cosO  +  ix  sin  0 

The  direction  of  the  string  might  be  so  modified  as  to  render 
possible  either  a  sliding  in  the  direction  JiA  or  a  tilting  over  J. 
Thus,  in  Fig.  199,  if  the  line  of  the  string  intersect  the  line 
of  action  of  the  weight  in  a  point,  0,  below  the  horizontal  plane, 
the  two  motions  possible  are  evidently  one  of  slipping  in  the 
direction  ylB  and  one  of  tilting  over  the  etlge  A.  The  latter 
will  take  place  if  it  can.  If  it  does,  the  total  resistance  must 
act  in  the  line  OA,  and  for  this  the  angle  JDAR  must  be  <A. 
But  if  DAR  is  >  A,  the  block  w  ill  slip  in 
the    direction    AB,    since   the    horizontal  /I 

component   of   the   tension    acts    in    this  /  I 

sense.     The  condition  for  tilting  over  ^  is  '^ 

now  evidently 

1 


ic 


w 

Fig.  199. 


tanS  — 2 
The  values  of  P  corresponding   to    both 
kinds  of  motion  are  calculated  as  before. 

151.]  Limiting  Positions  of  Equi- 
librium. When  a  body  rests  in  contact 
with  any  number  of  rough  surfaces  at  several  points,  the 
equilibrium  is  said  to  be  limiting  if  a  slight  alteration  of  a 
definite  kind  in  the  circumstances  of  the  body  would  cause 
the  equilibrium  to  be  broken.  The  slight  alteration  referred 
to  depends  on  the  nature  of  the  particular  problem  of  equilibrium. 
As  has  been  explained  in  p.  72,  every  statical  problem  relating 
to  the  equilibrium  of  a  body  is  always  one  or  other  of  the  three 
following  : — 

(a)  "What  is  the  least  force  that  will  sustain  a  body  in  a  given 
position  on  given  sui-faces,  or  the  greatest  force  that  will  allow 
it  to  rest  in  such  a  position  ? 

(b)  With  given  forces  and  given  supporting  surfaces,  what  is 
the  position  of  equilibrium  such  that  if  this  position  be  slightly 
altered,  the  body  will  not  rest  ? 
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(f)  With  given  forces,  what  is  the  least  amount  of  roughness 
of  the  surface  or  surfaces  which  will  allow  the  body  to  rest  in  a 
given  position  ? 

Thus  in  Fig.  198  of  the  last  Article,  supposing  that  the 
angle  CBO<\,  the  equilibrium  of  the  bkck  will  be  limiting 
if  P  =  J  /?''sec  Q  ;  for  if  P  is  slightly  increased  above  this  value, 
the  block  will  turn  ovtr  B. 

Again,  in  l"ig.  197  of  the  same  Article,  supposing  the  question 
to  relate  to  the  position  of  equilibrium,  the  beam  AB  will  be 
in  limiting   equilibrium   if  its  inclination  to   the    horizon   be 

=  tan-^  ( —\-,  because  if  it  be  slightly  lowered  below  this 

position,  it  will  slip. 

Finally,  if  in  the  same  figure  we  wish  the  beam  to  be  sus- 
tained at  any  inclination  a  to  the  horizon  between  the  equally 
rough  vertical  and  horizontal  planes,   the  equilibrium   will  be 

limiting  if  the  angle  of  friction  =  ^  —  -  ,  because,  if  it  be  less 
o  »  4        2 

than  this,  the  beam  will  slip. 

152.]  Comparative  Safety  of  Equilibrium  of  a  System  at 
different  Points.  When  in  a  system  in  equilibrium  the  direc- 
tions of  the  total  resistances  at  the  various  points  of  contact 
with  rough  surfaces  are  known,  we  are  enabled  to  say  at  which 
of  the  points  slipping  is  most  likely  to  happen  in  case  some  of 
the  circumstances  should  be  altered. 

This  will  be  rendered  clear  by  the  following  examples,  taken 
from  Jellett's  "Theory  of  Friction,"  p.  61  : — 

Two  uniform  beams,  AC  and  BC,  connected  at  C  by  a  smooth 
hinge,  are  placed,  in  a  vertical  plane,  with  their  lower  ex- 
tremities, A  and  B,  resting  on  a  rough  horizontal  plane.  If 
equilibrium  be  on  the  point  of  being  broken,  determine  how  this 
will  hapj)en. 

Fig.  170,  example  4,  p.  228,  will  represent  the  beams  if  the 
hinges  at  A  and  B  are  conceived  to  be  removed  and  these  points 
rest  on  the  ground.  Then,  exactly  as  in  that  example,  the 
direction  of  the  mutual  resistance  at  C  is  determined.  Supposing 
JCto  be  the  longer  beam,  it  is  clear  that  the  angle  which  the 
total  resistance,  JQ,  at  J  makes  vrith  the  normal  to  the  surface 
of  contact  (i.e.,  to  the  ground)  is  greater  than  the  angle 
which  the  total  resistance  B(l  makes  with   the   normal   at  B. 
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For 


tan  AQ>i 


A,i 


tan  BQii 

Now  Ah  =  Am+mn;  and  if  2 a,  2i,  2c,  are  tho  sides  BC,  CA, 
AB,  we  have 

,  ^^         ae         a(fjcosa  +  acos8) 

Am  =  0  cos  a,  tun  =  fG  = =  — ^^ ; > 

*'  a  +  b  a  +  l) 

,  a(icosa  +  «eos/3) 

.'.  An  =  6cosoH i ; 

a  +  6 

_{6^  +  2  ah)  cos  a  +  a^  cos  /3 

""  a-vh 

~.     .,    1                   T.         (a^  +  2  ai)  cos /3  +  i'^  cos  a 
Similai-ly  Bn  —  = ; 

therefore  An—Bn  = ;  (cos  a  — cos /3). 

a-vb^  ' 

But  since         AC  >  BC,  cos  o  >  cos  /3,  therefore  An  >  Bu. 

Hence  the  ang-le  AQn>BQu ;  that  is,  the  total  resiistance  at  A 

makes  with  the  normal  at  A  an  an"-le  o-reater  than  that  made  hv 

the  total  resistance  at  B  with  the  noi-mal  at  B.     Consequently, 

if  any  circumstiince   should   continually  diminish  the   an<j'lc  of 

friction  (which  is  supjiosod  to  be  the  same  for  both  beams)  tho 

total  resistance  at  A  would  be  the  first  to  attain  its  limitin";- 

obliquity  to  the  normal,  and  slippino-  would  then  take  jilacc  at  yl 

in  the  direction  BA,  while  the  beam  BC  would  turn  round  B. 

We  might  inquire  which  of  the  beams  will  first  slip  if  they 
are  drawn  out  so  as  to  increase  the  ang-le  C,  and  the  same  result 
will  follow,  since  for  any  given  position  of  the  beams  the  direc- 
tions of  all  the  resistances  are  determinate.  In  each  case  the 
angle  AQ/i  must  be  the  first  to 
reach  the  value  A,  and  therefore  the 
longer  beam,  AC,  must  slip  first. 

The  result  may  also  be  expressed 
thus — in  any  given  position  of  rest, 
equilibrium  is  more  safe  at  B  than 
at  A. 

There  are  also  cases  in  which  the 
comparative  safety  of  equilibrium 
can  be  determined,  although  the 
directions  of  total  resistance  are  not 

completely  determinate  at  all  the  points  at  contact.  For  example 
— two  unequal  cylinders  rest  on  the  ground  at  given  points,  A 
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and  B  (Fig.  2Co),  while  a  third  cylinder  rests  on  them  at  points 
p  and  q. 

Supposing  either  that  there  is  a  gradual  diminution  of  the 
coefficient  of  friction  (which  is  the  same  at  all  the  points  of 
contact),  or  that  the  lower  cylinders  are  gradually  drawn  asunder, 
determine  the  nature  of  the  initial  motion  of  the  system. 

Denote  the  cylinders  by  the  letters  at  their  centres.  Then 
the  cj'linder  I)  is  kept  in  equilibrium  by  three  forces — namely, 
1st,  its  weight,  which  acts  through  A  ;  and,  the  total  resistance 
of  the  ground,  which  also  acts  through  A  ;  and  3rd,  the  total 
resistance  of  the  cylinder  C  at  p.  Now,  since  the  first  two  forces 
act  through  A,  the  third  must  also  pass  through  this  point. 
Hence  the  total  resistance  at  /;  acts  in  the  line  pA,  and  therefore 
the  total  resistance  of  the  ground  at  A  must  take  some  inter- 
mediate (but  unknown)  direction,  AR.  In  the  same  way,  the 
total  resistance  at  q  is  proved  to  act  in  the  line  qB,  and  the  total 
resistance  of  the  ground  at  B  must  act  in  some  direction,  BS, 
intermediate  to  BE  and  Bq.  The  resistances  in  Ap  and  Bq  at 
p  and  q  meet  in  a  point,  P,  on  the  circumference  of  the  upper 
cylinder. 

Now  the  comparative  safety  of  equilibrium  at  the  different 
points  of  contact,  A,  B,  p,  q,  will  depend  on  the  angles  made  by 
the  total  resistances  at  these  points  with  the  normals  to  the 
surfaces  of  contact ;  and  it  is  manifest  that  since  the  angle 
LAp  >  BAR  and  BpA  —  iJAp,  the  total  resistance  at  p  makes  a 
greater  angle  \d\h.  the  normal,  BC,  to  the  surface  of  contact 
than  that  which  the  total  resistance  at  A  makes  with  the  normal 
AB.  Hence  equilibrium  is  safer  at  A  than  at  p.  For  a  similar 
reason,  equilibrium  is  safer  at  B  than  at  q.  Consequently  the 
final  comparison  is  to  be  made  between  the  points  p  and  q.  Now 
the  line  pq  can  be  proved  by  geometrj^  to  pass  through  the  point 
in  which  EB  intersects  BA  ;  and  supposing  the  radius  BE  >  AB, 
this  point  wiU  be  at  the  left-hand  side  of  the  figure.  Let  a  be 
the  acute  angle  which  pq  makes  with  the  ground.  Then,  since  in 
the  triangle  pCq  the  base  angles  at  7;  and  q  are  equal,  it  is  easy  to 
see  that  AqCW-ApCW=  2a,  or  qCW>pCW.  But  the  angle 
which  the  total  resistance  at  q  makes  with  the  normal  ^Cis  \  qCJF, 
and  the  angle  which  the  total  resistance  at  /;  makes  with  the 
normal ^jC  is  \pCJF;  therefore  if  the  friction  were  gradually  and 
uniformly  diminished  everywhere,  or  the  cylinders  drawn  out,  the 
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resistance  at  q  would  reach  its  limiting  obliquity  before  that  at  ^a 
Hence  the  initial  motion  will  be  a  slipping  of  the  cylinders  C 
and  E  at  the  point  q,  and  a  motion  of  rotation  at  the  other  points 
of  contact. 

153.]  Virtual  Work  of  the  Total  Resistance.  Suppose  one 
rough  body  to  roll  on  another  fixed  one  through  a  small  angle 
whose  magnitude  is  regaided  as  an  infinitesimal  of  the  first 
order.  Then,  neglecting  infinitesimals  of  a  higher  order,  the 
point  of  the  rolling  surface  in  contact  with  the  other  surface  is 
at  rest  during  the  displacement — that  is,  the  virtual  displacement 
of  the  point  of  application  of  the  total  resistance  lietween  the 
two  bodies  is  zero.  Hence  for  a  virtual  displacement  which 
consists  of  a  small  rolling  motion  of  one  rough  body  on  another, 
the  total  resistance  will  not  enter  into  the  equation  of  virtual 
work  of  eif/ier  body.  Of  course  in  no  case  can  the  mutual  action 
of  two  rigid  bodies  in  contact  enter  into  an  equation  of  virtual 
work  for  loth  bodies. 

It  is  a  principle  in  Kinetics  that  in  a  motion  of  pure  rolling 
of  a  body  on  a  rough  fixed  surface  no  work  is  done  between  any 
two  positions  by  the  total  resistance— a  principle  which  the 
student  will  have  no  difficulty  in  comprehending,  since  for  each 
small  motion  the  work  done  by  this  force  is  infinitesimal  com- 
pared with  the  work  done  by  other  forces  acting  on  the  body. 

154.]  Friction  as  dependent  on  Initial  Arrangements.  In 
dealing  with  natural  solids,  and  not  with  strictly  rigid  or 
indeformable  bodies,  the  existence  or  non-existence  of  friction 
sometimes  depends  on  the  way  in  which  a  body  or  system  has 
been  placed  in  the  position  which  we  are  considering.  This  «-ill 
be  made  clear  by  the  following  example.  A  heavy  trap  door  (or 
a  bar),  AB,  Fig.  132,  p.  166,  moveable  about  a  fixed  horizontal 
axis  at  A,  has  a  rope  attached  at  B,  and  this  rope  is  also  attached 
to  any  fixed  point  C ;  determine  the  pressure  on  the  axis  A. 

The  line  of  action  of  the  pressure  must,  of  course,  go  through 
0,  the  point  of  meeting  of  the  other  two  forces,  but  beyond  this 
we  know  nothing  about  it  until  we  know  the  nature  of  the  axis. 
If  the  axis  is  smooth,  or  if  it  is  rough  but  so  worn  that  the 
contact  of  the  door  with  it  takes  place  along  a  single  Hne,  the 
action  between  the  door  and  the  axis  wUl  consist  of  a  force 
passing  through  the  axis,  as  has  been  amply  explained  in  Art.  106. 
But  if  the  axis  is  rough  and  contact  takes  place  all  round  it,  the 
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line  of  action  of  the  resultant  force  is  not  generally  determinate. 
However,  even  in  this  case  this  resultant  force  may  pass  through 
the  axis.  The  axis  being  rough,  let  us  imagine  it  to  become 
smooth,  and  what  motion  results?  The  rope,  being  slightly 
extensible,  would  yield  a  little,  and  slipping  would  take  place 
over  a  small  surface  at  the  axis  ;  so  that  the  supposition  of 
smoothness  alters  the  circumstances  of  the  case.  But  suppose 
that  (the  axis  being  still  rough)  the  rope  has  been  stretched, 
when  the  door  is  placed  in  position,  to  such  an  extent  that  the 
moment  of  its  tension  about  the  axis  is  equal  to  the  moment  of 
the  weight  of  the  door ;  then  clearly  if  we  imagine  the  axis  to 
become  smooth,  no  motion  v\-ill  result — no  slipping  at  the  axis ; 
and  since  the  displacement  which  friction  is  required  to  prevent 
does  not  take  place,  friction  does  not  act,  and  the  case  is  the 
same  as  if  the  axis  were  smooth.  The  resultant  in  this  case  is 
therefore  determinate. 

155.]  Friction  of  a  Pivot.     Let  a  cylindrical  pivot,  ABCD 
(Fig.  20i),  on  the  top  of  which  a  given  force  is  applied,  revolve 


Fig.  202. 


in  a  closely  fitting  bearing,  EFGH,  and  let  it  be  required  to 
calculate  the  moment  of  the  iriction  on  the  base,  AB,  about  the 
axis  of  the  pivot.  Suppose  Fig.  202  to  rejiresent  the  base  of  the 
pivot,  and  let  P  —  the  whole  normal  jsressure  on  the  base,  which 
we  shall  suppose  to  be  uniformly  distributed  over  the  base.  Divide 
the  area  AB  into  a  number  of  narrow  circular  strips,  of  which 
one  is  represented  in  the  Figure.  Let  Oa  =  x,  06  —  x  +  dx, 
OB  =  r,  n  =  coefficient  of  friction.  Then  since  the  whole 
pressure  is  uniformly  distributed,  the  pressure  on  the  strip  whose 


area  is  =  2  T!xdx  is 


irr" 


■2T,xdx,  or 


iPxdx 


Hence  the  sum  of 


the  forces  of  friction,  acting  in  the  directions  of  the  tangents  to  the 
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2  u  Fx  fix 
strip,  is         ., —  •      But  since  the  tangents  to  the  strip  are  all  at 

the  same  distance  from  the  centre,  the  moment  of  friction  on  the 
strip  is  equal  to  the  sum  of  the  forces  of  friction  multiplied  by 
the  radius,  x,  of  the  strip.  Hence  the  moment  of  friction  over 
the  whole  surface  is 

If  the  base,  instead  of  being  a  full  circle,  is  a  ring,  or  collar, 
whose  internal  and  external  radii  are  i\  and  r^ ,  the  friction  per 

unit  of  surface  is  — r-3 5\ ,  and  the  moment  of  friction  is 

■i2iJ.P3^(lx  2     „  r^—r? 


r 


156.]  Wearing  away  of  the  Step.  The  piece  which  supports 
a  pivot,  and  in  which  it  revolves,  is  called  a  step.  When 
the  jjivot  revolves,  the  friction  against  the  step  wears  away  its 
own  surface  and  that  of  tlie  step.  The  amount  of  wear  at  any 
point  of  the  step  depends  on  the  magnitude  of  the  force  of 
friction  and  the  relative  velocity  of  the  nibbing  surfaces  at  this 
point.  Thus,  supjjose  that  ABC  (Fig.  203)  represents  a  section 
of  the  step  through  the  axis,  BP,  of  the  pivot,  and  that  Q  is  any 
point  of  contact  of  the  pivot  and  step. 
If/"  is  the  magnitude  of  the  force  of 
friction  at  Q,  the  wearing  at  Q  in  the 
direction  of  the  normal  will  be  propor- 
tional to  f  and  also  to  the  amount  of 
rubbing  surface  which  passes  over  Q  in 
a  unit  of  time.  Supposing  the  ])ivot 
to  revolve  round  its  axis  with  an  angu- 
lar velocity  CO,  the  point  of  the  pivot  in 
contact  with   Q  moves  in  a  horizontal 

circle  with  a  velocity  =  (ji .  Q3I,  or  to  ._y  ;   QM,  or  y,  being  the 
perpendicular  ii-om  Q  on  the  axis  of  the  pivot. 

But  the  amount  of  rubbing  surface  which  passes  over  Q  in  a 
unit  of  time  is  e\'idently  proportional  to  the  velocity  at  Q. 
Hence  the  normal  wearing  of  the  surface  at  Q  is  proportional  to 
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If  «  be  the  magnitude  of  the  normal  pressiu-e  per  unit  of  surface 
at  Q,  and  ^  the  coefficient  of  friction,  we  have/'=  ixn. 

Hence  the  normal  wearing  of  the  surface  at  Q  is  proportional 

to  u>fj.ny.  (a) 

157.]  Friction  of  a  Conical  Pivot.  Let  ABC  (Fig.  204) 
represent  a  section  of  a  conical  step  by 
a  plane  through  the  axis,  BP,  of  the 
pivot,  APC  being  the  surface  at  which 
the  pivot  enters  the  step. 

Supijosing  that  the  pressure  on  the 
top  of  the  pivot  is  uniformly  dis- 
tributed, it  will  evidently  be  uniformlj- 
distributed  over  the  area  APC  ;  that 
is,  there  will  be  a  constant  normal 
pressure,  n,  per  unit  of  area  on  APC. 
Now  it  is  impossible  to  detennine  the  law  of  distribution  of  the 
pressure  on  the  step.  The  following  investigation  proceeds  on 
the  assumption  that  the  normal  pressure  per  unit  of  area,  or  as 
it  is  properly  called,  the  normal  intensiti/  of  pressure,  is  constant 
over  the  surface  of  contact. 

Let  n  be  the  constant  pressure  per  unit  of  surface  of  the  step. 
If  (h  is  a  smaU  element  of  the  line  ^Cat  Q,  the  distance  of 
which  from   BP  is  y,  the   corresponding  elementary  strip   of 
conical  surface  is  2t; i/ds,  and  the  moment   round  BP  of  the 
friction  on  this  strip  is 

2isydsxii.nxy, 
2}j.vny^ds. 


Fig.  204. 


(h/ 


and  integrating  over  the   surface  of  the 


Putting   ds  =     .    ^ 

"  sin^  -  ^ 

step  from  y  =  0  to  y  =  PC  —  r,  we  have  the  moment  of  the 

whole  friction  equal  to 

3sint> 
If  P  =  the  whole  pressure  on  the  top  of  the  pivot,  n 
hence  the  moment  of  friction 

2m 


P_ 

■nr- 


3  sin  ^ 


Pr. 


Comparing  this  with  the  result  in  Art.   155,  we  see  that  the 


)8.] 


THE   TRACTORV,   OR   AXTI-FEICTIOX    CrRVE. 


271 


moment  of  friction  in  tlie  case  of  a  conical  is  greater  tluui  in  the 
case  of  a  cylindrical  pivot  of  equal  radius. 

158.]  The  Tractory,  or  Anti-Friction  Curve.  In  tlie  case 
of  a  conical  j>ivot  the  wearing;'  away  of  the  step  is  not  uniform  at 
all  points.  Hence  after  a  sufficient  time  the  pivot  will  not  be  in 
perfect  contact  with  its  step.  If,  however,  the  step  has  such 
a  form  that  the  vertical  wear  is  the  same  at  all  points,  tlie  pivot 
will  simply  sink  into  the  piece  which  supports  it,  and  remain 
always  in  contact  throughout  its  surface  with  the  step. 

We  ]>ro]>ose  to  investigate  the  form  of  the  step  in  which  the 
vertical  wear  will  bo  the  same  at 
all  points.  Let  Fig.  205  represent  a 
section  of  the  step  through  the  axis 
of  the  pivot,  and  let  CC  be  the 
vertical  wear  at  C,  and  QQ'  the  ver- 
tical wear  at  Q.  Then  CC  =  QQ', 
Q  being  any  point  on  the  curve  BC. 
Hence  the  new  curve,  BQ'  C,  is 
simply  the  old  curve  BQC  moved 
through  a  vertical  distance  CC 
=  QQ'  =  /i^  suppose. 

Now  (Art.  15G)  the  normal  wear  at  Q  per  unit  of  surface  is 
proportional  to  u>ixuj/.     Hence,  if  Qq  is  normal  to  the  step  at  Q, 

Qq  =  koi  ii.ny, 
n  being  the  normal  pressure  per  unit  of  surface  on  APC,  which 
we  also  take  to  be  the  normal  pressure  per  unit  of  surface  on 
the  stejj,  and  k  a  constant. 

^•"^  ^^  -  cos  qqq  -  '^^MTq: 

the  cun-e  at  Q.     Hence 


p 

'--.\       M 

/O         -' 

"--A 

/\A 

''^ 

//.••■■'^' 

B 

FiL'.  235. 


QT  being  the  tangent   to 


// 


''a 

ch 


(h 


kh 


dy      uijj.n 


a  constant, 


or  Qy=r  a  constant. 

Therefore  the  curve  BC  is  such  that  the  length  of  the  tangent 
terminated  by  PB,  or  the  axis  of  x,  is  constant  at  all  jioints. 
This  curve  is  known  as    the  Tractorv.       If  if  =  the    constant 
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length  of  the  tangent,  and  PC  is  the  axis  of  y,  we  have 

(Is 


(ly 


or 


or 


^/^^_, 


ydy> 

I 

■di/  =  —  dx, 


the  minus  sign  being  given  to  the  square  root,  because  MQ 
diminishes  as  w  increases.  Integrating  this  last  equation  (by 
assuming  y  =  ^  sin  4>)  we  have  for  the  equation  of  the  tractory 

l—  v^^-  —  ir  

jflog ^  +X+  •^f^-i/-  =  0. 

y 

The  curve  approaches  PB  asymptotically,  and  the  step  is  formed 
by  the  revolution  of  the  cui-ve  round  PB.  This  pivot  is  known 
as  Schkles  Anti-friction  Pilot. 


Examples*. 

1.  A   uniform   rectangular   board,   ABCD   (Fig.   206),  rests  in   a 
vertical  plane  against  two  equally  rough  pegs,  P  and  Q,  in  the  same 

horizontal  line,  two  adjacent  sides 
of  the  board  being  each  in  contact 
with  a  peg.  Find  the  position  of 
limiting  equilibrium. 

Let  A.  be  the  angle  of  friction,  0 
the  inclination  of  the  side  AB  to 
the  horizon  in  the  position  of 
limiting  equilibrium,  G  the  centre 
of  gravity  of  the  board,  PQ  =  a, 
and  AG  =  c. 

Tlien  if  the  board  is  on  the  point 
of  frllpping  down  at  Q  and  up  at 
P,  the  total  resistances  at  P  and  Q 
will  act  in  the  directions  PO  and 
QO,  which  are  inclined  at  the  angle  A  to  the  normals  at  P  and  Q  to 
the  sides  AB  and  AD,  respectively.  If  0'  (not  rej^resented  in  Figure) 
be  the  point  of  meeting  of  the  normals  at  P  and  Q,  it  is  clear  that 
a  circle  wiU  pass  through  the  points  APO'OQ ;  and  therefore  LOAO' 
=  A.     And  since  AO' =  PQ  =  a,  we  have 

.10  =  a  cos  A.  ^    i^^q'  -\^(^) 


*  Many   of   tlie   following    examples    are    taken   from   Jellett's   TJieory  of 
Priction. 
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Again,  since  lO'QP  =^  0,  we  have  IQOG  = --{\  +  0),  and 
evidently,  Z  QOA  =  e,  therefore  Z  AOG  =  ^  -  (A  +  2  (?).    If  ZC'^^  =  a, 

IT 

it  is  clear  that  LAGN  =  -  —  (^  +  a).    Now  the  position  of  equilibrium 

is  found  by  the  equation 

AO.  sin  AOG  =  AG.  sin  AGN. 
Substituting  in  this  equation  the  value  oi  AO  from  (1),  we  have 

a  cos  X  .  cos  (A  +  2  0)  =  c  .  gos  (a  +  6), 
which  defines  the  position  of  equilibrium. 

2.  A  heavj'  uniform  beam  rests  against  a  rough  horizontal  plane 
and  against  a  rough  vertical  wall,  the  vertical  plane  through  the  beam 
being  at  right  angles  to  the  wall  and  the  ground;  determine  the 
weight  of  the  greatest  mass  that  can  be  affixed  to  it  at  a  given  point, 
60  that  equilibrium  ma)'  be  preserved. 

If  the  beam  be  inclined  to  the  vertical  at  an  angle  less  than  the 
angle  of  friction  for  the  beam  and  the  gi-ound,  equilibrium  cannot  be 
broken  by  attaching  a  mass,  however  great,  to  any  point  of  the 
beam. 

Let  AB  (Fig.  207)  be  the  beam,  0  its  inclination  to  the  horizon,  W 
its  weight,  2a  its  length,  P  the  weight  of  the  mass  suspended  from 
the  point  Q  iu  the  beam,  BQ  =  x,  \  and  X'  the  angles  of  friction  at  A 
and  B,  respectively. 

Draw  the  lines  AO  and  BO,  making  the  angles  X  and  A'  with  the 
normals,  An  and  Bin,  at  A  and  B. 

Then  when  the  resultant  of  IF  and  P  passes  through  0,  equillbriumwill 
be  at  its  limit.  For,  if  this  resultant 
acts  in  a  line  to  the  left  of  0  V,  the 
vertical  through  0,  it  will  be  possible 
to  find  an  infinite  number  of  points 
on  it  such  that  when  juiued  to  A 
and  B  the  joining  lines  will  be 
possible  directions  of  total  resistance 
at  A  and  B  (see  Art.  150). 

If  the  residtant  of  W  and  P  acts 
in  a  line  to  the  right  of  OV,  there 
wiU  be  no  point  on  it  inside  both 
cones  of  friction,  and  therefore  equi- 
librium will  be  impossible.  Hence  for  limiting  equilibrium,  we  have 
by  taking  moments  about  0, 

W.Gr=P.QV, 
G  being  the  centre  of  gravity  of  the  beam. 

Thelengths  GV  &nd  QV  are  easily  obtained  from  the  data.  We 
may  observe  that  if  the  point  Q  lies  between  G  and  V,  equilibrium 
can  never  be  broken,  however  great  P  may  be.  For  it  will  then  be 
impossible  by  increasing  P  to  bring  the  resultant  of  P  and  W  to  the 
right  of  or. 

VOL.  I.  T 
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These  results  follow  also  from  the  usual  mode  of  solution  of  such  a 
problem. 

Let  R  and  S  be  the  normal  reactions  at  A  and  B,  and  fi  and  /x'  the 
coefficients  of  friction  at  these  points.     Then,  resolving  horizontally, 


S=,jiR; 

resolving  vertically,       R-\-^' S  =^  P  +  W; 
taking  moments  about  B, 

2aR{cosd—ixsm6)  =  {Px  +  Wa)  cos  0. 

P+  W 
From  (2)  and  (3)  we  have     A'  = ,, 

and  by  substituting  this  value  of  A!  in  (4),  we  get 

l+fi/  — 2(1— Mtanfl) 


P  =  Il'a 


2a(l— ^itanfl)  — x(l+fi/) 
cos  (6  +  A) 


(2) 
(3) 

(4) 


(5) 


Now  it  is  easv  to  see  that  BO , 

v                 "  ,        2.      n    cos  (a— A ) 

cos  A       ,        .        _     1— fitanfl         /^  ' 


and  Br=BOx 


cosfl' 


therefore  5r=  2a 


p=  ir 


,  and  (5)  may  be  written 
BV 


BV- 


from  wliieh  it  appears  that  if  a;  =  BV,  the  required  force  is  infinite; 
and  if  X  >  5  F',  it  is  negative,  or  equilibrium  can  never  be  broken  by 
any  downward  force. 

The  second  part  of  the  problem  follows  from  (5),  because  if 
/itan  6  >  \,  or,  in  other  words,  if  the  angle  nAB  <  A,  the  denominator 
will  be  negative.  That  it  is  impossible  to  break  equilibrium  in  this 
case  is  evident  from  Fig.  208.  For  the  point  0  is  now  at  the  right 
of  the  vertical  wall,  and  at  whatever  point  along  AB  the  resultant  of 
P  and  W  acts,  it  is  possible  to  find  points  on  it  which  are  within  both 
cones  of  friction. 


:t 

^--^/ 

^\ 

A                     ^C 
m            / 

A\ 

/A' 

Fig.  209. 


I      _3.  Two  unequal  uniform  beams,  connected  by  a  light  rope  attached 
I  to  their  middle  points,  rest  in  a  vertical  plane,  an  extremity  of  each 
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beam  resting  on  a  roiifrli  liori/ontal  plane.     If  tlie  coefficient  of  friction 
is  gradually  diminii;hed,  which  beam  will  fclip  first  ? 

Let  the  beams  be  AB  and  A'B' {Fig.  209),  and  let  C  and  Cbe  their 
centres,  and  AB  >  A'B".  Now  the  beam  AB  is  in  equilibrium  under 
the  intlueuce  of  three  forces,  viz.,  its  weight,  the  tension  of  the  rope 
C'C,  and  the  total  resistance  at  A  ;  and  since  the  first  two  meet  in  C, 
the  third  must  also  pass  through  this  point,  that  is,  the  resistance  at  A 
acts  along  the  beam.  In  the  same  way  the  resistance  at  A'  acts  along 
A'B';  and  by  contidering  the  equilibrium  of  the  system,  we  see  that 
the  vertical  through  G,  the  common  centre  of  gravity,  must  pass 
through  0,  the  point  of  intersection  of  the  resistances.  Now  the 
angles  which  these  resistances  make  with  the  normals  at  .(  and  A' 
are  equal  to  inOA  and  mOA',  respectively;  and  the  comparative  safety 
of  the  equilibrium  at  A  and  A'  depends  on  the  magnitudes  of  these 
angles.  Now  mOA'  >mOA.  For,  draw  C'q  horizontal  and  Cq 
vertical ;  then,  since  CG  <  CG,  qn  <  nC,  and  h  fortiori,  pn  <  nC. 

™       „        ,  ,/    ,    .  -^wi       ta.nmOA      .,       „  „  ,,        „  , 

TliereforeilnKm.l';  but — Tr  =  i Trr>>  therefore,  mO.I  >mOA. 

inA       tanjreO.1l 

and  if  the  friction  were  gradually  diminished,  the  total  resistance  at 

A'  would  reach  its  limiting  inclination  before  that  at  A.     Hence  the 

short  beam  will  slip  first. 

4.  A  cylinder  is  supported  on  a  rough  inclined  plane  by  a  string 
coiled  round  it  in  a  direction  perpendicular  to  its  axis,  the  string 
passing  over  a  smooth  jmlley  and  sustaining  a  given  mass.  Find  the 
limits  to  the  direction  of  the  string. 

Round  ^1,  the  point  of  contact  of  the  cylinder  and  plane,  describe 
the  cone  of  friction,  the  section  of  wliich  by  the  plane  of  the  figure  is 
nAm,  the  angles  iiAC  and  ('Am  being  each  =  A. 

Let  OB  be  any  direction  of  the  string,  intersecting  the  vertical 
through  the  centre  of  the  cylinder  in  0.  Then,  so  long  as  0  is 
between  the  points  m  and  w,  equilibrium  is 
possible,  because  AO  is,  a  possible  direction 
of  total  resistance  at  A,  There  is,  of 
course,  a  particular  magnitude  of  the 
weight,  P,  corresponding  to  the  direction 
OB  of  the  string,  and  tliis  magnitude  is 
found  by  taking  moments  about  A.  li  6 
is  the  angle  made  by  the  string,  OB,  with 
the  inclined  plane,  we  have 
sin  i 


F=  W 


2  cos"  - 


Fig.  2 


i  being  the  inclination  of  the  inclined  plane. 

If,  the  direction  of  the  string  being  OB, 
P  have  a  value  greater  or  less  than  this, 
the  cylinder  will  roll  up  or  roll  down  the  plane. 

Drawing  from  m  two  tangents,  mt^  and  mt,,  to  the  cylinder,  we 
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have  the  extreme  directions  of  the  string ;  that  is,  the  point  at  which 
the  string  leaves  the  cylinder  must  lie  between  the  points  of  contact 
of  mt^  and  int., ,  on  the  upjaer  portion  of  the  cylinder  ;  for  it  is  evident 
that  if  the  string  leaves  the  cylinder  at  any  point  outside  these  limits, 
the  point  in  which  its  line  intersects  that  of  IT  will  be  vertically 
above  m,  that  is,  outside  the  cone  of  friction. 

5.  A  heavy  sphere  is  placed  on  a 
rough  inclined  plane  at  a  point  P 
(Fig.  21 1),  and  is  kept  in  position  by  a 
heavy  rough  beam,  AB,  which  is  move- 
able about  a  fixed  extremity,  B,  the 
coefficient  of  friction  for  the  sphere  and 
the  beam  being  the  same  as  that  for  the 
sphere  and  plane.  Supposing  that  the 
friction  is  gradually  diminished  at  both 
points  of  contact,  F  and  Q,  or  that  the 
sphere  is  pushed  furtlier  up  between  the 
plane  and  beam,  determine  the  nature 
of  the  initial  motion. 
The  total  resistances  atP  and  Q  must  meet  in  some  point,  0,  on  the 
vertical  through  C,  the  centre  of  gravity  of  the  si)here.  Beyond  this, 
however,  their  directions  cannot  be  determined.  The  comparative 
safety  of  equilibrium  at  P  and  Q  will  depend  on  the  relative  magni- 
tudes of  the  angles,  CPO  and  CQO,  wliich  the  resistances  at  these 
points  make  with  the  corresponding  normals.     Now  it  is  easy  to  show 

CO  CO 

that  CQO  >  CPO ;  for  sin  CPO  =  ~  sin  COP,  and  sin  CQO  =j^x 

C/jt  Ci^ 

sin  COB,  therefore  ^'"  f,^^  =  ^""^f"^;  but  COR  >  COP,  therefore 
sin  CQO       sin  COIi 

CQO  >  CPO,  and  if  from  any  cause  the  friction  is  diminished,  or  the 
sphere  pushed  higher  up,  slipping  must  take  place  at  Q  and  rolling  at  P. 

6.  A  cylinder  is  placed  on  a 
rough  inclined  plane,  and  a  light 
rope  is  coiled  round  it  in  a  jilane 
perpendicular  to  its  axis  and 
containing  its  centre  of  gravitj' ; 
this  rope,  after  passing  round 
the  cylinder,  is  attached  to  the 
middle  point,  H  (Fig.  2 1 2 ),  of  an 
edge  of  a  cubical  block  whose 
height  is  equal  to  the  diameter 
of  the  cylinder.  Supposing  the 
inclination  of  the  plane  to  be 
gradually  increased,  determine 
the  manner  in  which  equili- 
brium will  be  broken,  the  co- 
efficient of  friction  being  the  same  for  the  cylinder  and  plane  as  for 
the  cube  and  plane. 


158.] 


EXAMPLES.  -^  I  t 


The  motions  which  are  here  geometrically  possible  are — 

(1)  The  cylLuder  may  roll  and  the  cube  may  turn  over  the  edge  C. 

(2)  The  cylinder  may  roll  and  the  cube  may  slip. 

(3)  The  cylinder  may  slip  and  the  cube  may  slip. 

(4)  The  cylinder  may  slip  and  the  cube  may  turn  over. 

Now  if  0  ia  the  point  of  intersection  of  the  vertical  through  the  ^ 

centre  of  gi.a\'ity  of  the  cylinder  with  the  rope,  it  is  evident  that  ^ 

the  total  resistance  at  A   acts  in  the  line  OA.     In  the  same  way  if  ^ 

0'  is  the  point  of  intersection  of  the  vertical  through  G,  the  centre  ^« 

of  gravity  of  the  cube,  with  the  line  of  the  i-ope,  the  total  resistance  j" 

of  the  plane  on  the  cube  must  pass  through  0',  and  if  D  is  the  point  <    ^4 

in  which  the  line  of  action  of  the  weight  of  the  cube  intersects  its  "*J     ^ 

base,  the  total  resistance  must  evidently  pass  through  some  point  '      ij 

between  C  and  B.  V      <^ 

Now  this  total  resistance,  wherever  it  acts,  makes  with  the  normal       -C?      X      '^ 
to  the   plane  an  angle  gi-eater  than   BAO ;    for  tan  .B^O  =  ^  tan  i.  ,V    V         !_»■ 
i  being  the  inclination  of  the  plane,  and  the  angle  which  C/D  makes  '^'f  ^^  s^ 
with  the  normal  to  the  plane  =  t;  hence  the  angle  made  with  this  i' .■^      ^J, 
normal  by  a  line  joining  0'  to  any  point  between  0  and  Z*  is  >  i,  and,  v 

h  fortiori,   >  BAO.     Consequently  the  cylinder  can  never  slip  before  fy 

the  cube,  and  cases  3  and  4  are  to  be  rejected.  The  choice  then  is 
to  be  made  between  1  and  2 ;  and  (see  Art.  1 50)  if  the  cube  can  turn 
over,  it  will  do  so.  Hence  we  solve  on  the  supposition  that  the 
cube  turns  over  C,  and  if  this  does  not  require  too  great  a  value  of 
the  coefficient  of  fiiction,  the  cube  will  turn  over. 

The  problem  is  to  be  solved  by  equating  the  values  of  the  tension 
of  the  rope  derived  from  the  consideration  of  the  equilibrium  of  the 
cylinder  and  that  of  the  cube. 

For  the  equibbrium  of  the  cylinder  take  moments  about  A,  and  we 
have  7'=^irsini,  (!) 

T  being  the  tension  of  the  rope  and  IF  the  weight  of  the  cylinder. 

Again,  since  by  supposition  the  cube  is  about  to  turn  round  C,  the 
total  resistance  of  the  plane  acts  through  this  point.  Taking  moments 
about  C  for  the  cube, 

T  .CH=J\'.CGsmQ^-i), 

or  r=  ^  IF'(cost-sin!).  (2) 

Equating  the  values  of  T  in  (1)  and  (2),  we  have 

But  in  order  that  CO'  may  be  a  possible  direction  of  total  resistance, 

the  angle  UCO'  must  be  <  A,  or  tan  HCO'  <  ;/.     Now,  it  is  easy  to 

see  that  l+t"ani 

UnHCO'  = 


1 

—   2  ■ 


2 

TI'+  2  W 
W+W 
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Hence  if  \ 


F+2ir' 


<  /i,  equilibrium  \rill  be  broken  by  a  rolling  of 
If  fi  is  less  than  the 


the  cylinder  and  turning  over  of  the  cube, 
quantity  in  (4)  the  cylinder  will  roll  and  the  cube  will  slip,  and  there 
is  no  difficulty  in  determining  the  inclination  of  the  plane  when  this 
happens.     We  maj"  cither  dravr  from  0'  a  line  making  the  angle  of 
friction.  X,  with  the  normal  to  the  plane,  and  then  determine   T  by 
the  triangle  of  forces,  or  resolve  along  and  perpendicular  to  the  plane 
for  the  equilibrium  of  the  cube.     If  B  is  the  normal  reaction  of  the 
plane  on  the  cube,  we  find  in  the  latter  way 
Ji  =  W  cos  i, 
IJiR='n"sini+T; 
therefore  T  =  W'  {ft.  cos  t  —  sin  t). 

Equating  this  to  the  value  given  by  (1),  we  have 

which  gives  the  inclination  at  which  the  cube  slips. 

7.  Two  equal  carriage  wheels  whose  centres  are  connected  by  a 
smooth  bar  are  placed  on  a  rough  inclined  plane  ;  determine  whether 
the  equilibrium  of  the  system  will  be  best  preserved  by  locking  the 
hind  or  the  fore  wheel. 

Let  C  and  D  (Fig.  2 1 3)  be  the  centres  of  the  wheels,  and  first  sup- 
pose the  hind  wheel  to  be  locked.     Since  there  is  no  friction  between 

the  bar  CD  and  the  axle  at  C, 
the  action  of  the  bar  on  the 
lower  wheel  consists  of  a  force 
through  C  (see  p.  159). 

The  weight  of  this  wheel  also 
acts  through  C,  and  therefore 
the  total  resistance  at  A,  which 
is  the  third  force  keeping  the 
wheel  in  equilibrium,  must  also 
act  through  C. 

Let  G  be  the  centre  of  gravity 
of  the  two  wheels,  and  consider 
the  equilibrium  of  the  system 
formed  by  them.  There  are 
three  forces  acting  on  the  sys- 
tem, viz.,  its  weight  through  G. 
the  total  resistance  at  A  (which 
has  been  proved  to  act  in  a  line  AC),  and  the  total  resistance  at  B. 
If,  then,  0  is  the  point  of  intersection  of  CA  and  the  vertical  through 
G,  the  total  resistance  at  B  must  act  in  the  line  OB. 

We  shall  now  determine  the  inclination  at  which  equilibrium  is 
broken. 

Since  the  hind  wheel  slips,  the  angle  BBn  =  \  ;  also  let  r  =  the 
radius  of  each  wheel,  CD  =  2  a,  and  t"  =  the  inclination  of  the  plane. 


Fig.  213. 
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Then 


tan  COG      CG 


tan  COn 

tan  i 
or  

fince  Dn  =  rtan  DBii  =  y.r 


Cn 


2a  +  ixr 

The   inclination   of  the   jjLane   when 
equilibrium  is  broken  is  therefore  given  by  the  equation 

2a  +  iJ.r  ^  ' 

Again,  suppose  the  fore  wheel  alone  to  be  locked.     In  this  case  the 

total  resistance  at  B  acts  in  the  line  BD,  and  that  at  A  acts  in  AO',  0' 

being  the  intersection  of  BD  with  OG.     If  i'  is  the  new  inclination 

at  which  equilibritim  is  broken,  we  have,  since  LCAO" ■=  \, 

1*.    i  •-  \  tan  i'  _T>G__       a 


\i.         Dm 
tan  i'z 


2a- 
fjia 


■ixr 


(2) 

Now  it  is  clear  that  i'  is  greater  than  i,  and  that,  consequently, 
equilibrium  will  be  safer  when  the  fore  wheel  is  locked  than  when  the 
hind  wheel  is  locked. 

8.  A  cylinder  is  supported  on  a  rough  inclined  plane  by  a  light  rope 
coiled  round  it  in  a  plane  perpendicular  to  its  axis  passing  through 
its  centre  of  gravity,  the  rope  being  attached  to  a  fixed  point.  Find 
the  direction  of  the  rope  in  order  that  the  inclination  of  the  plane  may 
be  the  greatest  possible. 

Let  O'B'  (Fig.  214)  be  the  line  of  the  rope,  and  CO'  the  vertical 
through  the  centre  of  gravity  of  the  cylinder.     Then  evidently  the 


Fig.  214. 


Fig.  215. 


total  resistance  at  A,  the  point  of  contact  with  the  plane,  must  act  in 
the  direction  AG'.  If  the  rope  took  the  direction  OB,  which  is  hori- 
zontal, the  direction  of  the  total  resistance  would  be  AO,  and  evidently 
the  angle  CAO<CAO' ;  or,  in  other  words,  the  equilibrium  of  the 
cylinder  will  be  farther  from  its  limit  when  the  rope  is  horizontal 
than  when  it  takes  any  other  direction.     For  a  given  inclination,  i. 
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of  the  plane,  the  augle  CAO  =  — j  and  it  is  clear  tliat  when  CAO 

is  equal  to   the   angle,  A,  of  friction,   the  inclination   of  the   plane 
will  be  at  its  greatest.     Hence  the  greatest  inclination  of  the  plane 
=  2A. 
If  the  coefficient  of  friction  be  >1,  the  greatest  inclination  of  tlie 

plane  will  be  >  —  >  and  the  figure  of  limiting  equilibrium  will  be  that 

.  .  .71 

represented  m  Fig.  215,  in  which  the  angle  CAO  (=s  A)  is  >  -r-    But 

whether  the  cj-linder  will  stay  in  this  position  or  not  depends  on  the 
initial  arrangement.  Unless  the  rope  is  pulled  with  such  a  force  as 
to  cause  the  resultant  of  this  force  and  W  to  act  in  the  line  OA ,  equi- 
librium cannot  be  preserved  by  the  resistance  of  the  plane.  In  fact, 
unless  this  requisite  tension  of  the  rope  is  pi-oduced  by  pressing  and 
scraping  the  cylinder  against  the  plane,  it  would  be  possible  for  the 
cylinder  to  take  a  motion  of  and  round  its  centre  C  which  would  keep 
its  surface  out  of  actual  contact  with  the  plane ;  and  in  this  case  the 
plane  would  not  exert  any  resistance. 

9.  If  in  the  preceding  problem  the  rope,  instead  of  being  attached 
to  a  fixed  point,  is  attached  to  a  mats  which  hangs  freely  over  a 
smooth  pulley,  find  the  conditions  of  equilibrium. 

Let  O'B'  (Fig.  214)  be  the  direction  of  the  rope,  P  the  weight  of 
the  suspended  mass,  W  the  weight  of  the  cylinder,  i  the  inclination  of 
the  plane,  A  the  angle  of  friction,  6  the  angle  which  the  rope  makes 
\>ith  the  inclined  plane. 

Then  for  equilibrium  it  is  necessary  that  .40'  should  be  the  direction 
of  total  resistance  at  A,  and  that  the  moments  of  P  and  IT  about  A 
should  be  equal  and  opposite.     Hence  we  must  have 

CAO' =  or  <\,  (1) 


and 


P=W 


2cos2 


.0' 


(2) 


the  second  condition  being  equivalent  to  that  obtained  by  the  triangle 
of  forces  for  equilibrium  at  0'. 

If  the  angle  C.-10'<A,  and  P  is  slightly 
increased  above  the  value  in  (2),  the  initial 
motion  wUl  evidently  be  a  rolling  up,  since 
moment  of  P  about  A  >  moment  of  W  about 
A ;  but  if  P  is  slightly  diminished  the  roll- 
ing will  be  down. 

1 0.  A  heavy  uniform  beam,  AB  (Fig.  216), 
is  to  be  sustained  in  a  horizontal  position, 
one  end,  B,  resting  on  a  rough  inclined 
plane,  while  the  other  end,  A,  is  attached 

to  a  light  rope  which  passes  over  a  smooth  pulley  and  sustains  a  mass. 

Find— 


Fig.  216. 
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(a)  The  limits  to  the  direction  of  the  rope,  and  the  corresponding 
limiting  values  of  the  weiirht  of  the  suspended  mass. 

(b)  The  least  weight  that  will  sustain  the  bf  am. 

Let  W  be  the  weight  of  the  beam,  P  the  weight  of  the  suspended 
mass,  and  L'X  the  normal  to  the  inclined  plane  at  B.  Then  if  AO  be 
tlie  line  of  the  rupe,  intersecting  the  vertical  through  the  centre  of 
gravity  of  the  beam  in  0,  BO  must  be  the  direction  of  the  total 
resistance  at  B ;  and  in  order  that  this  may  be  a  possible  direction  of 
total  resistance,  the  angle  ^BO  must  be  <\,  the  angle  of  friction. 
Hence  the  limiting  directions  of  the  rope  are  obtained  by  drawing 
BO  and  BO'  making  the  angle  A  with  B^^  on  opposite  sides.  If  the 
rope  takes  the  dinction  AO'  the  beam  must  be  on  tiie  point  of  slipping 
up,  since  the  force  of  friction  acts  domi  the  inclined  plane ;  and  if 
the  direction  of  the  rope  is  AO,  the  beam  is  on  the  point  of  slipping 
down.  The  corresponding  magnitudes  of  P  are  easily  determined  by 
taking  moments  about  B.  Let  p,  and  p.^  be  the  perpendiculars  from 
Bon  AO  and  AO',  respectively,  a  half  the  length  of  the  beam,  and 
/"i  and  P.,  the  corresponding  values  of  P.     Then 


A 

=  w- 

p. 

A. 

The  values  of  p,  and  p^  can,  of  course,  be  easily  expressed  in  terms 
of  a,  A,  and  i,  the  inclination  of  the  plane. 

If  the  rope  takes  a  direction  intermediate  to  AO  and  AO',  and  if /> 
is  the  length  of  the  perpendicular  from  B  on  its  direction,  we  have 

P^W^. 
P 
Hence,  if  P  is  a  minimum,  p  must  be  a  maximum,  since  Wa  is  given. 
'Now  p  will  be  a  maximum  when  it  is  equal  to  AB,  that  is,  when  the 
rope  is  vertical.  In  this  case  the  total  resistance  at  B  should  also  be 
vertical ;  but  if  the  inclination  of  the  plane  >  A,  this  is  impossible. 
Hence  when  i>k,  ]>  is  a  maximum  (consistenlly  with  the  conditions 
of  the  problem)  when  the  direction  of  the  rope  is  AO  ;  and  therefore 
in  this  case  P^  is  the  least  value  of  P. 

If  ?<A,  the  vertical  at  i?  is  a  possible  direction  of  total  resistance, 
and  therefore  AB  is  an  admissible  value  of  p.  The  corresponding 
value  of  P  is  therefore  ^  Tl'. 

The  student  will  easily  see  that  if  the  angle  of  friction  is  greater 
than  the  complement  of  the  inclination  of  the  plane,  there  can  be  no 
limiting  equilibrium  in  which  the  beam  is  about  to  slip  up. 

11.  A  cylinder  is  laid  on  a  rough  horizontal  plane,  and  is  in  contact 
with  a  rough  vertical  wall  ;  a  string  coiled  round  it  at  right  angles  to 
the  axis  passes  over  a  smooth  pulley  and  sustains  a  weight  which  is 
gradually  increased  till  equilibrium  is  broken.  Determine  the  nature 
of  the  initial  motion.   (Jellett's  Theory  of  Friction,  Example  21,  p.  214.) 
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Let  IT  be  the  weiplit  of  the  cylinder,  F  the  weight  of  the  suspended 
mass,  6  the  angle  wade  by  the  string  with  the  horizon,  X  and  A.'  the 
angles  of  friction  at  A  and  B,  the  points  of  contact  of  the  cylinder 
with  the  vertical  and  horizontal  planes,  and  0  the  point  in  which  the 

line  of  the  string  intersects  the  vertical 
through  C,  the  centre  of  gravity  of  the 
cylinder. 

Now,  in  accordance  with  Article  150. 
we  first  consider  what  motions  are  geo- 
metrically possible.     These  are 

(1)  EoUiug  round  A  up  the  vertical 
plane. 

(2)  Slijiping  fonvard  at  B  wliile  con- 
tact ceases  at  A. 

(3)  Slipping  at  A  and  B  simultaneously. 
If  (l)can  happen  it  wiR  (see  Art.  150) ; 

let  us  suppose,  therefore,  that  the  cylinder 
is  on  the  point  of  turning  round  A  and 
coming  out  of  contact  at  B.  In  this  case  there  are  only  three  forces 
keeping  the  cylinder  in  equilibrium,  namely,  IF,  P,  and  a  total  re- 
sistance at  A.  This  lust  force  should,  for  equilibrium,  pass  through 
0  and  act  in  the  direction  0.1.  Now  whether  the  angle  OAC  is  less 
or  greater  than  X,  this  is  not  a  possible  line  of  action  of  total  resistance, 
because  the  plane  cannot  jmU.     Hence  (1)  is  physically  impossible. 

Suppose  that  (2)  happens.  Then,  as  before,  there  are  only  three 
forces  keeping  the  cylinder  in  equilibrium,  namely,  IF,  P,  and  the 
resistance  at  B.  This  last  must  pass  through  0,  and  must  therefore 
act  vertically.  But  it  is  obvious  that  such  a  force  could  not  equi- 
librate TF  and  P  ;  therefore  (2)  is  impossible. 

There  remains  the  third  case,  which  alone  is  possible.  To  deter- 
mine the  value  of  P  corresponding  to  limiting  equilibrium,  draw  the 
lines  AO'  and  BO'  making  with  the  normals  at  A  and  B  the  angles, 
\  and  X',  of  friction  for  the  cylinder  and  planes.  Then  by  taking 
moments  about  0'  we  easily  obtain  the  value  of  P,  which  may  also  be 
obtained  by  the  ordinarj-  equations  of  resolution  of  forces.  Thus,  let 
R  and  P'  be  the  normal  pressures,  and  therefore  \t.R  and  \i! R'  the 
forces  of  friction,  at  A  and  B. 

Taking  moments  about  B,  we  have 

7?{1+;^).^  P(l-cos^).  (1) 

Taking  moments  about  A, 

7?'(1_^')  =  r-P(l  +  sini9).  (2) 

Resolving  horizontally, 

H'R'-R=  P  cose.  (3) 

Substituting  in  (3)  the  values  of  R  and  R"  given  in  (1)  and  (2),  we 
obtain  the  value  of  P  corresponding  to  limiting  equilibrium. 

It  will  be  a  useful  exercise  for  the  student  to  vary  the  position  of 
the  pulley  in  such  a  way  as  to  render  possible  a  case  of  limiting  equi- 
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librium  in  which  the  cylinder  is  about  to  ascend  the  vertical  plane  by 
turning  round  A. 

12.  A  heavy  right  cone  is  placed  with  its  base  on  a  rough  inclined 
plane,  the  inclination  of  which  is  gradually  increased ;  determine 
whether  the  initial  motion  of  the  cone  will  be  one  of  sliding  or 
tumbling  over. 

Let  ABC  (Fig.  218)  be  the  vertical  section  of  the  cone  through  its 
axis,  CI/,  and  let  G  be  the  centre  of  gravity  of  the  cone.  {GIJ  is  \ 
CH,  as  will  appear  in  a  subsequent  Chapter.) 
Then,  in  accordance  with  rule  3  of  Art.  150, 
if  it  is  possible  for  the  cone  to  turn  over  the 
point  A,  the  cone  will  do  so.  Solve,  there- 
fore, on  the  supposition  that  equilibrium  is 
broken  by  turning  round  ^1.  In  this  case, 
the  two  forces  acting  on  the  cone  are  its 
weight  and  the  total  resistance  of  the  plane, 
which,  of  course,  passes  through  A  ;  and 
these  forces    must   be   equal    and   opposite.  Fig.  218. 

i.  e.,   the    total   resistance   must  act    in  the 

vertical  line  AG.     Now  this  will  be  possible  only  if  AG  makes  with 
the  normal  to  the  plane  an  angle  less  than  the  angle  of  friction,  A. 
Hence  for  a  tumbling  motion  AGII<\.     But  if  a  ^  ACII, 
tan  AGII  =  4  tan  a. 

Tlierefore  if  ju>4tana,  the  initial  motion  of  the  cone  will  be 
tumbling,  and  if /:i<  4  tan  a,  the  initial  motion  will  be  sliding,  and 
this  sliding  will  evidentlj'  occur  when  the  inclination  of  the  plane 
reaches  the  value  K. 

13.  A  heavy  uniform  bar,  AB,  rests  on  a  rough  horizontal  table  ; 
at  a  given  point,  P,  in  it  is  attached  a  string  which  is  pulled  per- 
jiendicularly  to  AB  in  the  plane  of  the  table;  find  the  point,  /,  about 
which  the  bar  will  begin  to  rotate  when  the  tension  of  the  string  is 
sufiiciently  increased. 

Let  JF=  weight  of  bar,  AB  =^  2a,  AP  =  c,  BI  =  x,  n  =  coefficient 

of  friction.     Then  — -  is  the  weight  per  unit   length  =  the  pressure 

per  unit  length  on  the  table,  so  that,  when  the  bar  is  about  to  rotate 
about  /,  the  force  of  friction  on  any  element  of  length,  ds,  of  the  bar 

W 

is  u  —  •  ds.     Now  these  forces  of  friction  on  the  portion  BI  will  be 

all  perpendicular  to  the  l)ar  in  one  sense,  while  on  the  portion  .^1/they 

will  all  act  in  the  opposite  sense;  also  the  resultant  friction  on  BI 

W  W 

acts  at  the  middle  point  of  BI  and   =  u  —  •  BI,  or  u  —  x,  while 

2«  2a 

the  force  on  AI  acts  at  its  middle  point  and  =  ^—  (2a  — a;).    Again, 

since  all  the  forces  on  the  bar  are  just  in  equilibrium,  the  resultant 
of  these  forces  of  friction  acts  at  P,  opposite  to  the  tension  of  the 
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string.     Hence  taking  moments  about  P,  we  Lave 

la-.v){a-  -  -c), 


H  —  x{2a  —  c  ■ 


2)  =  '^2^(-' 


or  x''  —  2{2a—c)x+2a{a  —  c)  —  0, 

which  gives  two  positions  of  7,  one  of  which  is  outside  the  bar. 
The  values  of  x  are 

2a- c±  Va-+{a—cf, 
which  give  the  following  construction  :  at  C,  the  middle  poiut  o(  AB, 
erect  a  perpendicular,  CQ,  equal  to  a,  to  AB  ;  w-ith  P  as  centre  and 
PQ  as  radius  describe  a  circle  which  will  cut  AB  in  two  points,  I,  I', 
one  of  which,  I,  is  within  AB,  and  the  other  outside  it.  The  second 
is  manifestly  ii-relevant  since  for  the  corresponding  value  of  x  the 
tension  of  the  string  is  negative. 

^Vlien  c  =  n,  i.e.,  when  the  string  is  applied  at  the  middle  point, 
the  whole  bar  moves  in  the  same  sense,  and  the  tension  =  jjlW,  as  is 
(I  jrriori  evident. 

1 4.  A  circular  cylinder,  or  a  uniform  circular  plate,  lies  on  a  rough 

horizontal  table  ;  to  a  given  point 
on  the  circumference  is  attached 
a  string  which  is  pulled  hori- 
zontally by  a  gradually  increasing 
force ;  show  that  the  body  will 
begin  to  rotate  about  some  point 
on  that  diameter  of  the  base 
which  is  perpendicular  to  the 
dii'ection  of  the  string. 

Suppose  that  /(Fig.  219)  isthe 
point  about  which  rotationbegins ; 
then  if  W  is  the  weight  of  the 
body  and  S  the  area  of  the  base, 
the  normal  pressure  on  the  base 
is  uniformly  distributed  and  is 


Fis 


319. 


W 


per  unit  area,  so  that  on  an  element,  ds,  of  area  at  any  point  P 

...  IF 

the  force  of  friction  will  he  fj.  -—  •  ds  when  rotation  begins.    This  force 

o 

is  represented  by  the  arrow  at  P  perpendicular  to  PI,  the  rotation 

being  supposed  to  take  place  counter-clockwise.     Draw  the  diameter 

10 ;  then  we  can  find  a  point,  P',  situated  at  the  other  side  of  this 

diameter,  symmetrically  with  P,  at  which  if  we  take  the  same  element, 

ds,  of  area  the  force  of  friction  will  be  the  same  as  before,  and  will 

be  perpendicular  to  P'l  in  the  sense  of  the  arrow  at  P".     But  these 

two  forces  give  a  zero  component  parallel  to  01,  their  resultant  being 

manifestly  perpendicular  to  01  and  towards  the  right  of  the  figure. 

At  all  pairs  of  symmetrically  situated  points,  Q,  (/,  below  the  line 

through  /  perpendicular  to  10,  the  resultant  of  the  forces  of  friction 

on    equal    elements    is   perpendicular   to   01,   but   towards   the    left. 

Hence  the  total   resultant  of  friction  acts  perpendicularly  to  01  ] 
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and,  if  A  is  the  point  of  attachment  of  the  string  and  A  T  its 
direction,  since  the  lesiiltant  of  friction  is  exactly  equal  and  opposite 
to  T,  the  tension  of  the  string,  01,  must  be  perpendicular  to  AT. 

To  determine  the  point  7,  let  a  =  radius  of  base,  OB  =  c  =  per- 
pendicular from  0  OM  AT,  and  01  =  x.  Then  expressing  the  element 
of  surface  at  P  with  respect  to  /  as  pole,  let  IP  =  r,  and  let  </)  be 
the  angle  which  IP  makes  with  01.  The  element,  ds,  of  area  at  Pis 
rJrd4>,  and  the  perpendicular  from  B  ou  the  line  of  action  of  the 
friction  at  P  is  r  +  {c  +  x)  cos  <f>.  Hence  equating  to  zero  the  sum  of 
the  moments  of  all  the  forces  of  friction  about  B  (which  is  a  point  on 
their  resultant),  we  have 

Jrrr    /*R 
I    ['>^+  (c  +  x)  r  cos  (j>\  d4>dr  =  0, 
0  Jo 

in  which  P  =  v  a^  —  x''  sin- (/)  —  «;  cos  <|). 

Integrating  first  with  respect  to  r,  it  is  obvious  that  all  the  rational 
terms  in  x  and  <j)  vanish  because  each  of  them  is  of  the  form 

/    sin''"(^  .  COB  <j)d<j), 
0 
and  we  have  simply 

(i-i))>''*n-c-S)r'^"*=°' 

/ — ^ — 

in   which    A  =  a  /  1 5  siu'<^,  according  to  the  usual  notation 

of  elliptic  integrals ;  and  of  course  the  upper  limit  may  be  taken  as 
-•     But  it  is  well  known,  by  methods  of  reduction,  that 


f:-'-'*=ii'-u-'*-i('-u 


a" 


Hence,  denoting  the  complete  integrals  of  the  first  and  second  kinds 
by  E  and  E,  respectively,  the  equation  for  x  becomes 

V3       X        a^         a-/  V3       xA         a^J     ' 

a  transcendental  equation  for  x. 

•  15.  If  one  cord  of  a  sash  window  breaks,  find  the  least  coefScient 
of  friction  against  the  sash  in  order  that  the  other  cord  may  still 
support  the  window. 

Ans.  M=7)   where  Ji  is  the  height  and  b  the  breadth  of  the 
window. 

16.  A  mass  whose  weight  is  nW  is  attached  to  a  small  ring  which 
is  threaded  on  a  rough  circular  hoop  of  weight  IF  and  radius  a,  whose 
plane  is  vertical  and  which  hangs  from  a  fixed  rough  peg,  the  angle 
of  friction  between  ring  and  hoop  being  X  ;  show  that  the  hoop  vriW  be 
iu   equilibrium   with   its    centre   at  any   distance  not  greater  than 
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n 

a  sin  X  from  the  vertical  through  the  peg  if  the  coefficient  of 

n+  I 

friction  between  the  hoop  and  peg  be  not  less  than  a  certain  quantity, 

which  find.     (College  Examination,  Cambridge,  1888.) 

Ans.  The   angle   of  friction    between   hoop   and   peg   must  be 

,  /n  sin  \n 
>sin-M — -— ). 

17.  Two  uniform  bars,  AB,  AC,  are  rifridly  united  at  A\  their 
weights  are  W,  W ;  AB  is  placed  on  a  fixed  rough  peg.  the  coefficient 
of  friction  being  \i;  if  p  is  the  perpendicular  from  C  on  AB,  show 

W 
that  there  is  a  length  IJ--^ — iF''i'  ""  -^^  ^^'^^  *^**  ^  *^®  contact 

with  the  peg  is  anywhere  within  it,  the  system  will  rest.    {Ihid.  1884.) 

18.  A  heavy  bar  passes  between  two  rough  pegs,  .1,  B,  whose 
distance  is  a,  the  line,  AB,  joining  them  being  inclined  at  an  angle  t 
to  the  horizon,  A  being  the  higher  and  B  the  lower  peg ;  find  the 
limiting  position  of  the  bar. 

Ans.  If  X  is  the  distance  of  the  centre  of  gravity  of  the  bar  from 
B,  and  fj.  and  fi'  are  the  coefficients  of  friction  at  A  and  B,  respectively, 

tani— u' 


M  +  f* 

19.  A  uniform  heavy  bar,  AB,  moveable  in  a  vertical  plane  about 
a  smooth  horizontal  axis  at  A,  has  a  cord  attached  to  B,  this  cord 
passing  through  a  small  ring  fixed  at  a  point  C  in  the  horizontal  line 
through  A  such  that  AC  =  AB ;  the  other  end  of  the  cord  is  attached 
to  a  mass  P  which  lies  on  a  rough  horizontal  table  in  the  line  AC; 
find  the  position  of  limiting  equilibrium. 

Ans.  If  AB  makes  the  angle  0  with  AC,  jn  =  coefficient  of  friction 
between  P  and  the  table,  IF  =  mass  of  AB,  there  are  two  positions 

2cos=--2^cos--l  =  0. 

20.  A  uniform  bar  rests  with  its  extremities  on  two  rough  in- 
clined planes  whose  line  of  intersection  is  horizontal,  the  vertical  plane 
through  the  bar  being  perpendicular  to  this  line ;  find  the  limiting 
position  of  equilibrium. 

Ans.  If  1,  i'  be  the  inclinations  of  the  planes,  A,  \'  the  angles  of 
friction  between  the  bar  and  the  planes,  respectively,  and  6  the 
limiting  inclination  of  the  bar  to  the  horizon, 

2  tan  0  =  cot  (t  +  X) — cot  (t' — A.'). 
Another  limiting  position  will  be  got  by  changing  the  sign  of  X  and  X'. 
-.    21.  A  heavy  uniform  rod  rests  with  its  extremities  on  the  interior 
of  a  rough  vertical  circle ;  find  the  limiting  position  of  equilibrium. 

Ans.  If  2  a  is  the  angle  subtended  at  the  centre  by  the  rod,  and  X 
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the  angle  of  friction,  the  limiting  inclination  of  the  rod  to  the  horizon 

is  given  by  the  equation 

.  sin2X 

tan  5  = — —  • 

cos  2  A  +  cos  2  a 

22.  A  heavy  uniform  ladder  rests  with  one  end  against  a  rough 
horizontal  and  the  other  end  against  an  equally  rough  vertical  plane  ; 
find  the  least  coefficient  of  friction  that  will  allow  the  ladder  to  rest 
in  all  positions.  ^„,_  Unity. 

23.  In  the  previous  question  let  the  centre  of  gravity  of  the  ladder 

divide  it  into  two   segments,  a  and  b,  the  latter  segment  being  in 

contact  with  the  vertical  wall;    given   the   coefficient  of  friction,  fi, 

between  the  ladder  and  the  ground,  find  the  least  coefficient  of  friction 

between  the  ladder  and  the  wall  which  will  allow  the  ladder  to  rest 

in  all  positions.  ,  a 

'  Ans.   —f  • 

ixb 

24.  Two  equal  bars,  AC  and  CB,  are  connected  by  a  smooth 
hinge  at  C,  and  are  placed  in  a  vertical  plane  with  their  lower 
extremities,  A  and  B,  resting  on  a  rough  horizontal  plane ;  from 
observing  the  greatest  value  of  the  angle  ACB  for  which  equilibrium 
is  possible,  determine  the  coefficient  of  friction  for  the  bars  and  the 
plane  (Walton's  Mechanical  Problems,  p.  96,  second  ed.), 

Ans.  If  the  greatest  value  of  LACB  is  /3, 

y.=  itan-. 

25.  A  triangular  prism,  whose  section  by  a  vertical  plane  through  its 
centre  of  gravity  perpendicular  to  its  edges  is  ABC,  rests  with  its  base 
AB  on  a  rough  horizontal  jjlane  ;  a  rope  is  attached  to  the  middle 
point,  C,  of  its  upper  edge,  and,  passing  over  a  fixed  pulley  in  the 
horizontal  line  parallel  to,  and  in  the  sense  of,  BA,  is  pulled  with  a 
gradually  increasing  force.     Find  the  nature  of  the  initial  motion. 

Ans.  If  AB  =  c,  AC  =  h,  and  the  height  of  the  prism  =  h,  the 
prism  will  tilt  over  the  edge  through  A  if 

c  +  6  cos  A 

otherwise  it  will  slide. 

26.  Prove  that  the  work  done  in  drawng  a  mass  from  one  fixed 
point  to  anotlier  along  a  rough  cui-ve  by  a  force  wliich  always  acts 
tangentially  will,  willi  certain  restrictions,  be  the  same  whatever  be 
the  shape  of  the  curve.     {Math.  Tripos,  1884.) 

27.  A  circular  wheel  is  placed  on  a  rough  plane  whose  inclination 
to  the  horizon  is  gradually  increased ;  the  plane  of  the  rim  is  vertical ; 
to  a  given  point.  A,  on  the  rim  is  attached  one  end  of  a  rope  the  other 
end  of  which  is  attached  to  a  fi.xed  point,  B,  on  the  plane  ;  find  the 
inclination  of  the  plane  when  the  wheel  begins  to  slip. 

Ans.  Let  0  be  the  point  of  contact  of  the  rim  with  the  plane, 
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C  the  centre  of  the  wheel,  a=^OCA,  fi  =■  OB  A,  /^  =  coefficient  of 
friction,  i  ^  inclination  of  plane ;  then 

cos  (a +  3)  — cos  3 

tan  t  =  /x -i — ^ : — -. 

cos  (a  +  /:))  +  /i  sin  ,i 

28.  Two  uniform  beams  are  placed  with  their  lower  extremities 
resting  on  a  rough  horizontal  plane,  their  upper  extremities  resting 
against  each  other.  Show  how  to  cut  a  plane  face  from  the  upper 
extremity  of  one  of  the  beams,  in  order  that  slipping  may  be  about  to 
ensue  at  their  point  of  contact. 

Ans.  Determine  the  line  of  action  of  their  mutual  resistance  as  in 
p.  229 ;  the!!  cut  a  face  inclined  to  this  line  at  the  complement  of  the 
angle  of  friction. 

29.  A  heavy  uniform  circular  wheel  rests,  in  a  vertical  plane, 
against  the  ground  at  A  and  is  in  contact  at  B  with  an  obstacle  of 
given  height ;  the  wheel  is  to  be  pulled  over  the  obstacle  by  means 
of  a  rope  (of  given  direction)  attached  at  a  given  point  to  the 
wheel;  find — 

(a)  The  condition  that  the  initial  motion  of  the  wheel  shall  be  a 
rolling  over  the  obstacle  ; 

(6)  The  condition  that  the  initial  motion  may  be  slipping  at  A 
and  B. 

(c)  ^Vhat  vdtimately  happens  when  the  initial  motion  is  slipping  at 
A  and  B. 

30.  Two  rough  inclined  planes  slope  in  the  same  direction  and 
intersect  in  a  horizontal  line.  A  cylinder  placed  at  their  intersection 
and  touching  both  all  along  its  length  has  a  rope  coiled  round  it  in  a 
plane  tlu'ough  its  centre  of  gravity  perpendicular  to  its  axis ;  this 
rope  passes  over  a  fixed  pulley  and  is  pulled  with  gradually  increasing 
force.  Discuss  the  ways  in  which  equilibrium  may  be  broken  by 
vaiying  the  tension  of  the  rope,  finding  (with  a  given  position  of  the 
rope) — 

(a)  Tlie  condition  that  must  be  satisfied  in  order  that  equilibrium 
should  be  possible  at  all ; 

(6)  The  condition  that  the  initial  motion  should  be  one  of  slipping 
on  both  planes; 

(c)  The  value  of  the  tension  of  the  rope  when  this  slipping  takes 
place. 

31.  A  imLforra  bar,  of  which  one  end  rests  against  a  rough 
vertical  wall,  is  supported  b\-  a  light  cord  attached  to  the  other  end, 
and  to  a  given  point  in  the  wall ;  find  the  limiting  positions  of  equili- 
brium. 

Ans.  If  2a  =  length  of  bar,  2c  =  length  of  cord,  A.  =  angle  of 
friction,  d  =  inclination  of  bar  and  <^  =  inclination  of  cord  to  the 
vertical,  we  have  2  cot  ^  =  cot  (^  -  tan  A. 

a  .  sin  5  =  c  .  sin  (^, 
from  which  both  Q  and  <^  may  be  found  thus  :  take  any  two  points  A,B\ 
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produce  AB  to  C  so  that  AB  =  BC ;  at  C  draw  tlic  line  CL  making 

lACL  =  -—A  ;  then  d  and  (p  are  the  angles  PBC,  PAG  made  by  the 

lines  joining  B  and  A  to  a  point  of  intersection  of  the  line  CL  with  the 

circle  which  is  the  locus  of  the  vertex  of  a  triangle  having  AB  for 

base,  the  ratio  of  its  sides  .IP,  BP  being  c:a.     Hence,  in  general, 

there  are  two  solutions,  which  may,  of  course,  become  imaginary. 

There    is    no    difficulty    in    forming  a    quadratic    from   the    above 

equations  for  cotO,  or  in  thence  proving  that  there  will  be  no  limiting 

equilibrium  unless  jj^ 

cos  X  >  — -s ;• 

2a-  — c^ 

32.  AB  and  CD  are  two  equal  weightless  bars  connected  together  by 
a  smooth  axis  at  G,  their  common  middle  point ;  they  are  placed  in  a 
vertical  plane  with  their  ends  A  and  C  resting  on  a  rough  horizontal 
plane,  while  a  cord  of  given  length  connects  their  upper  ends,  B  and 
D,  and  on  this  cord  slides  a  ring  from  which  a  heavy  body  is  sus- 
pended; find  the  limiting  inclinations  of  the  bars  to  the  ground. 

Ans.  Let  AB  =  CD  =  2a,  length  of  cord  =  2c,  A  =  angle  of 
friction  between  the  bars  and  the  ground,  0  =  inclination  of  either 
bar  and  (|)  =  inclination  of  either  portion  of  cord  to  horizon.  Then, 
if  .-1  and  C  are  about  to  i^lip  from  each  other, 

2cot5  =  cot(/)  +  tanA,  (1) 

a  cos  9  =:  c  cos  <|),  (2) 

which  give  the  following  construction  :  draw  a  line  QN  —  a ;  between 

N  and  Q  take  M  so  that  QM  =  c  ;  between  M  and  Q  take  L  so  that 

NM  =  ML;   at  L  draw  the  line  LS  making  LQLS  =  g  ~'^'  **  ^ 

draw  QR  perpendicular  to  QL  ;  to  this  line  QR  draw  two  equal  lines 
from  N  and  21  so  that  they  intersect  in  a  point,  P,  on  the  line 
LS;  then  q  _  pj/x  and  ^  —  PNL. 

If  P  cannot  be  found  at  the  upper  side  of  QN,  the  limiting  equilibrium 
is  such  that  A  and  C  are  about  to  slip  towards  each  other,  and  P 
must  be  sought  on  the  line  LS  at  the  lower  side  of  QN ;  or  LS  may  be 

drawn  making  SLM  =  —  —  A. 

33.  A  rectangular  block  is  placed,  with  one  of  its  edges  horizontal, 
on  a  rough  plane,  the  inclination  of  which  to  the  horizon  is  gradually 
increased ;  determine  whether  the  equilibrium  of  the  block  will  be 
broken  by  a  motion  of  sliding  or  one  of  tumbling. 

Ans.  If  a  and  h  are  the  lengths  of  the  edges  which  are  not 
horizontal,  h  being  the  length  of  the  edge  which  is  perpendicular  to 
the    inclined    plane,  the    initial  motion   will  be   one   of  tumbling  if 

(X  >  y  ,  and  of  sliding  if  /x  <  ^  • 

34.  A  cubical  block  is  placed  on  a  rough  inclined  plane  and  sus- 
VOL.  I.  U 
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tained  by  a  rope,  parallel  to  the  inclined  plane,  attached  to  the  middle 
point  of  the  upper  edge  (which  is  horizontal) ;  the  rope  lies  in  the 
vertical  plane  which  contains  the  centre  of  the  cube  and  is  perpen- 
dicular to  the  inclined  plane.  Shew  that  the  greatest  inclination  of 
the  plane  is  17  M 

35.  A  solid  triangular  pii?m  is  placed,  with  its  axis  horizontal,  on  a 
rough  inclined  plane,  the  inclination  of  which  is  gradually  increased ; 
determine  the  nature  of  the  initial  motion  of  the  prism. 

Ans.  If  the  triangle  ABC,  of  area  A,  is  the  section  perpendicular 
to  the  axis,  and  the  side  AB  is  in  contact  with  the  plane,  A  being 
the  lower  vertex,  the  initial  motion  will  be  one  of  tumbling  if 

^^-^^ 

■•  36.  A  frustum  of  a  solid  right  cone  is  placed  with  its  base  on  a 
rough  inclined  plane,  the  inclination  of  which  is  gradually  increased  ; 
determine  the  nature  of  the  initial  motion  of  the  body. 

Ans.  If  the  radii  of  the  larger  and  smaller  sections  are  R  and  r, 
and  h  is  the  height  of  the  frustum,  the  initial  motion  will  be  one  of 
tumbling  or  slipping  according  as 

4.R      B'  +  Br+r^ 
'^^^   h    '  ir-  +  2Er+3r'' 

37.  A  BCD  is  a  section  of  a  heavj'  rectangular  block  through  its 
centre  of  gravity  parallel  to  one  of  its  faces  ;  it  is  placed  with  AB  on 
a  rough  horizontal  plane  ;  a  bar  rests  against  the  vertical  face  AD  at 
a  given  point  E,  and  against  the  ground  at  a  point  F  in  BA  produced ; 
a  gradually  increasing  load  is  suspended  from  a  point  G  in  the  bar ; 
determine  how  and  when  equilibrium  will  be  broken,  with  the 
following  numerical  data  : — 

AB  =  G,  A£=8,  FG^7,  GE=\0,  ixs\ongAB  =  \, 
fj.'  at  E=l,  and  /'  at  ^=  (firstly)  i  and  (secondly)  f. 
An^.  With  the  first  value  of  fj."  (viz.,  ^),  the  bar  will  begin  to 
slide  before  any  load  at  all  is  applied,  the  block  remaining  at  rest. 
With  the  second  value  of  /x",  when  the  load  has  reached  the  value 
|-^  IT,  the  block  will  begin  to  turn  over  B,  and  the  bar  to  revolve 
about  F  while  slipping  between  them  takes  place  at  E,  W  being  the 
weight  of  the  block. 

38.  A  ladder,  AB,  15  feet  long,  rests  against  the  ground  at  A  and 

against  an  equally  rough  vertical  wall  at  -S ;  to  a  point  £>  in  the  ladder 

at  a  distance  of  10  feet  from  A  is  attached  a  rope  which,  passing  over 

a  pullej-  at  a  point  on  the  pi-cduction  through  Z)  of  the  line  joining  D 

to  the  intersection  of  the  vertical  plane  and  the  ground,  sustains  a 

weight  equal  to  half  that  of  the  ladder ;  the  centre  of  gravity,  G,  of 

the  ladder  is  6  feet  from  A  ;  the  coefficients  of  friction  are  each  equal 

to  I ;  find  the  limiting  inclination  of  the  ladder.  ,  _,  „ 

Ans.  tan     f. 
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39.  An  elliptic  cylinder  is  placed,  with  its  axis  horizontal,  on  a 
rough  ])lane  iuclinod  to  the  horizon  at  an  anp;le  less  than  the  angle  of 
friction  ;  prove  that  the  cylinder  cannot  rest  if  the  eccentricity  of  the 

,.     ,  ■     •    1  /~2  fin  i       ... 

section  perpendicular  to  the  axis  is  less  than   a  / -. — .  >  i   being 

the  inclination  of  the  plane.  ^      1  +  sin  i 

40.  A  cylinder,  the  section  of  which  perpendicular  to  the  axis  is  any 
given  curve,  is  to  be  placed,  with  the  axis  horizontal,  on  a  rough 
inclined  plane  ;  how  must  it  be  placed  so  that  it  shall  be  least  likely 
to  slip,  the  cylinder  being  in  contact  with  the  plane  along  a  single 
linel 

41.  An  elliptic  cylinder  rests  in  limiting  equilibrium  between  a 
rough  vertical  and  an  equally  rough  horizontal  plane,  the  axis  of  the 
cylinder  being  horizontal,  and  the  major  axis  of  the  ellipse  inclined  to 
the  horizon  at  an  angle  of  45°.     Find  the  coefficient  of  friction. 

Ans.  IX  = ^-^, , 

e  being  the  eccentricity  of  the  ellipse.     (Employ  tlie    Theorem    of 
Art.  36.) 

42.  The  circumstances  of  the  preceding  problem  remaining  the 
same,  except  that  the  vertical  plane  is  smooth,  show  that  the  coefficient 
of  friction  is  |e- (Walton's  Mechanical  Problems,  p.  82). 

If  the  horizontal  plane  alone  is  smooth,  is  it  possible  for  the  cylinder 
to  rest  in  any  position  ? 

43.  A  uniform  circular  plate  lying  with  its  face  on  a  rough  inclined 
plane  can  turn  in  its  plane  about  a  point  on  its  rim,  find  the  condition 
that  it  should  rest  in  all  positions.    (Cambridge  Examinations,  1888.) 

Ans.  If  jx  is  the  coefficient  of  friction,  i  =  inclination  of  plane, 
the  condition  is  g^ 

^>— tant. 

If  this  is  not  satisfied,  the  greatest  angle,  0,  that  the  line  joining  the 

fixed  point  to  the  centre  can  make  with  the  lines  of  greatest  slope 

is  given  by  the  equation 

■a       32joi      ,  . 
sin  6  =  — —  cot  %. 

44.  A  cylinder  is  placed  on  a  rough  horizontal  plane,  and  a  uniform 
plank  rests  with  one  end  on  the  ground  and  the  other  against  the 
cylinder  (the  plank  being  at  right  angles  to  the  axis  of  the  cylinder). 
If  the  plank  is  gradually  lowered  until  equilibrium  is  about  to  be 
broken,  show  that  slipping  will  take  place  only  at  the  point  of  contact 
of  the  plank  and  cylinder,  whatever  be  their  dimensions.  For  any 
position  of  the  plank  find  the  direction  of  the  reaction  of  the  ground 
on  the  cylinder. 

Ans.  If  6  is  the   angle   made   by  the   plank   with   the  ground, 
r  =■  weight  of  plank,  W^  weight  of  cylinder,  r  =  radius  of  cylinder, 

U  3 
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2a  =  length  of  plank,   x^r  =  angle  made  with    the  vertical  by  the 

reaction  of  the  ground  on  the  cylinder, 

2r        ^      .        2Tr,         /     a  sin  0 
cotir  =  ^-tme  +  {l +  ---), 


P  P  '    V     r  —  asinti 

45.  A  cylinder  placed  on  a  rough  plane  has  a  string  coiled  round  it 
in  a  plane  at  right  angles  to  its  axis ;  the  string  after  passing  round 
the  cylinder  is  attached  to  a  hea%-y  particle  which  also  rests  on  the 
plane.  If  the  plane  is  gradually  tilted  up,  determine  the  nature  of  the 
initial  motion. 

Ans.  The  cylinder  will  roll  and  the  particle  slip  if  both  are  equally 
rough ;  and  if  i  is  the  inclination  of  the  plane  when  this  happens, 

2ii.P  cos^a 

jr  cos  2  a  +  2  i-"  cos^a  + /i  If  sin  2  a 

where  IT  and  P  are  the  weights  of  the  cylinder  and  the  particle,  /i  the 
coefficient  of  friction,  and  2  a  the  angle  between  the  string  and  the 
inclined  plane. 

46.  A  heavy  cylinder  is  laid  on  a  rough  inclined  plane,  its  axis  being 
horizontal ;  a  heavy  uniform  plank  rests  on  the  cylinder  and  against 
the  inclined  plane,  the  plank  being  horizontal  at  right  angles  to  the 
axis  of  the  cylinder,  and  touching  the  cylinder  at  its  highest  point. 
Supposing  the  inclination  of  the  plane  to  be  gradually  increased,  the 
horizoutality  of  the  plank  being  always  preserved,  determine  the 
nature  of  the  initial  motion  of  the  system  and  the  inclination  of  the 
plane  at  which  equilibrium  is  broken. 

Ans.  The  plank  will  slip  at  its  point  of  contact  with  the  plane,  a 
rolling  motion  taking  place  at  the  other  points  of  contact  in  the 
system ;  and  the  inclination  (i)  is  given  by  the  equation 

(-  cot  ^  -  1)  [P  cot|  tan  (A-i)-  IT]  =  P+  TT, 

where  r  =  radius  of  cylinder,  2n  =  length  of  plank,  TF=  weight  of 
cylinder,  P  =  weight  of  plank,  and  A.  =  angle  of  friction. 

47.  Two  particles,  A  and  B,  whose  weights  are  denoted  by  A  and  B, 
are  connected  by  a  string  fully  stretched,  and  placed  on  a  rough 
horizontal  plane,  the  coefficient  of  friction  for  each  particle  being  fx. 
A  force  P,  which  is  <\i{A-\-B),  is  applied  to  J.  in  the  direction  BA, 
and  its  direction  is  gradually  turned  round  through  an  angle  0  in  the 
plane.     Find  the  nature  of  the  initial  motion  of  the  system. 

Ans.  If  P<fji.VA'  +  B'  and  >IJ.A,  the  particle  A  alone  will 
slip,  and  this  happens  when  sin  ^  =  ^'      If  P  >  fi  -/A'  +  B-,  both 

will  shp  when  cos  0  = — ^^r?; -• 

^  2\xBP 

48.  A  heavy  rod  is  placed  in  any  manner  resting  on  two  points  A 
and  .B  of  a  rough  horizontal  curve,  and  a  string  attached  to  a  point  G 
of  the  chord  AB  is  pulled  in  any  direction  in  the  plane  of  the  curve  so 
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that  the  rod  is  on  the  point  of  motion.  Prove  that  the  locus  of  the 
intersection  of  the  lines  of  action  of  the  frictions  at  A  and  B  is  an  arc 
of  a  circle  and  a  part  of  a  straight  line ;  except  when  C  is  the  centre 
of  gravity  of  the  rod,  in  which  case  the  directions  of  the  frictions  will 
be  always  parallel  to  the  string. 

49.  A  bar  rests  with  two  short  legs,  fixed  at  A  and  B,  on  a  rough 
horizontal  plane  ;  a  cord  is  attached  to  the  bar  at  a  given  point,  J/, 
and  pulled  horizoutallj'  with  gradually  increasing  force ;  find  the 
position  of  the  point,  /,  about  which  the  bar  will  begin  to  turn. 

Alls.  Let  P,  Q  be  the  pressures  on  the  legs  A,  B ;  describe  the 
circular  locus  of  the  vertex,  C,  of  a  triangle  whose  base  is  AB  and 
ratio  of  sides  CA  :  CB  =  P  .  AM  :  Q  .  DM ;  if  this  circle  intersects  the 
cord  in  C,  the  point  /  is  the  intersection  of  perpendiculars  at  A  and  B 
to  CA  and  CB,  respectively. 

50.  A  uniform  bar  of  weiglit  II',  bent  into  a  semicircle,  rests  on  a 
rough  horizontal  table;  AB  is  the  diameter  joining  its  ends  and  C  is 
the  middle  ])oint  of  the  arc.  A  string  tied  to  C  is  pulled  gently  in  the 
direction  CA,  and  the  tension  is  increased  until  tlie  bar  begins  to 
move  ;  show  that  the  tension  at  this  instant  is  equal  to 

(St.  John's  College,  1886.) 

51.  A  uniform  circular  ring  (or  a  hollow  circular  cylinder)  of  small 
thickness  is  placed  with  its  axis  vertical  on  a  rough  horizontal  plane ; 
if  a  string  attached  to  a  given  point  in  the  body  is  pulled  with 
gradually  increasing  force  in  a  given  horizontal  line,  find  the  point 
about  which  the  body  will  begin  to  rotate. 

Ans.  If  a  =  radius  of  the  ring,  c  =  perpendicular  from  centre  on 
the  string,  the  point  of  turning  will  be  on  the  tliameter  perpendicular 
to  the  string  at  a  distance  x  I'rom  the  centre  given  by  the  equation 

{c—x){a  +  x)  .  E  =  {c  +  x)  (a  —  x)  .  K, 
where  E  and  K  are  the  complete  elliptic  integrals  of  the  second  and 

first  kinds  with  modulus -• 

a-j-x 


CHAPTER  XI. 


CENTEOIDS  AND  CENTRES  OF  MASS. 


159.]  Theorem  of  Mass  Moments.  We  have  already  (see 
Art.  90)  defined  the  centre  of  mass  of  any  system  of  particles, 
whether  they  form  a  continuous  body  or  not,  and  sho\m  how 
to  find  the  distance  of  this  point  from  any  plane. 

In  the  case  of  a  continuous  body,  if  we  take  any  point,  P, 
in  it,  and  at  T  take  an  indefinitely  small  element,  dm,  of  mass, 
and  multiply  dm  by  the  distance,  2,  of  P  from  the  plane  of 
reference,  we  obtain  the  mass  moment, 

zdm, 
of  the  particle  with  respect  to  the  plane.  The  sum  of  these 
mass  moments  for  all  the  elements  of  mass  of  the  body  is  ecjual 
to  the  product  of  the  whole  mass  of  the  body,  M,  and  the 
distance,  z,  of  the  centre  of  mass  of  the  body  from  the  plane ;  so 
that  fzdm 

'  =  -ir-  (^) 

This  gives  the  distance  of  the  centre  of  mass,  G,  from  the 
particular  plane  of  reference ;  but  to  determine  the  point  com- 
pletely, we  require,  in  general,  to  know  its  distances  from  any 
two  other  planes  of  reference. 

If  through  any  fixed  point,  0,  there  be  drawn  any  three 
Hnes  Ox,  Oy,  Oz,  usually  taken  rectangular,  and  if  x,  y,  z  denote 
the  co-ordinates  of  P,  the  position  of  the  indefinitely  small 
element,  dm,  of  mass,  and  if  x,  y,  z  denot«  the  co-ordinates 
of  G,  we  have  in  addition  to  (l)  the  equations 
_  fxdm  fydn 

These  expressions  hold  whether  the  co-ordinates  are  rectan- 
gular or  oblique. 

Sometimes,   owing  to  some  simplicity  of  the   figure  of  the 
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given  body,  we  know  at  the  outset  a  particular  line  on  which  G 
lies,  and  in  such  cases  the  point  G  will  become  known  if  \\e 
calcidate  its  distance  from  any  one  plane. 

We  may  obviously  define  the  centre  of  mass  of  the  body  as  V\ 
the  point  whose  distance  from  any  plane  is  the  mean  distance  of  1 
the  given  mass  from  the  plane. 

Let  it  be  particularly  observed  that  no  such  theorem  of  mass 
moments  holds  with  respect  to  a  line.  Given  any  right  line,  Ox, 
we  may,  indeed,  calculate  the  mean  distance  of  the  body  from 
the  line  thus :  if  j«  is  the  perpendicular  distance  of  the  point  P 
of  the  body  from  Ox,  the  expression 

/pdtn 
M 

gives  the  mean  distance  of  the  body  from  the  line,  and  all  points 
lying  on  a  cylinder  of  this  radius  having  Ox  for  its  axis  are  at 
the  mean  distance  of  the  body  from  the  axis  ;  but  the  centre 
of  mass  of  the  body,  defined  as  in  p.  129 — i.e.,  the  centre  of  mean 
position  of  all  its  points  for  multiples  proportional  to  the  ele- 
ments of  mass  at  these  points — is  not,  in  general,  one  of  these 
points ;  and,  moreover,  there  is  no  single  point  in  the  body  such 
that  its  distance  from  ever^  line  in  space  is  the  mean  distance 
of  the  body  itself  from  that  line,  whereas  the  unique  property 
does  belong  to  the  centre  of  mass — i.e.^  the  distance^  of  this 
point  from  everi/  jilane  is  the  mean  distance, of  .the  }>o<\v  from  the 
plane,  as  is  at  once  seen  from  the  method  by  whicli  tlii<  jioiiit, 
G,  is  deduced  (Art.  90),  a  method  which  consists  in  dividing 
the  lines  joining  particle  to  particle  in  ratios  which  have  nothing 
to  do  with  any  planes  of  reference.  This  uniqueness  of  the 
point  G  may  also  be  verified  anah'tically  from  the  expressions 
(1),  (2)  for  its  distances  from  three  particular  planes  of  reference. 
For,  let  any  other  plane  of  reference  be  taken,  and  let  the 
equation  of  this  plane  with  respect  to  the  three  selected  axes 
Ox,  Oy,  Oz  be 

\x-V\i.i)-Vvz—p  —  a,  (3) 

where  A,  /x,  v  are  the  three  direction-cosines  of  its  perjiendicular 
from  0  and  /;  is  the  length  of  this  perpendicular.  Then  if 
X,  y,  z  are  the  co-ordinates  of  the  point  F  in  the  body,  the 
length  of  the  perpendicular  from  P  on  the  plane  (3)  is 

\x-\-it.y-\-vz—ii. 
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so  that  the  mean  distance  of  the  body  from  the  plane  is 
-^/{Kx  +  iiy  +  vz-iJ)(l»i, 

or  -^{\/x(lm  +  fx/ydm  +  vfzdm  —  Mp), 

or  A.r  +  juJ'  +  i'f— jt), 

which  is  precisely  the  distance  of  the  point  G  from  the  plane. 
Hence  if  G  is  determined  with  reference  to  any  three  planes,  we 
shall  arrive  at  the  very  same  point  whatever  other  planes  of 
reference  we  take  for  its  determination. 

It  has  been  already  pointed  out  why  the  centre  of  mass  of 
a  body  or  anj-  system  of  bodies  coincides  with  its  centre  of  f/ravify, 
when  we  consider  the  system  as  acted  upon  by  the  attraction 
of  the  earth. 

^Ve  mig-ht,  in  the  very  same  way,  define  the  centre  of  volume 
of  a  body.  Thus,  if  P  is  any  point  in  the  body,  and  if  dv  is  an 
indefinitely  small  clement  of  volume  described  round  P,  V  being 
the  volume  of  the  whole  body,  the  expression 

'  fzdv 
V 
is  the  distance  of  the  mean  volume-point  of  the  body  from 
a  plane,  and  this  will  coincide  with  the  distance  of  the  centre 
of  mass  if  the  body  is  homogeneous  ;  for,  if  p  is  the  mass  per 
unit  volume  at  P,  the  mass  inside  dv  is  pdv,  so  that  the  distance 
of  the  centre  of  mass  is         fpzdv 

-IT' 

which  agrees  with  the  previous  expression  if  p^is  the  same  at  all 
points,  since  it  can  then  be  taken  outside  the  sign  of  integration. 
If  instead  of  a  material  body  we  have  a  surface  of  any  form — 
a  mere  area — we  can  define  in  the  same  way  the  point  whose 
distance  from  any  plane  is  the  mean  distance  of  the  surface  from 
the  plane.  Thus,  if  P  is  any  point  on  the  surface  and  if  dS 
is  an  indefinitely  small  element  of  the  area  described  round  P, 
the  whole  area  of  the  surface  being  S,  the  expression 

is  the  mean  distance  of  the  surface  from  the  plane  from  which 
z  is  reckoned;    and  replacing  dm  by  dS  in  (1)  and  (2),  and 
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M  by  S,  we  arrive  at  the  co-ordinates  of  the  point  G  which 
is  sometimes  spoken  of  as  the  centre  of  gravity  of  the  surface. 
This  point  is  now  more  usuallj-  called  the  cenfroid  of  the  surfiice, 
or  its  centre  of  area.  If  instead  of  a  mere  geometrical  surface 
we  imagine  S  to  be  an  indefinitely  thin  membrane  of  uniform 
thickness  and  density,  the  cenlroid  may  Le  regarded  as  the  centre 
of  mass  of  the  membrane. 

Given  two  bodies  of  any  shapes  and  sizes  and  the  centre 
of  mass  of  each,  to  find  the  centre  of  mass  of  the  two  combined 
it  is  not  necessary  to  resort  to  any  integration.  We  have  merely 
to  join  their  centres  of  mass,  g^  and  ^o,  and  on  the  joining  line 
to  take  a  point,  G,  di\nding  it  into  two  segments  inversely 
proportional  to  their  masses,  m.^  and  m.,,  respectively ;  thus 

Gffj^  _  m^ 

Gff.,  ~  Mj 

And  if  r,,  z.,  are  the  distances  of  ffi,  ff^  ^^"^  ^^7  plane,  and 
z  the  distance  of  G  from  the  plane, 

(?//j  +  Wg)  z  =  »i,  Zi  +  m^z^. 

Again,  given  the  centre  of  mass,  G,  of  a  mass  M,  and  also  the 
centre  of  mass,  ^j ,  of  a  portion,  ni^ ,  of  the  mass,  the  centre  of 
mass,  g.T,  of  the  remainder  is  a  point  on  the  line  <jfi  produced 

through  G,  such  that  -~-  =  -=-7-^ 

An  obvious  and  important  property  of  the  centre  of  mass 
of  any  material  system  is  that  the  ma»H  moment  of  the  si/dem  loitk 
respect  to  any  plane  passing  through  its  centre  of  mass  is  zero ; 
that  is,  if  m^,  /«., ,  ...  are  any  masses  whose  centres  of  mass  are 
distant  z^yZ.^, ...  from  any  plane  j^assing  through  G, 

m-^z^  +  ;«2^2  +  "'s'^s  +  •  •  •  =  0  ;  (^) 

and  conversely,  if  the  mass  moment  with  respect  to  a  plane 
vanishes,  the  plane  passes  through  the  centre  of  mass. 
If  the  system  forms  a  continuous  body, 

fzflm  =  0,  (G) 

for  any  such  plane ;  and  for  a  continuous  surface 

fzdS  =  0.  (7) 

The  possibility  of  the  vanishing  of  the  mass  moment  depends, 

of  course,  on  the  fatt  that  the  distances  of  points  at  opposite 

sides  of  the  plane  of  reference  from  this  plane  are  affected  with 
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opposite  signs,  ie.,  some  of  the  !'s  in  (o)  are  positive  while 
others  are  neg-ative. 

Hence  a  fundamental  difference  between  the  mass  moment 

/zdm  (8) 

wdth  reference  to  a  plane  and  another  kind  of  mass  moment, 

/^'dm,  (9) 

which  has  often  in  Kinetics  to  be  calculated  for  the  sj'stem, 
i.e.,  an  expression  in  which  each  element  of  mass  is  multiplied 
by  the  square  of  its  distance  from  the  plane.  This  latter  ex- 
pression can  never  vanish  for  any  plane — unless  we  imagine 
a  system  in  which  some  elements  of  mass  are  positive  and  some 
negative — since,  whether  i:  is  +  or  —  in  (9),  each  term  of  the 
integral  is  + .  The  expression  (9)  when  divided  by  M,  the 
■whole  mass  of  the  system,  gives  the  tiiean  square  of  (Vistance  of 
the  body  from  the  plane,  and  this  must  be  carefiiUy  distin- 
guished from  the  square  of  the  mean  distance  of  the  body 
from  the  plane.  The  latter  is  i^,  the  square  of  the  distance 
of  G  from  the  plane,  and  it  can  vanish,  of  course.  It  is 
well,  in  view  of  errors  which  are  not  unfrequently  made,  to 
call  the  attention  of  the  student  to  the  fact  that  though  for 
many  purposes  in  Statics  and  Kinetics,  a  material  system  may 
be  considered  as  concentrated  at  its  centre  of  mass,  it  cannot 
for  all  purposes  be  so  considered.  We  have  just  seen  that  for 
the  calculation  of  the  mean  square  of  distance  of  the  system  from 
ii  given  plane  it  cannot  be  concentrated  at  G  ;  and  there  are 
many  other  cases — as,  for  instance,  in  the  calculation  of  Attrac- 
tion and  of  iloment  of  Inertia  about  an  axis — in  which  it 
is  not  allowable  to  concentrate  a  body  at  its  centre  of  mass. 

160.]  Measure  of  Density.  When  a  body  is  of  the  same 
constitution  throughout,  i.e.,  when  its  ultimate  particles  are 
undistinguishable  from  each  other,  and  when  there  is  the  same 
number  of  them  in  a  given  volume  wherever  this  volume  is 
taken  in  the  body,  the  body  is  said  to  be  homogeneous  or  of 
nniform  deusify ;  and  its  density  is  measured  by  the  quantity  of 
matter  contained  in  (some  selected)  unit  of  volume.  But  when 
the  particles  are  more  or  less  crowded  together  in  one  region  of 
the  body  than  in  another,  instead  of  speaking  of  the  density  of 
the  body,  we  must  speak  of  the  density  at  each  particular  point. 
To  measure  this,  take  any  very  small  volume,  dv,  round  the 
point,  and  let  dm  be  the  quantity  of  matter  contained  in  it ; 
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then  the  limiting-  vaUie  of  the  ratio  ^  >  when  dv  (and  tlicrefore 

dm)  is  indefinitely  diminished,  is  the  density  of  the  body  at  ike 
point  considered.  Density  may  be  measured  in  grammes  per 
cubic  centimetre,  or  in  pounds  per  cubic  foot. 

^Ve  now  jjroeecd  to  the  more  elementaiy  cases  of  the  deter- 
mination of  Centres  of  Mass. 


Section  I. 
Elementary  Cases. 

Ifil.]  Centre  of  Mass  of  a  Triangular  Lamina  of  Uniform 
Thickness  and  Density.  Let  ABC  be  any  trianji^puhu-  hiiuina  of 
uniform  thickness  and  density,  and  let  it  be  divided  by  an  in- 
definitely great  number  of  lines  parallel  to  the  base  BC  into 
an  indefinitely  great  number  of  strips.  Then  the  centre  of  mass 
of  each  strip  is  its  middle  point  ;  and  the  middle  points  of  all 
the  strips  lie  on  the  line  joining  A  to  the  middle  point  of  BC. 
Hence  the  centre  of  mass  of  the  lamina  lies  on  this  line. 
Similarly,  the  centre  of  mass  lies  on  the  line  joining  B  to  the 
middle  point  of  CA.  It  is  therefore  the  intersection  of  th 
bisectors  of  the  sides  drawn  from  the  opposite  vertices. 

Again,  the  centre  of  mass  of  a  uniform  triangular  lamina  coin- 
cides with  the  centre  of  mass  of  three  equal  particles  placed  at  its 
vertices. 

For,  the  centre  of  mass  of  the  two  equal  particles  at  B  and  C 
is  the  middle  point  of  BC,  and  the  centre  of  mass  of  the  three 
lies  on  the  line  joining  this  point  to  A.  Similarly,  it  lies  on 
the  line  joining  B  to  the  middle  point  of  CA.     Therefore,  &c. 

If  the  mass  of  each  particle  is  m,  the  centre  of  mass  divides 
the  line  joining  A  to  the  middle  of  BC  in  the  ratio  2m:m, 
or  2:1.  Hence  the  centre  of  mass  of  a  triangular  lamina  of 
uniform,  thickness  and  density  lies  on  the  bisector  of  any  side  drawn 
from  the  opjMsite  vertex  at  the  j^int  of  trisection  (^nearest  to  the  side) 
of  the  bisector. 

Cor.  If  the  distances  (rectangular  or  oblique)  of  the  vertices 
of  a  triangle  from  any  pilane  are  x-^,  x.^,  and  x.^,  the  distance  of  its 

n  ft  1      •  1  *  1      '  2  "•"         3 

centre  of  mass  from  this  plane  is r ^  • 


e 
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162.]  Centre  of  Mass  of  a  Triangiilar  Pyramid  of  Uniform 
Density.  Let^-BC'Z/  (Fig.  220)  be  a  triangular  pyramid.  Now 
if  any  vertex,  D,  be  joined  to  the  centroid,  i\',  of  the  opposite 
face,  the  joining  line  passes  through  the  centroids  of  all 
triangles  in  which  the  pyramid  is  cut  by  planes  parallel  to 
this  face.  For,  let  abc  be  a  section  of  the  pyramid  parallel  to 
the  base,  ABC.  Draw  the  plane  C'iVD  containing  the  lines  CD 
and  ]J2\  \  this  plane  bisects  the  base 
AB  in  //,  since  (Art.  161)  CN  bisects 
AB.  Let  the  plane  CNB  intersect  the 
face  ABB  in  the  right  line  llhB,  h 
being  the  point  in  which  this  line 
meets  ab.  Then  since  in  the  triangle 
ABB,  ah  is  parallel  to  AB,  and  BH 
bisects  AB,  h  is  the  middle  jioint  of  ah. 
Again,  if  the  line  -DiV  meets  the  plane 
ahc  in  n,  the  points  //,  ?«,  and  c  are  in  a 
right  line.  For  these  are  evidently  points 
common  to  the  jjlanes  CI^B  and  abc,  and  since  two  planes 
intersect  in  a  right  line,  the  points  h,  n,  c  are  in  a  right  line — 
that  is  to  say,  n  is  a  point  on  the  bisector  of  the  side  ah  drawn 
through  c.  Similarly,  n  is  a  point  on  the  bisector  of  he  drawn 
tlirough  a  ;  therefore  n  is  the  centroid  of  the  triangle  ahc. 

To  find  the  centre  of  mass  of  the  pyramid,  let  it  be  divided  by 
planes  parallel  to  ABC  into  an  indefinitely  great  number  of 
triangular  lamina-.  Now  we  have  just  proved  that  the  centres 
of  mass  of  all  these  laminiE  Jie  on  the  line,  BN,  joining  the 
vertex  B  to  the  centroid  of  the  opposite  base.  Similarly,  the 
centre  of  mass  of  the  pyramid  lies  on  the  line  joining  the  vertex 
A  to  the  centroid  of  the  face  BCB.  It  is,  therefore,  the  point, 
G,  of  intersection  of  lines  drawn  from  any  two  vertices  to  the 
centroids  of  the  opposite  faces.  But  this  is  exactly  the  con- 
struction for  the  centre  of  mass  of  a  system  of  four  equal 
particles  placed  at  the  vertices  of  the  pyramid.     Hence — 

T/ie  centre  of  mass  of  a  triangular  pyramid  coincides  with  the 
centre  of  mass  of  fata-  equal  particles  placed  at  its  vertices. 
Also — 

The  centre  of  mass  of  a  triangular  pyramid  is  onefovrth  of  the 
icay  up  the  line  joining  the  centroid  of  any  face  to  the  oppjosite 
vertex. 
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For,  if  at  the  vertices  there  be  placed  four  equal  particles,  each 
of  mass   m,  their  centre  of  mass  is  found  by  joining  I)  to  Is 

and  taking  — -=  z=.  —-  —  \,  therefore   GiV'  =  \GB,  or 
LtD        3  111 

NG  =  \ND. 
Con.   1 .  The  perpendicular  distance  of  the  centre  of  mass  of  a 
triangular    pyramid    from   the    base    is    equal    to    j    height    of 
pyramid. 

Cor.  2.  If  the  distances  (rectangular  or  oblique)  of  the 
vertices  of  a  pyramid  from  any  plane  are  x^,  x^,  x^,  x^,  the  dis- 
tance of  the  centre  of  mass  from  the  plane  is  — —^ — *  • 

4 

16.3.]  Centre  of  Mass  of  a  Cone  of  Uniform  Density 
having  any  Plane  Base.  Consider  a  j)}raniid  whose  base  is  a 
polygon  of  any  number  of  sides.  Then,  by  dividing  the  base 
into  triangles  we  can  consider  the  whole  pyramid  as  composed 
of  a  number  of  triangular  p_\Tamids.  Now  (Art-.  162)  the  centre 
of  mass  of  each  of  these  pj-ramids  lies  in  a  plane  whose  distance 
from  the  base  is  one-fourth  of  the  height  of  the  ])yramid  ;  there- 
fore the  centre  of  mass  of  the  whole  pyramid  lies  in  this  plane — 
that  is,  its  perpendicular  distance  from  the  base  is  one-fourth  of 
the  height  of  the  pyramid. 

Again,  di\-iding  the  pyramid  into  an  indefinitely  great 
number  of  laminae,  as  in  last  Art.,  the  centres  of  mass  of  these 
laminae  all  lie  on  the  right  line  joining  the  vertex  to  the  centroid 
of  the  base.  Hence  the  centre  of  mass  of  the  whole  pyramid 
lies  on  this  line  ;  and  by  what  we  have  just  proved,  it  must  be 
one-fourth  of  the  way  up  this  line.  There  is  no  limit  to  the 
number  of  sides  of  the  polygon ;  hence  they  may  form  a  con- 
tinuous curve. 

Therefore — 

The  centre  of  masi  of  a  cone  whose  base  is  any  plane  curve  icImI- 
ever  is  found  by  joining  the  centroid  of  the  base  io  the  vertex,  and 
talcing  a  point  one  fourth  of  the  way  up  this  line. 

164.]  Theorem.  If  the  mass  of  each  of  a  system  of  bodies  be 
multiplied  by  the  square  of  the  distance  of  its  centre  of  mass  from  a 
given  imint,  the  sum  of  the  products  thus  obtained  is  least  when  the 
given  point  is  the  centre  of  mass  of  the  system  of  bodies. 

This  theorem,  which  is  well  known  in  elementary  geometrj^, 
admits  of  a  ver}-  simple  analytical  proof. 
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Let  (.f,  y,  z)  be  the  co-ordinates  of  the  centre  of  mass,  G,  of 
the  system  with  reference  to  reetang-iilar  axes  through  any  jioint, 
0,  and  let  (^1,^1,  z-^,  {x.^,y.,,  z.^,...,  be  the  co-ordinates  of  the 
centres   of  mass,  A-^,  A^,...,  of  the   bodies  whose   masses   are 

««j ,  OTg , Then 

GA^^  =  {J-^^f^{^-y^f  +  {z-Z^)\  (1) 

Similarly,  GA.f  =  {J--x.^^  +  {y-y.^^  ^{z-z^f,  (2) 


Multiplying  the  sides  of  these  equations  b}'  ?ffj,  m^,  ...,  and 
adding,  we  have 

2(?«.  GA^)  =  {^'^  -^rf-  ^l")  .1.1)1  — 2x  .^mx—2y  .Imy 

-1z.^ mz 4-  2 m  {x-  +^2  +  z"^).        ( 3) 
Now  (Art.  159), 

2wa;  =  5.2»?,     "Imy  ■=  y  ."2)11,     2w5  =  i.2;«. 
Hence  (3)  becomes 

2 {m  .  GA')  =  2 m {x-  +y-  +  z^)-{x^  +f  +  z^).-S. m, 
or  2 (m  .  GA-)  =  2 (m  .  OA') -OG-.S m,  (4) 

from  which  equation  it  appears  that  2  {in  .  GA-)  is  always  less 
than  2  (;;/ .  0A-)  by  the  quantity  OG^ .  2 1». 

It  can  be  shown  that,  if  r^^  denote  the  distance  between  the 
centres  of  mass  of  the  masses  9»^  and  w/,,  and  M  the  sum  of  all 
the  masses,  M.  2  {m  .  GA-)  =  2  (7>i^ m^r^^). 
For,  let  the  centre  of  mass,  G,  be  taken  as  origin.  Then, 
denoting  the  co-ordinates  of  the  points  A^^,  A.j, ...  with  reference 
to  G  by  «,yi',  zi\  {x.{,  yl,  r/), ..., 

J/2  {m .  GA^)  =  m,  (m,  +  m^+...)  {x,'^  +y,'^  +  z/^) 

+  m, {m,  +  ;«2  +  . . .)  K"  +yP  +  -I^-)  +  ■■■•    (5) 
Also  (Art.  159) 

0  =  m^x^  +  m.^xj  +  ... 
0  =  m^y^+m^^+... 

0  =  >«■!  r  /  +  »'2  -^2'  +  •  •  •  • 
Squaring  both  sides  of  each  of  these  last  three  equations,  adding 
the  results  together,  and  subtracting  their  sum  from  (5),  we  have 

M.  2  {m  .  GA~)  =  mim^{x^—x.f  +yj^-y.,-  +  z^—z^^)  +  ... 


Hence,  from  (4), 


=  2m-^m.^r-^2- 


or  -  A  /^KO^)     H>>h^V,^^) 
^^- V — Tl W ' 
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under  which  form  Lagrange  expresses  the  distance  of  the  centre 
of  mass  of  a  system  of  bodies  from  a  given  point  (see  Mecaniqve 
Analytiqiie,  p.  61). 

Equation  (4)  can  be  employed  to  prove  the  well-knovra  ex- 
pression for  the  distance  between  the  centres  of  the  inscribed 
and  circumscribed  circles  of  a  plane  triangle,  viz.  : 

J)  being  the  distance  between  the  centres,  and  r  and  7?  being 
their  radii,  respectively. 

(Suppose  a  system  of  particles  at  tlie  vertices,  the  mass  of 
each  being  proportional  to  the  opposite  side.  Their  centre  of 
mass  is  the  centre  of  the  inscribed  circle.  The  remainder  is  left 
to  the  student  as  an  exercise.) 


ExAjrPLES. 

'if  1.  To  find  the  position  of  the  centre  of  mass  of  the  frustum  of  a 
pyramid. 

Let  the  frustum  be  formed  by  the  removal  of  the  pyramid  ahcD 
(Fig.  220)  from  the  whole  pyramid  A  BCD;  let  h  and  //  be  the  per- 
pendicular heights  of  these  pyramids,  respectively  ;  and  let  m  and  M 
denote  their  masses. 

Now  if  the  perpendicular  distances  of  the  centres  of  mass  of  the 
pyramid  ABCD,  the  pyramid  abcD,  and  the  frustum,  from  the  base 
ABC  be  denoted  by  z^,  z^,  and  z,  respectively,  we  have  (Art.  159) 

Mzi  —  mz^+{M-m)z.  ( 1 ) 

"Bni  z,^ —,  z„  = —  + II —h  =  H—^h.      Also   the   masses   of  the 
4  4 

pyramids  are  to  each  other  as  the  cubes  of  their  heights ;  therefore 

(1)  gives  jji 

—  =  h'  {H- f  h)  +  {IP- ¥)  z, 

or  ^{IP-h?)z  =  IP-A  im  +  3  /(.< 

=  {H~hf{H-Jr2IIh-\-2,  A=) 

.  (i^-A)     (//^+2//A+3/r) 

4  IP  +  Uh  +  K"     '  ^^' 

Instead  of  the  heights  we  can  use  the  square  roots  of  the  areas  of 
the  bases,  to  which  the  heights  are  proportional.  If  these  areas  are 
denoted  by  A  and  a,  we  have 

II— h    A  +  2'/Ta  +  3a  ,   , 

^  —  ~~A 7= (3) 

4  A+VAa  +  a 
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The  centre  of  mass,  (?',  of  the  frustum  ohviously  lies  on  the  line  J^'»i. 
(Fig.  220)  between  ^V  and  G ;  and  (3)  evidently  gives 

yg,_  Nn    A-\-2V1k+Za 

^        A  +  VAa  +  a 

It  is  clear  that  the  position  of  the  centre  of  mass  of  the  frustum  of 
a  cone  standing  on  any  plane  base  is  also  given  by  these  equations. 

2.  To  find  the  centre  of  mass  of  a  board  of  uniform  thickness  and 
density  whose  figure  is  that  of  a  quadrilateral. 

Let  ABCD  be  the  quadrilateral ;  draw  the  line  AC,  which  divides 
the  quadrilateral  into  two  triangles ;  let  L  and  M  be  the  centroids  of 
the  triangles  ABC  and  ADC,  respectively ;  and  let  the  line  LM  meet 
AC  in  N. 

Then  the  centroid  of  the  quadrilateral  is  a  point,  G,  on  LM  such 

MG area  ABC area  ALC pei-p.  from  L  on  AC LN  _ 

LG       area.  ADC      area.  AJilC      perp.  from  J/on  ylC       MN  ' 

therefore  -j-j^  =  -p^  >      or     M&  =  LA  . 

LJI       LaM 

The  centre  of  mass  is  therefore  found  by  taking  a  point,  G,  on  LJI, 
such  that  J/C  =  LN: 

Another  construction.  The  student  will  find  little  difficulty  in 
proving  the  following  construction.  Draw  the  diagonals  AC  and 
BD,  meeting  in  the  point  0.  On  AC  take  a  point  C',  such  that 
AC=CO,  and  on  BD  take  a  point  B',  such  that  DB'^BO. 
Then  the  centroid  of  the  quadrilateral  is  the  centroid  of  the  triangle 
B'OC. 

3.  From  a  triangular  board  of  uniform  thickness  and  density  the 
portion  constituting  the  area  of  the  inscril)ed  circle  is  removed ;  prove 
that  the  distance  of  the  centre  of  mass  of  the  remainder  from  any 
side  (a)  is  ^      26'-37rrtA 

Zas         s^  — irA 

A  being  the  area,  and  s  half  the  sum  of  the  sides,  of  the  board. 

•  4.  If  a  tetraliedron  be  formed  by  the  centres  of  mass  of  any  four 
masses,  prove  that  each  mass  is  proportional  to  the  tetrahedron 
standing  on  the  opposite  face  and  having  for  vertex  the  common 
centre  of  mass  of  the  masses. 

5.  If  at  the  vertices  of  a  triangle  there  be  placed  three  masses  each 
of  which  is  proportional  to  the  opposite  side  of  the  triangle,  prove 
that  their  centre  of  mass  is  the  centre  of  the  circle  inscribed  in 
the  triangle. 

■  6.  Prove  that  the  centre  of  mass  of  a  system  of  uniform  bars 
forming  a  triangle  is  the  centre  of  the  circle  inscribed  in  the  triangle 
formed  by  the  middle  points  of  the  bars. 

-   7.  A  figure  is  formed  by  a  right-angled  triangle  whose  sides  are 
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a,  b,  and  c,  and  the  squares  constructed  on  these  sides ;   find  the 

distance  of  the  centroid  of  this  figure  from  the  greatest  side  (c). 

,  ab     Sc'  —  Bab 

Ans.     —  •  -. ;-  • 

3c      ic^  +  ab 

8.  Prove  that  the  centroid  of  a  trapezium  divides  the  line  joining 

the  middle  points  of  the  two  parallel  sides  in  the  ratio j ,  the 

lengths  of  these  sides  being  a  and  6.  -    + 

Prove  also  the  following  construction  for  the  centroid  : — 
The  vertices,  in  order,  heing  A.  B,  C,  D,  and  the  parallel  sides  AB 
and  CD,  protluce  BA  to  A',  and  AB  to  B',  so  that  AA' =  BB'  =  CD ; 
also  produce  DC  to  C",  and  CD  to  D',  so  that  CC  =  DD'  ^AB;  then 
the  point  of  intersection  of  A'C  and  B'D'  is  the  required  centroid. 

9.  A  right  line  passing  through  a  fixed  point  intersects  two  fixed 
right  lines  ;  find  the  locus  of  the  centroid  of  the  triangle  formed  by 
the  variable  line  and  the  two  fixed  lines. 

A)is.  If  the  co-ordinates  of  the  fixed  point  with  reference  to  the 
two  fixed  lines  as  axes  are  a  and  b,  the  locus  is  the  hyperbola 
{3x—a)  (3y— 6)  =  ab. 

10.  If  the  right  line  in  the  last  example,  instead  of  passing  through 
a  fixed  point,  cut  off  a  triangle  of  constant  area,  find  the  locus  of  the 
centroid  of  the  triangle. 

Ans.  If  (D  is  the  angle  between  the  fixed  lines,  and  k-  the  constant 
area,  the  locus  is  the  hyperbola 

9x1/  sin  oj  =^  2/r. 

11.  From  a  sphere  of  radius  li  is  removed  a  sphere  of  radius  r,  the 
distance  between  their  centres  being  c ;  find  the  centre  of  mass  of 
the  remainder. 

Ans.  It  is  on  the  line  joining  their  centres,  and  at  a  distance 

r=rz -,  from  the  centre. 

/£'— r^ 

12.  Every  body  has  one  and  only  one  centre  of  mass.  Hence  show 
that  the  lines  joining  the  middle  points  of  the  opposite  sides  of  a 
quadrilateral  bisect  each  other. 

(Consider  four  equal  particles  at  the  vertices.) 

13.  From  the  vertices  of  a  given  triangle  let  perpendiculars  be 
drawn  to  the  opposite  sides.  Find  the  distances  of  the  centroid  of 
the  triangle  formed  by  the  feet  of  these  perpendiculars  from  the  sides 
of  the  given  triangle. 

Ans.  The  distance  from  the  side  a  is  ^a  sin .4  cos {B  —  C). 

14.  A  thin  uniform  wire  is  bent  into  the  form  of  a  triangle  ABC, 
and  particles  of  weights,  P,  Q,  R,  are  placed  at  the  angular  points 
A,  B,C,  respectively ;  prove  that  if  the  centre  of  mass  of  the  particles 
coincides  with  that  of  the  wire, 

P:Q:R  —  b  +  c:c  +  a:a  +  b. 
(Wolstenholme's  Book  of  Mathematical  Problems.) 
VOL.  I.  X 
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1 5.  Find  the  centroid  of  the  triangle  formed  by  the  points  in  which 
the  bisectors  of  the  angles  of  a  given  triangle  meet  the  opposite  sides. 

Ans.  If  A  denote  the  area  of  the  given  triangle,  whose  sides 
are  a,  b,  c,  the  distance  of  the  centroid  from  the  side  a  is 

'      {a+b){a  +  c) 

16.  A  uniform  wire  of  given  length  is  formed  into  a  triangle  of 
which  one  angle  is  given  ;  find  the  locus  of  the  centre  of  mass  of  the 
wire  referred  to  the  sides  containing  the  given  angle  as  axes. 

A71S.  If  C  is  the  given  angle,  and  4/  the  length  of  the  wire,  the 
locus  is  the  ellipse 

C  C 

(l—x  —  y)--^2[l—x  —  y)  (2l  —  x  —  y)  sin-—  +  4a;ysin''—  =  0. 

17.  If  particles  be  placed  at  the  angular  points  of  a  tetrahedron, 
proportional  respectively  to  the  areas  of  the  opposite  faces,  their 
centre  of  mass  will  be  tlie  centre  of  the  sphere  inscribed  in  the  tetra- 
hedron. 

(Wolstenholme's  Bool-  of  Mathematical  Problems.) 

18.  Prove  that  the  centroid  of  the  surface  of  a  tetrahedron  is  the 
centre  of  the  sphere  inscribed  in  the  tetrahedron  formed  by  joining 
the  centroids  of  the  faces. 

19.  If  2j,  Zj,  Zj,  2,  are  the  distances  (rectangular  or  oblique)  of  the 
vertices  of  any  quadrilateral  area  from  a  plane,  and  ^  tlie  distance  of 
the  point  of  intersection  of  its  diagonals  from  the  jjlane,  the  distance 
of  its  centroid  from  the  i)lane  is 

^{z,  +  z,  +  z,  +  z,-0- 

20.  On  the  base  of  a  solid  homogeneous  hemisphere  is  constructed 
a  solid  cylinder  ;  determine  the  height  of  the  latter  so  that  the  centre 
of  mass  of  the  compound  body  may  be  the  centre  of  the  sphere,  being 
given  that  the  centre  of  mass  of  a  solid  hemisphere  is  f  r  from  the 
centre,  where  r  is  the  radius. 

Ans.  \  r  -v/2. 

21.  A  hollow  thin  metallic  cone  without  a  base  is  held  with  its 
axis  vertical  and  vertex  down  ;  the  radius  of  the  base  is  5  inches,  the 
height  12,  the  thickness  ^^5^  inch,  and  the  specific  weight  of  the  metal 
8  times  that  of  water.  If  the  cone  is  filled  to  the  height  of  6  inches 
with  water,  find  the  position  of  the  centre  of  gravity  of  the  water  and 
vessel. 

Ans.  It  is  about  6-6  inches  from  the  vertex. 
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Section  II. 
Centres  of  Mass  m  General. 

165.]  Rule.  The  general  formulae  of  Article  159,  for  the 
co-ordinates  of  the  centre  of  mass  of  a  quantity  of  matter 
arranged  in  any  manner,  assume  particular  forms  according  as 
the  matter  is  aiTanged  in  the  form  of  a  wire  of  any  shape,  an 
area  or  thin  lamina  of  anj'  shape,  or  a  solid.  Then,  again, 
they  assume  particular  forms  in  each  of  these  cases  according 
to  the  manner  in  which  the  matter  is  supposed  to  he  divided 
into  elementary  portions. 

Many  students  are  in  the  habit  of  remembering  a  special 
formula  for  each  of  these  numerous  cases  ;  such  a  habit,  however, 
is  not  only  useless  but  injurious.  It  is  much  better  to  consider 
the  fundamental  formula  ( 1 )  of  Art.  1 59,  or  the  method  of  p.  131, 
as  furnishing  the  following  Rule  which  covers  all  possible  cases : 
Divide  the  qiiantifi/  of  Matter,  in  any  trai/,  into  elementary 
poriims ;  find  the  position  of  the  centre  of  mass  of  each  of  these 
portions  ;  then  mvltip/y  the  mass  of  each  port  ion  hy  the  co-ordinate* 

of  its  centre  of  mass,  and  take  the  integral  of  this  product ;  and 
finally  divide  this  integral  by  the  whole  quantity  of  matter.     The 

result  is  the  co-ordinate  of  the  centre  of  mass  required. 

166.]  Centre    of  Mass    of   the    Arc    of   a    Cvirve.     If  the 

matter  whose  centre  of  mass  we  desire  to  find  is  arranged  in 

the  shape  of  the  arc  of  any  curve,  the  co-ordinates  of  its  centre 

of  mass  are  obtained  from  the  formulae  of  Art.  159,  in  which 

d7n  now  denotes  the  mass  of  an  elementary  length  of  the  curve. 
Let  ds  denote  the  length  of  an  elementary  portion  of  the  curve 

contained  between  two  j/oints,  P 

and    Q  (Fig-   22i);    \ei  k  denote       c?-^''^  'C 

the  mean  area  of  a  section  of  the 

curve  between  P  and  Q  ;  and  let  p 

denote  the  density  of  the  matter 

in  the  neighbourhood  of  P  and  Q. 

Then,  since  the  quantitv  of  matter 

.  "  Fi".  2  J  I. 

in  any  space  is  equal  to  the  product 

of  the  volume  and  the  density,  the  quantity  of  matter  between 

P  and  Q  is  kpds. 

*  The  co-ordinates  are  supposed  to  be  such  as  are  measured  parallel  to  a 
given  line.  The  rule  would  not  hold  if  by  co-ordinate  weie  understood  2'"l<"' 
co-ordinaie  for  instance. 

X  3 
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Again,  the  centre  of  mass  of  this  element  is  eWdently  the 
middle  point  of  PQ. 

And  since  to  obtain  G,  the  centre  of  mass  of  the  whole  mass, 
the  co-ordinat€s  of  this  middle  point  must  be  multiplied  by  the 
infinitesimal  ipfh,  the  co-ordinates  of  the  centre  of  mass  of  PQ 
may  be  taken  to  be  the  same  as  those  of  P. 

Replacing  dm  in  the  general  formulae  by  the  linear  element 
i:prh,  we  obtain  for  the  position  of  the  centre  of  mass  of  matter 
arranged  in  the  form  of  any  curve  the  equations 

fkpxds 
""  ^  fkpds  ' 
flcpyds 
^-Jkpdi' 
fkpzdi 
fkpdg 
The    quantities  I-  and  p  must    be    given    as    functions    of  the 
position  of  the  point  P  Ijcfore  the  integrations  can  be  performed. 

ExAjrPLES. 

1.  To  find  the  position  of  the  centrold  of  a  circular  arc  of  uniform 
thickness  and  density. 

Let  AB  be  the  arc,  M  its  middle  point,  and  0  the  centre  of  the 
circle.  Then  it  is  manifest  from  symmetry  that  the  centroid  must  lie 
on^the  line  OM.  Take  OM  as  axis  of  x.  Then,  since  k  and  p  are 
constant,  we  have  /axfo 

'-Jd-s' 
X  being  the  co-ordinate  of  any  point,  P,  in  the  arc.     Let  6  be  the 
angle  POM  and  a  the  radius  of  the  circle.     Then 
X  ^  a  cos  d,    and   ds  ^  adQ. 
Hence  /"cos  Odd 

^  =  ''--7dr-' 

the  integration  to  be  extended  over  the  whole  arc.  Now  if  the  angle 
BOA  =  2a,  the  integration  must  be  taken  from  6  =  —a  to  0  =z  a. 
Therefore  _         gi^  „ 

X  ^  a • 

a 

Hence  the  distance  of  the  centroid  of  the  arc  of  a  circle  from  the 
centre  is  the  prndtut  of  the  radius  and  the  chord  of  the  arc  divided  by 
the  length  of  the  arc. 

The  distance  of  the  centroid  of  a  semicircle  from  the  centre  is 
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2.  Find  the  centre  of  mass  of  a  circular  arc  of  uniform  section,  the 
density  varying  as  the  length  of  the  arc  measured  from  one  extremity. 

Let  AB  be  the  arc  ;  let  the  density  at  any  point  F  =  ix  .  AP,  and  let 
OA  be  taken  as  axis  of  x.    Then  if  LAOB  =  a,  and  AP  =  s,  we  have 


/"sxds 
J  8  as 


/    OcosOdO 


i: 


OdO 
a  sin  a  +  cos  a  —  1 


a' 


bimuarly,  y  =     .        =  a 


je  sin  OdO 


/sds 


i: 


=  2o 


0dO 
sin  a  — a  cos  a 


3.  One  extremity,  A,  of  the  arc,  AB,  of  a  curve  being  fixed,  while 
the  other  extremity,  B,  varies,  it  is  required  to  construct  at  any  point 
the  tangent  to  the  locus  of  the  ceutroid  of  the  variable  arc  AB. 

Let  AB  be  a  portion  of  the  arc  of  any  curve,  and  let  G  be  the 
centroid  of  AB.  Then  if  .C  be  a  point  on  the  given  curve  very  close 
to  B,  the  centroid  of  the  whole  arc  AB'  is  obtained  by  joining  the 
centroid,  G,  of  A  B  to  the  centroid  of  BB',  and  dividing  the  joining 
line  inversely  as  the  lengths  of  AB  and  BB'.  But  the  centroid  of 
BB'  is  its  middle  point.  Hence  the  centroid  of  A  B'  lies  on  the  line 
joining  G  to  the  middle  point  BB".  In  the  limit,  therefore,  the 
line  joining  G  to  its  next  consecutive  position  is  the  line  GB,  which 
is,  then,  the  tangent  at  G  to  the  locus  of  G. 

4.  Find  the  position  of  the  centroid  of  the  arc  of  a  semi-cardloid. 
Ana.    The  equation  of  the  curve   being   r  =  a(l+cos0),    the 

co-ordinates  of  its  centroid  referred  to  the  axis  of  the  curve  and  a 
perpendicular  line  through  the  cusp  as  axes  of  a;  and  y  are 

x  =  y  =  -a.  y  -     ■»«»!„         - 

.      .  .  if  ^^ 

5.  Find  the  equation  of  the  line  joining  the  centroid  of  tn6  arc  of 

half  a  loop  of  a  lemniscate  to  the  double  point. 

Ans.  The  axes  of  x  and  y  being  the  axis  of  the  curve  and  a 
perpendicular  line,  the  equation  of  the  required  line  is 

y={^2-\).x. 
"^    6.  Find  the  centroid  of  the  arc  of  a  semi-cycloid. 

Ans.  The  axis  of  x  being  a  tangent  at  the  vertex,  and  a  the 
radius  of  the  generating  circle, 

_  4  2 
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7.  Find  the  distance  of  the  centroid  of  the  catenary 

from  the  axis  of  a;,  the  curve  being  divided  into  two  equal  portions  by 
the  axis  of  y. 

Ans.  If  2  Z  is  the  length  of  the  curve  and  k  the  ordinate  of  its 

extremity,  the  centroid  lies  on  the  axis  of  y  at  a  distance  — — —  from 
the  axis  of  x. 

8.  Find  a  law  of  density  of  a  wire  of  uniform  section  bent  into  the 
shape  of  a  cycloid  so  that  its  centre  of  mass  sha]l  be  half  way  up 
its  axis. 

Aiu.  If  the  density  varies  as  the  length  of  the  arc  measured 
from  the  vertex,  the  result  will  follow. 

9.  If  the  density  of  a  cycloidal  arc  varies  as  the  vS^  power  of  the 
arc  measured  from  the  vertex,  find  the  position  of  the  centre  of  mass 
of  the  curve. 


Ans.    On   the  axis   at   a   distance    2 


w+1 
n  +  3 


a  from  the  vertex,  a 


being  the  radius  of  the  generating  circle. 

10.  One  extreraitj'  of  a  circular  arc  is  fixed  while  the  other  varies 
along  the  circle  ;  trace  the  locus  of  the  centroids  of  the  vai-j-ing  arcs, 
and  prove  that  tlie  ahjebraic  sum  of  the  intercepts  of  the  locus  on  the 
diameter  perpendicular  to  that  passing  through  the  fixed  extremity  of 
the  arcs  is  equal  to  half  the  radius. 

16".]  Centroid  of  a  Plane  Area.  Let  APQB  (Fig.  222)  be 
any  curve  whose  equation  is  given,  and  let  it  be  required  to  find 
the  centroid  of  the  area,  CABB,  of  a  lamina  included  between 

a  given  portion,  AB,  of  the 
curve,  two  extreme  ordi- 
nates,  AC  and  BB,  and 
the  axis  of  x,  the  lamina 
being  supposed  of  uniform 
thickness  and  density.  In 
accordance  with  the  rule 
of  Art.  165,  we  break  up 
the  area  into  elementary  portions.  Suppose  that  this  is  done  b_v 
taking  rectangular  strips,  such  as  PQX3I,  included  between  two 
very  close  ordinates,  PJl  and  QX,  and  let  (/  be  the  centre  of 
mass  of  this  strip. 

Let  the  co-ordinates  of  P  be  (x,  y)  and  those  of  Q  {x-'rdx, 
y  +  dy)  ;  let  p  be  the  density  and  k  the  thickness  of  the  lamina. 
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Then  the  mass,  dm,  of  the  rectangular  strip  is 

kpydx. 

Also   the   co-ordinates   of  </  are  (a'  +  e,'^  +«')  >    «  and  e'  being 

extremely  small  quantities  of  the  same  order  of  magnitude  as 
dx  and  di/. 

Following  the  rule  of  Art.  1G5,  to  obtain  the  abscissa  of  G, 
the  centroid  of  the  area,  we  shall  have  to  take  the  integral  of 
the  product  kpi/[x  +  ()dx. 

Now  idx  is  an  infinitesimal  of  the  second  order,  and  is  there- 
fore to  be  neglected  in  the  integral.     Hence  if  x  and  y  are  the 
co-ordinates  of  G,  we  have  evidently,  since  k  and  p  are  constants, 
_  _  /x_ydx        -  _  1  f.V^ 
""- fydx'     y-^'fydx' 
the  integrations  extending  over  the  whole  area  CABI). 

Examples. 

1/Find  the  centroid  of  the  area  of  a  .'■eini-cyeloid. 
taking  the   line  joining  the  extremities  of  the  arc  of  the  whole 
curve  as  axis  of  x,  and  a  perpendicular  through  the  vertex  as  axis  of 
y,  the  cui-ve  is  given  by  the  equations 

x  =  a{e  +  smO), 
y  =z  a{l  +C0S  6). 

Hence  ydx  =  4  a'' cos'  77  dS,  and  we  have 


/     (e  +  sine)cos^-dO  /  cos'-dd 

Ml ^  -  _  „  Jo           ^ 

/  coi*^de  /  cos' -de 

Jl)            ^  Jo            ^ 


6  cos''  -dd,  write  it 


To  find  r 

Jl) 
-  r  6  {\  +  cos  Bfdd,  or  \  ['0(^  +  2  cosd  +  lcos29)dd. 

„  ,,       »i0  sin  ?i5  +  CCS710        _.  ,,       •    .         1    ■ 

Ko-w  fBcosnddB  = 7, —  •      Hence   the   mtegral   m 


Stt'— 16 
question  = 


16 

2 
3' 


Again,  /    sin  0  ccs*-  d0  —  2         sin  -  cos^  7^d0  = 
Jo  '■  Jo         -  ^ 
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„  977^-16 

Hence  x= — ,  „    —-a. 

IStt 

g 

And  evidently  y  =  -  a. 

2.  If  the  ordinates  of  a  given  curve,  U,  be  all  diminished  or  in- 
creased in  a  given  ratio  and  a  new  curve,  U',  thus  formed,  prove 
that  the  centroid  of  any  portion  of  f7'  cut  off  by  a  right  line  is 
obtained  by  diminishing  or  increasing  in  the  same  ratio  the  ordinate 
of  the  centroid  of  the  corresponding  portion  of  U. 

Let  one  line  parallel  to  the  axis  of  y  meet  U  and  U'  in  P  and 
P'  respectively,  and  let  another  such  line  meet  them  in  Q  and  (/. 
Draw  the  right  lines  PQ  and  P'Q';  then  these  lines  cut  off  cor- 
responding portions  of  the  two  curves.  From  any  point,  M,  on  U 
draw  a  line  parallel  to  the  axis  of  y  meeting  the  right  line  PQ  in  N, 
and  U'  and  P'(^  in  M'  and  N',  respectively.  Denote  the  ordinates 
of  M  and  X  by  y  and  z ;  then  it  is  clear  that  if  h  is  the  number  by 
which  the  ordinates  of  U  are  multiplied  to  obtain  those  of  U',  the 
ordinates  of  M'  and  N'  are  ky  and  kz,  respectively.  All  these  points 
have  a  common  abscissa,  a\  An  ordinate  drawn  with  the  abscissa 
x  +  dx  includes  with  the  ordinate  MNM'y',  the  curve  U,  and  the 
line  PQ  a  strip  of  area  equal  to  (y  —  z)dx,  while  the  corresponding 
strip  of  the  area  of  V  cut  off  by  P'Q'  is  k(y—z)dx.     Again,  the 

ordinate  of  the  middle  point  of  the  fiist  strip  is  j   and  that  of 

V  -\-z 
the  middle  point  of  the  second  strip  is  h  ——-  • 

Hence  if  y  and  y'  denote  the  ordinates  of  the  centroids  of  the 
portions  of  U  and  U'  cut  off  by  PQ  and  P'Q',  respectively, 
.,_  ^  /kHy--z')dx 

=  k.y. 

Let  PQ  cut  off  in  all  positions  a  constant  area  from  U ;  then  it  is 
evident  that  P'Q'  cuts  off  a  constant  area  from  U'.  Suppose,  more- 
over, that  in  this  case  the  locus  of  the  centroid  of  the  portion  of  U  is 
a  curve  whose  equation  is      fi^  y\  —.  q  . 

then  clearly  the  locus  of  the  centroid  of  the  corresponding  portion  of 
U'  of  constant  area  cut  off  by  a  right  line  is  the  curve 

/(x,|)  =  0. 

If  the  lines  PQ  and  P'Q'  are  replaced  by  two  curves,  the  second  of 
which  is  deduced  from  the  first  as  U'  was  from  U,  the  same  results 
evidently  follow. 

3.  Find  the  centroid  of  a  quadrant  of  an  ellipse. 

4a        .       46 
Ans.  a;  = — >     y=- - — . 

377  ^         3T7 
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4.  A  right  Hue  cuts  off  a  constant  area  from  au  ellipse  ;  find  the 
locus  of  the  centroid  of  the  portion  cut  off. 

Ans.  An  ellipse  concentric  and  coaxal  with  the  given  one. 

i  3  3 

■  5.  Find  the  centroid  of  a  quadrant  of  the  curve  (^-j  +\-^)  —  ^• 
2.4.6.8     2a  _  2 . 4 . 6 . 8     26 

^""'■^^  3.5.7.9'^'      2/-3    5    7.9-^- 
(Assume  x  =  a  cos'c^,  y  =  i  sin'</).) 

•    6.  Find  the  centroid  of  any  segment  of  a  parabola  cut  off  by  a 
right  line. 

Ans.  On  the  diameter  conjugate  to  the  given  line  at  a  distance 
from  the  curve  equal  to  f  of  the  portion  of  the  diameter  intercepted 
by  the  given  line. 

7.  Through  a  given  point,  0,  is  drawn  a  fixed  riirht  line  meeting 
a  curve  in  A ;  through  0  is  also  drawn  another  right  line  meeting 
the  curve  in  P.  It  is  required  to  construct  at  any  point  the  tangent 
to  the  locus  described  by  the  centroid  of  the  area  AOF  as  the  line 
OP  varies. 

Ans.  Let  G  be  the  centroid  of  AOP,  and  take  a  point  Q  on  OP 
such  that  OQ  —  %  OP.     Then  GQ  is  the  tangent  to  the  locus  at  G. 
(See  Example  3,  p.  309.) 
.    8.  Find  the  centroid  of  a  semi-ellipse  cut  off  by  auy  diameter. 

Ans.  It  is  on  the  diameter  conjugate  to  the  given  one  and  at  a 

distance  —  from  the  centre,  2  a'  being  the  length  of  this  conjugate 

3Tr 
diameter. 

9.  Find  the  centroid  of  the  area  included  by  a  parabola  and  two 
tangents. 

Ans.  If  a  and  b  are  the  lengths  of  the  tangents  (which  are  taken 

,    ,      _       a        -       ^ 
as  axes  of  x  and  y),    a;  =  —  >     V  —  'k' 

(The  equation  of  the  parabola  is  (-)  +{p  —  1.     Assume 

X  =  a  cos*<f>,  y  =  h  sin**^.) 
The  particular  manner  in  which 
it  is  advisable  to  break  up  the 
area  whose  centroid  is  required 
varies  with  the  nature  of  the 
area  itself.  Thus,  let  the  area  be 
that  included  between  the  axis  of 
X  and  two  curves,  AC  and  BC 
(Fig.  323),  whose  equations  are 
given.  In  this  case  the  area 
may  be   broken  up  into  thin  strips,  such  as  PQQ'P',  parallel 
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to  the  axis  of  a".  Let  (x,  y)  be  the  co-ordinates  of  P  and  {x',  y) 
those  of  P'.  Then  the  area  of  the  strip  is  {x'  —  x)dy,  and  the 
co-ordinates  of  its  centroid  are  \  (oo  +  x)  and  y.  Hence  if  no 
portion  of  the  area  considered  is  above  a  parallel  to  Ox  drawn 
through   C,  the  co-ordinates  of  its  centroid  are   given  by  the 

equations 

_  f(x'-^-x^)dy         _  fy{x'-x)dy 

•'•-  *  f{x'-x)dy  '    J-  J\x'-x)dy  ' 
in  which  the  limits  oi y  are  0  and  the  ordinate  of  C.     The  values 
of  x'  and  x  are  of  course  given  in  terms  of  y  from  the  equations 
of  the  two  curves. 

For  example,  let  it  be  required  to  find  the  centroid  of  the  area 
included  between  a  parabola  and  a  circle  described  with  the  vertex 
of  the  parabola  as  centre  and  a  radius  equal  to  f-  of  its  latus  rectum. 
The  centroid  is  on  the  axis  of  the  parabola.  Let  the  equatiou  of  the 
parabola  be  y'  =  4  mx, ;  then  the  equation  of  the  circle  is  w'  -1-  y^=-|ni'' ; 
and  the  ordinate  of  C,  their  point  of  intersection,  is  m,  ■/2. 


Hence 


.  ./.    (T"'-'''~r(iif)'''' 

36m 


16+27siu->(^) 
as  the  student  will  find  without  much  difScultj'. 

Examples. 

1.  Find  the  centroid  of  the  area  included  between  the  arc  of  a 
semi-cycloid,  the  circumference  of  the  generating  circle,  and  the  line 
joining  the  extremities  of  the  cycloid. 

Ans.  The  common  tangent  to  the  circle  and  cycloid  at  the  vertex 
of  the  latter  being  taken  as  axis  of  x,  the  vertex  being  origin,  and  a 
the  radius  of  the  generating  circle, 

3tt'-8  5 

a;= — -a;      y  =  -a. 

4iT  4 

2.  Find  the  locus  of  the  centroid  of  the  area  of  a  parabola  cut  off 
by  a  variable  right  line  drawn  through  the  vertex. 

Ans.  If  4m   is   the   latus  rectum  of  the  parabola,  the  locus  is 

another  parabola  whose  equation  ^s  y^  ^  —  mx. 
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(The  student  may  verify  the  construction  of  Example  ",  p.  313,  for 
the  tangent  to  this  locus.) 

•     3.   Find  the  centroid  of  the  portion  of  an  ellipse  cut  off  by  a  line 
joining  the  extremities  of  the  major  and  minor  axes. 


Ins.  X  = 


3   ■  77—2' 


^=3 


168.]  Graphic  Construction  of  the  Centroid  of  a  Plane 
Area.  The  follo\vin<r  niethoil  of  determining-  the  centroid  of  any 
plane  area  is  taken  from  CoUignon's  Statique,  p.  315. 

Let  APBQ  be  any  plane  area,  and  let  Ox  be  any  line  in  its 
plane.    Then,  if  the  distances  of  the 
centroid  from  Ox  and  anj'  other  line 
in  the  plane  are  known,  the  position 
of  the  point  is  known. 

Draw  any  line,  O'x',  parallel  to  Ox 
(axis  of  x)  in  the  plane  of  the  curve, 
and  let  the  perpendicular  distance 
between  Ox  and  O'x'  be  a.  Let  the 
area  be  broken  up  into  narrow  rect- 
angular strijis,  such  as  PP'Q'Q,  by 
lines  parallel  to  the  axis  of  x.  Then 
if  PQ  = :,  the  area  of  the  strip 
=  zdy,  the  distance  of  PQ  from  Ox 
being  y. 

Hence  the  distance,  ^,  of  the  centroid  of  the  area  from  Ox 
is  given  by  the  equation 

H  -  fzdy  A, 

A^  being  the  area  of  the  figure,  and  the  values  ofy  running  from 
the  oi-dinate  of  A  to  that  of  B,  at  which  points  the  tangents  are 
parallel  to  Ox.  Now  take  any  point,  0,  on  Ox ;  draw  OQ,  and 
draw  PC  parallel  to  OQ.  Let  the  line  0(/  meet  PQ  in  ^. 
Then  by  similar  triangles 

qjt  _  OP 


(1) 


BP 


PQ 


OR 
00' 


or,  r'  denoting  the  length  QB, 

az'=yz.  (2) 

Let  the  locus  of  B  corresponding  to  all  strips  of  the  given  area 


316  CENTEOIDS   AND   CENTRES    OF    MASS.  [169. 

be  constructed.  It  will  be  a  curve,  AllB,  passing  through  the 
points  A  and  B. 

Substituting  the  value  oi  yz  from  (2)  in  (l),  we  have 

a  fz'du 

in  which  the  limits  of  y  are  the  same  as  before.  But  f  z'di/  is 
the  area,  A^,  between  the  curves  ARB  and  AQB.     Hence 

The  distance  of  the  centroid  from  Ox  is  therefore  known. 
Similarly  its  distance  from  any  other  line  can  be  foimd,  and 
therefore  the  jwsition  of  the  point  is  determined. 

If  a  point  S  is  deduced  from  7?  in  the  same  way  as  that  in 
which  R  was  deduced  from  P,  and  if  (2«S  =  z" ,  we  shall  have  as 
before 

^        a 

If  therefore  the  locus  of  S  is  constructed,  the  area  included 
between  it  and  AQ^B  multijjlied  by  a^  will  be  the  value  of  the 
integral  fy'-zdy  extended  over  the  original  area. 

By  the  construction  of  successive  curves  such  as  ABB  we 
represent  the  values  oi /i/'^zdi/,/!/*z(ly,  &c.,  graphically. 

An  ingenious  instrument  founded  on  these  principles — the 
Integrometer  of  M.  Deprez — is  described  by  ColUgnon  in  the 
Annales  dea  Fonts  et  Chamsecs  for  March,  1872. 


Example. 

In  finding  by  this  method  the  centroid  of  a  portion  of  a  parabola 
cut  off  by  a  double  ordiuate  at  a  distance  A  from  the  vertex,  prove 
that  if  the  tangent  at  the  vertex  and  the  given  double  ordinate  are 
taken  as  the  Hnes  Ox  and  O'x' ,  the  equation  of  the  curve  ARB  will  be 

^y  =  4  Trace  {^— 2  a;)''. 

This  curve  (both  branches  being  drawn)  has  a  loop  between  the 
values  a;  =  0  and  x  =■  \h,  and  passes  thi-ough  the  extremities  of  the 
double  ordinate. 

169.]  Polar  Elements  of  a  Plane  Area.  Let  it  be  required 
to  find  the  centroid  of  a  portion  of  a  plane  area  or  thin  lamina 
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bounded  by  a  portion  of  any  curve,  AB  (Fig.  225),  and  by  two 
extreme  radii  vectores,  OA  and  OB,  drawn  through  a  given 
point,  0.  It  is  obvious  that  in  this  case 
it  is  advisable  in  applyingthe  rule  of  Art. 
165  to  decompose  the  area  into  tri- 
angular strips,  such  as  POQ,  included 
between  two  verj'  close  radii  vectores. 
If  OP  =  r,  and  iPOx  =  6,  the  element 
of  area,  POQ,  is  equal  to 

and  if  the  thickness  and  density  of  the 
lamina  are  uniform,  the  centre  of  mass 
of  this  element  is  a  point  ff  which 
may  be  considered  as  on  OP  at  a  distance  §  r  from  0. 

Hence  if  Ox  is  the  axis  of  x,  the  co-ordinates  of  ^  are  ultimately 

§  r  cos  0,     and     ^  r  sin  0. 

Applying  the  rule  of  Art.  165,  we  then  have 

f  r^  cos  0fl0       _         fr^sai0de 


Kg.  J25 


^  =  r 


fr'^de 


y  = 


fr^d0 


For  example,  to  find  the  centroid  of  a  loop  of  Bernoulli's  Lemiiis- 
cate  whose  equation  is  r  =  o^  cos  2  d. 

The  axis  of  the  loop  being  taken  as  axis  of  x,  the  abscissa  of  the 
centroid  of  the  whole  loop  is  evidently  tlie  same  as  that  of  the  half 
loop  above  the  axis  ; 

„      rcos^iOcosOdd 


cos20de 


3  r^i 

Jo 

=  ~  r{l-2s]ii'0)i.dsinO. 


Putting  sinO  =  ~^,  this  integral  becomes 

/    COS*  (pd<p, 
Jo 


which  : 


4g        1  .  3     •TT 
3^'2T4:'2' 


3  72 
Therefore 


4-/2 
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Examples. 

1 .  To  find  the  centroid  of  a  given  sector  of  a  circle. 

A71S.  It  is  on  the  diameter  bisecting  the  arc,  at  a  distance  from 
the  centre  equal  to  |  of  the  product  of  the  radius  and  the  chord  of  the 
arc  divided  by  the  length  of  the  arc. 

2.  Find  the  centroid  of  a  portion  of  an  equiangular  spiral  included 
by  the  initial  line  and  a  given  radius  vector. 

Ans.  The  initial  line  being  taken  as  axis  of  a;,  the  equation  of  the 
spiral  being  r  =  ae**,  and  a  being  the  angle  of  the  given  radius  vector. 

ika         e^*»sina+ SA-e'^'^cos  a— 3A_ 
"^^  3(1  +  9P)'  e"«-l  ' 

ika  1  — e3*acosa  +  3i-e-''*''siua 

■'  ~  3(1  +  9X;^)  e2*«-l 

3.  When  a  =  0   in  the  preceding  question,  find  the  values   of  x 
and  ij,  and  explain  the  result. 

4.  Find  the  centroid  of  the  portion  of  a  parabolic  area  included 
between  the  axis  and  a  radius  vector  dra\vn  through  the  focus. 

Ans.  If  4m  is  the  latus  rectum,  and  t  the  tangent  of  half  the 
angle  between  the  given  radius  vector  and  the  axis, 

_  _  27»    1— t''.      .  _2m     t  +  l^ 


170.]  Double  Integration.  When  the  density  of  the  lamina 
varies  from  point  to  point  it  may  be  necessary  to  di\'ide  it  into 
infinitesimal  portions  of  the  second  order  instead  of  strips 
(triangular  or  rectangular)  whose  areas  are  infinitesimals  of  the 
first  order. 

Thus,  suppose  that  the  lamina  JOB  (Fig.  225)  is  not  of  uniform 
density.  Then  if  we  break  it  up  into  triangular  strips,  such  as 
POQ,  the  element  of  mass  will  be  no  longer  proportional  to  the 
area.  jPOQ  or  Ir'-dd;  and,  moreover,  the  centre  of  mass  of  the 
strip  will  not  be  I  r  distant  from  0. 

Let  a  series  of  circles  be  described  round  0  as  centre,  the 
distance  between  two  successive  circles  of  the  series  being  d/. 
These  circles  will  divide  the  strip  POQ  into  an  indefinitely  great 
number  of  rectangular  elements  ;  and  if  one  of  these  is  included 
between  the  cii-cles  of  radii  /  and  r'  +  d/,  its  area  will  be 

r'd/de. 
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If  p  is  the  density  and  i  the  thickness  of  the  lamina  at  this 
element,  the  element  of  mass  will  be 

i-pr'dr'de. 
Also  the  rectangular  co-ordinates  of  the  centre  of  mass  of  the 
element  are  ultimately  /  cos  0  and  /  sin  0. 

Now  to  find  the  abscissa  of  the  centre  of  mass  we  must 
perform  the  summations  ficdm  and  /dm  over  the  whole  area 
considered. 

The  contribution  to  the  first  of  these  summations  given  by  the 
strip  FOQ  U  evidently  ~ 

cosOde     kpr'^dr'; 

and  the  contribution  to  the  second  is 

doikpr'dr'. 

In  each  of  these  latter  integrals  the  values  i-  and  p  in  terms 
of  /  and  0  must  be  substituted,  and  the  integrations  are  to  be 
performed  on  the  supposition  that  0  is  constant  while  r'  runs 
from  0  to  r. 

The  quantity  cos0d0  kpr"-dr'  will  then  assume  the  form 
Jo 
</)  (r,  0) .  cos  ^  d0.  But  since  the  curve  AB  is  given,  r  is  given 
as  a  function  of  0.  Hence  this  quantity  assumes  the  form 
f(0).cos0d0,  which  is  the  final  form  of  the  contribution  of 
the  strip  POQ.  If  we  wish  to  find  how  much  is  contributed 
by  all  the  strips  of  the  area,  we  must  intogvate /{0) .  cos  0  d  0 
from  0  =  AOx  to  0  =  BOx. 

This  double  process  of  integration— first  with  regard  to  /,  and 
then  vdth.  regard  to  0 — is  expressed  by  the  symbols  of  double 
integration  thus : — 

L'dm=j     r  Jcpr''-cos0dr'd0, 

a  and  ^  denoting  the  angles  AOx  and  BOx. 
Hence  we  obtain 

r  Tl-pZ-cos  0dr'de  rrfcpr'Hm0d/d0 

/   kpr'dr'd0  /    /   kpr'd/de 

Let  it  be  required,  for  example,  to  find  the  centroiJ  of  the  area  of 
a  cardioid  in  which  the  density  at  a  point  varies  as  the  ?i"^  power  of 
the  distance  of  the  point  from  the  cusp. 
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Here  p  =  y.r''\  and  k  is  constant;  therefore,  the  abscissa  being  the 
same  for  the  whole  curve  as  for  the  half  above  the  axis, 


/•■/■'/■ 

./o  .'o 


■  COS  ddr'dO 


I  "['/•''■'d/dJ 

.0  Jo 

Integrating  first  with  regard  to  /,  we  have 

' r"^' cos  Od  J 


W  +  2J0 


.'0 

w+3" 


['r-'^HO 


0  6 

But  r=2acos^--      Substituting    this   value   and    putting  -=  ^, 

we  have 


2(n+2)^   ,k 
w+3 


/      COS-"+«(|)(2c03=(/)-l)f/<^ 

'ft 


/      COS="+'<^rf(/> 

Jo 


These  definite  integrals  are  well  known.     Dividing  the  numerator 

,  ,  .     ^     ,      1.3.5...2W+3    TT  . 

and  denominator  by  — — •  ->  we  have 

^   2.4.o...2n+4     2 

_^  2(»^  +  2)    (       (2«  +  5)(2n+y)      2n  +  5) 

n  +  3      1    ■(2n+6)(2n  +  8)      2«  +  6) 

_  (ji  +  2)(2»i+5) 

~    (7i  +  3)(ra+4) 

Tlie  centroid  evidently  lies  on  the  axis  of  symmetry,  or  p  =  0. 


Examples. 

1.  Find  the  centre  of  ninss  of  a  circular  sector  in  which  the  density 
varies  as  the  mS'^  power  of  the  distance  from  the  centre. 

9i' "("  2     CIC 

Ans.  •  -rr!  where  a  is  the  radius  of  the  circle,  I  the  lenffth 

n+3     I  '  o 

of  the  arc,  and  c  the  length  of  the  chord,  of  the  sector. 

2.  Find  the  position  of  the  centre  of  mass  of  a  circular  lamina  in 
which  the  density  at  any  point  varies  as  the  n^^  power  of  the  distance 
from  a  given  point  on  the  circumference. 

Ans.  It  is  on  the  diameter  passing  through  the  given  point  at 

a  distance  from  this  point  equal  to  — ^^ — —  a,  a  being  the  radius. 
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Methods  of  double  integration  are  also  often  employed  when 
the  elements  of  area  are  expressed  in  Cartesian  co-ordinates. 
In  this  case,  let  the  element  of  area  at  a  point  P,  whose  co- 
ordinates are  (x',  y'\  be  a  small  rectangle  included  between  two 
very  close  lines  parallel  to  the  axis  of  x  and  two  very  close  lines 
parallel  to  the  axis  of  y.  Then  the  element  of  area  will  be 
dx'dy;  and  if  p  and  k  are  the  density  and  thickness  of  the 
lamina  at  the  element,  the  element  of  mass, 

dm  =  ipdx'dy'. 

Also  the  co-ordinates  of  the  centre  of  mass  of  this  element  are 
ultimately  x'  and  y'.     Hence 

•"-   fjkpdx'di/  '       ^-'//kpdx'd/   ' 
A  single  example  will  suffice  to  illustrate  this  method. 

Let  it  be  required  to  find  tlie  centre  of  mass  of  a  quadrant  of  an 
ellipse  included  lij'  the  semi-axes,  the  density  at  any  point  being  pro- 
portional to  the  product  of  the  co-ordinates  of  this  point. 

Here  p  =  m  •  ^^y,  and  since  k  is  supposed  constant, 

.  _//x'ydx'd/       .  _  ffx'^dx'dy' 
""  ~  f/^y'd^'dy'  '     y  -  ffx'ydx'dy  ' 

Let  the  integrations  be  performed  first  over  a  strip  parallel  to  the 
axis  of  y.  Then  we  integrate  with  respect  to  y',  regarding  x'  as 
constant,  from  jr'  =  0  to  y'  =  i/,  the  ordinate  of  a  poiut  on  the  ellipse. 

/x'^y'^di/ 

^'°"=^  ^=JVfd7' 

Here  we  must  substitute  the  value  of  y  in  terms  of  x'.  and  thus 
^e  get  _  ^  fx'\a^-x'')da/ 

in  which  summations  the  abscissa  a/  is  to  receive  all  values  from 
0  to  a. 

Q  Q 

We  easily  obtain  — a  and  — b  for  the  co-ordinates  of  the  centre  of 
15  15 

Cases  may  occur  in  which,  although  the  density  of  the  lamina 
varies  from  point  to  poiut,  the  process  of  double  integration  can 
be  avoided  by  the  judicious  selection  of  an  element  of  area. 

Let  it  be  required  to  find  the  centre  of  mass  of  a  lamina  in 
the  form  of  a  quadrant  of  an  ellipse  in  which  the  density  at  any 
point  varies  as  the  distance  of  the  point  from  the  axis  major. 

Here,  by  dividing  the  area  into  rectangular  strips  parallel  to 
VOL.  I.  Y 
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the  axis  major,  we  obtain  infinitesimal  elements  of  the  Jirst 
order  throughout  each  of  which  the  density  is  constant.  Hence 
our  equations  are 

Making  the  usual  eccentric  angle  substitutions  for  x  and  y,  we 

fiiid  _       3         _       3tt, 

.r  =  -a.     11  ^=  — 0. 

8         -^        16 

171.]  Centroid  of  a  Surface  of  Revolution.  Let  a  plane 
curve  AB  (Kg.  222)  revolve  round  a  line  Ox  (taken  as  axis  of  a;) 
and  generate  a  surface.  Then  the  revolution  of  the  elementary 
arc  PQ  (  =  ds)  generates  a  portion  of  surface  whose  area  is 
2Tsyds;  and  if  p  is  the  density  of  the  matter  in  this  zone  and 
h  its  thickness,  the  element  of  mass  is  2-7;  kpyds.  Also  the  centre 
of  mass  of  the  zone  is  ultimately  the  point  J/,  whose  abscissa  is 
X.  Hence  the  centroid  of  the  surface  generated  (which  obviously 
lies  on  the  axis  of  revolution)  is  at  a  distance  from  0  given  by 
the  equation  ^  fkpxyds 

~  J'kpydi  ' 

the  integrations  being  extended  over  the  whole  length  of  the 
generating  curve. 

For  example,  to  find  the  centroid  of  the  surface  of  a  semi-ellipsoid 
of  revolution  round  the  minor  axis,  the  density  of  any  zoue  being 
proportional  to  its  distance  from  the  equatoreal  plane,  and  the  thick- 
ness being  coDstant : — 

Tiie  area  of  a  zone  at  a  distance  y  from  the  equatoreal  plane  being 
iTixds,  the  position  of  the  centroid  is  given  by  the  equation 

-  _  fxjrds^ 
fxyds  ' 

the  integration  extending  over  the  arc  of  a  quadrant  of  the  generating 
ellipse.     Using  the  eccentric  angle,  we  have 

x  =  a  cos  <^,     y  =  6  sin  <^,     ds=  Va^  sin'  (/>  +  6"  cos'  <^  .  d<\), 

a  and  b  beiug  the  semi-axes  of  the  eUipse. 

Hence  ri  ^  

/     cos  (p  sin"  (^  V  a*  sin"  <p  +  6"  cos''  <p .  d<f> 

y  —  b  ■ 


/cos  0  sin  <p  Va*  sin^  <p  +  b^  cos'  ((> .  dcf) 


To  find  the   integral  in   the  numerator,  put  t  for  sin  </),  and  it 
becomes 
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£ 


Jo 
where  a'—lr  ■=.  c'.     This,  again,  is  equal  to 

1  (^{V+cH--  h")  -/W+TF.  dt, 
t^  Jo 

which  =  \  f\b'  +  cH',idl  -  ^l  f\b'-  +  c'r-)idt; 

cVo  ^  Jo 

and  this,  by  making  the  first  integral  depend  on  the  second,  is  easily 
proved  to  be 

(        4c'        )«      4r  Jo   ^  ' 

The  integral  in  this  expression  is  one  of  the  elementary  forms 
in  the  Integral  Calculus.     Hence  the  numerator  is 

^,(2a'c-a6=c-fe'log^'). 

The  integral  in  the  denominator  is  evidently 

ri 

\  I     Vh-  +  (?  sin-  (^ .  d  sin'  <^, 
Jo 

which  is  equal  to  — ^  (a'— 6'). 

Ac 

(I  X.  c 

.    2a'c  — aJ'c  — 6Mog — ; — 

^       ,  36  °     h 

Therefore  y  =  -—  • — — 7— 

For  a  pphere  of  radius  a  the  value  of  y  is  easily  proved  by  direct 
calculation  to  be  §a;  and  the  student  may  exercise  himself  in  the 
evaluation  of  indeterminate  forms  by  deducing  this  from  the  value 
of  y  given  above.     (For  tliis  purpose  it  will  be  advisable  to  put 

log  — i—  into  the  form  i  log 1  and  expand.) 

°     b  ^     '^  a  —  c  ^        ' 

172.]  Centroid  of  any  Portion  of  a  Spherical  Surface. 
Let  dS  denote  any  portion  of  a  spherical  surface,  and  let  f/2 
denote  its  projection  on  any  plane  passing  through  the  centre  of 
the  sphere.  Then,  if  this  plane  be  taken  as  that  of  icy,  and  if  z 
denote  the  distance  of  the  centroid  of  the  element  dS  from  the 
plane,  the  distance  of  the  centroid  of  any  portion  of  the  spherical 
surface  from  the  plane  is  given  by  the  equation 

'  =  JdS'  ^' 

the  integration  being  extended  over  the  whole  portion  of  the 

spherical  surface  considered. 

Y  2 
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Now  if  r  is  the  radius  of  the  sphere,  the  cosine  of  the  angle 
between  the  tangent  plane  to  the  sphere  at  the  element  dS  and 

the  plane  of  ay  is  -  ;  therefore 

d-2=-dS.  (2) 

Hence  J':dS  =  rfd'2  =  rS,  2  denoting  the  projection  of  the 

whole  spherical  area  considered ;  and  making  this  substitution 

in  (1),  we  have  v 

-z^r^,  (3) 

where  S  is  the  area  of  that  portion  of  the  sphere  whose  centroid 
is  required. 

Equation  (l)  gives,  of  course,  the  distance  of  the  centroid  of 
any  surface  whose  element  is  dS  from  the  plane  of  xi/ ;  and  it  is 
clear  that  if  the  surface  is  generated  by  the  motion  of  a  sphere 
of  constant  radius  whose  centre  moves  along  any  curve  in  the 
plane  of  xy,  the  cosine  of  the  angle  between  the  tangent  plane 

at  the  element  dS  and  the  plane  of  xy  will  still  be  -  >  since  the 

given  surface  and  the  generating  sphere  have  the  same  tangent 
plane.  Hence  equation  (2)  holds  in  this  case,  and  therefore  also 
equation  (3). 

173.]  Centroid  of  any  Surface.  Let  dS  denote  an  element 
of  any  surface,  d'^  the  projection  of  this  element  on  the  plane  of 
ay,  and  y  the  angle  between  the  plane  of  xy  and  the  tangent 
plane  to  the  surface  at  the  element  dS.  Then,  if  2  is  the  distance 
of  the  centroid  of  dS  from  the  plane  of  xt/,  we  have 

_fzdS 
'-  fdS' 

J"  z  sec  y.d2 
~  J'secy.d2 

It  is  not  unusual  to  suppose  the  element  dS  cut  off  from  the 
surface  in  the  following  manner. 

Let  71/  (Fig.  226)  be  a  point  in  the  plane  xy  whose  co-ordinates 
are  a/,  y';  let  mn  be  di'awn  parallel  to  the  asds  of  x  and  equal  to 
dx';  let  mq  be  parallel  to  the  axis  of  y  and  equal  to  dy';  and 
complete  the  rectangle  mnpq.  On  the  base  mnjjq  describe  a 
prism  whose  edges.  Mm,  Nn,  Pp,  Qq,  are  parallel  to  the  axis  of  z. 
This  prism   will  intercept   on    the  given    surface   an    element, 
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MNPQ,  which  is  dS.     The  rectangular  projection,  (/2,  is  then 
mnjjq  whose  area  is  dx'd/.     Substituting  this  value  in  the  above 

ff  ^  sec  y  dx'  d/ 

equation,  we  have  z  =  —x^ ,  r ,  /  ' 

Jf  sec  ydxd J/ 

the  integrations  being  extended  over  the  whole  projection  of 
the  given  surface  on  the  plane  ay. 

It  easily  follows  that  fAe  centroid 
of  the  jjrojedion  {ortJiogotial  or  ob- 
lique) of  any  plane  area  on  any  plane 
is  ihe  projection  of  the  centroid  of 
the  area. 

Take  the  plane  on  which  the 
given  area  is  projected  as  the  plane 
of  xy ;  let  co  be  the  angle  between 
this  plane  and  the  plane  of  the 
area,  and  let  x,  y  be  co-ordinates 
of  the  centroid  of  the  given  area.  Then 
fxdS     y  a?  sec  0) 


Fig.  2iCi. 


fdS 


yseco) 

fxjrs. 

/d2  ' 


.d^ 

.d^ 


since  to  is  the  same  for  all  elements.  But  the  co-ordinate  of  the 
centroid  of  the  projection  is  evidently  given  by  this  equation. 
Therefore,  &c. ;  and  a  similar  proof  ob^^ously  holds  for  an 
oblique  projection,  because  at  all  points  of  the  given  area  the 
ratio  oi  dS  to  d2  is  constant. 


Examples. 

1.  A  section  of  a  sphere  is  made  by  any  two  parallel  planes  ;  prove 
that  the  centroid  of  the  spherical  surface  included  is  midway  between 
them. 

This  is  very  easily  proved  either  by  direct  calculation  or  by  the 
application  of  the  result  of  last  Article.  CoUignon  {Stalique,  p.  295) 
gives  an  eleijant  geometrical  demonstration  which  depends  on  the  fact 
that  if  a  cylinder  is  circumscribed  to  a  sphere  along  any  one  of  its 
great  circles,  the  portion  of  the  area  of  the  cylinder  included  between 
any  two  planes  at  right  angles  to  its  axis  is  equal  to  the  portion  of 
the  area  of  the  sphere  included  by  these  planes.  By  taking  in- 
definitely close  planes  it  follows  that  the  spherical  area  maj  he 
transferred  to  the   cylinder,  and  the  centroid  of  any  portion  of  a 
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cylindrical  area  cut  off  by  planes  perpendicular  to  the  axis  is  evidently 
midway  between  these  planes. 

CoE.  The  centroid  of  the  surface  of  a  hemisphere  is  at  a  distance 
equal  to  half  tlie  radius  from  the  centre. 

The  author  is  indebted  to  Mr.  J.  Eendel  Harris,  of  Clare  Hall,  for 
the  following  application  of  this  result  to  find  the  centre  of  mass  of  a 
solid  hemisphere.  Suppose  AB  to  be  the  diameter  of  the  solid  hemi- 
sphere, 0  its  centre,  OE  the  perpendicular  to  the  plane  base  at  0 
meeting  the  surface  of  the  hemisphere  at  E  ;  draw  the  tangent  plane, 
CD,  at  E,  the  points  0  and  D  being  on  the  perpendiculars  at  B  and  A 
to  the  base  AB. 

Divide  the  solid  hemisphere  into  an  infinite  number  of  thin  con- 
centric hemispherical  shells,  and  replace  each  sliell  by  a  cylinder  of  the 
same  thickness,  having  the  plane  base  of  this  shell  for  its  base,  and  the 
radius  of  this  shell  for  its  length.  In  this  way  the  solid  hemisphere 
will  be  replaced  by  the  solid  which  is  obtained  by  cutting  out  of  the 
cylinder  A  BCD,  which  surrounds  the  surface  of  the  given  hemisphere, 
the  cone  COD,  Hence,  if  r  is  the  radius  of  the  hemisphere,  and  z 
the  distance  of  the  centre  of  mass  of  the  given  solid  hemisphere  from  0, 


%i:t^ 


!'■• 


2.  To  find  the  centroid  of  a  spherical  triangle. 
Let  ABC  be  any  spherical  triangle,  and  0  the  centre  of  the  sphere. 
Produce  the  sides  AC  and  AB  until  they 
become  quadrants,  AE  and  AD,  and  draw 
the  arc  DE  of  a  great  circle. 

We  shall  find  the  distance  of  the  centroid 
from  the  plane  EOD,  which  is  perpendicular 
to  the  line  OA. 

The  projection  of  the  area  ABC  on  this 

plane  is  evidently  the  same  as  the  projection 

of  the  sector,  COB.     Now  if  2>i  is  the  per- 

Fig.  227.  pendicular  arc  from  A  on  the  side  BC,  the 

angle  between  the  planes  COB  and  EOD 

is  90°— j5,  ;    also  the  area  of  the  sector  COB  is  \ar,  a  being  the 

length  of  the  side  BC  and  r  the  radius  of  the  sphere.     Hence  if  2 

denote  the  projection  of  the  area  of  the  triangle  on  the  plane  EOD, 

^  =  \ar  sin^j ; 

and  if  A,  B,  C  denote  the  circular  measures  of  the  angles  of  the 
triangle,  and  S  its  area, 

S=r''{A  +  B  +  C—!T). 

Hence,  by  (3)  of  last  Article,  if  x  denote  the  distance  of  the  centroid 
from  the  plane,  ^^^ 

^^    A  +  n  +  C-i: 
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It  is  evident  tliat  a;  is  the  distance  irom  0  of  the  projection  of  the 
centroid  on  the  line  OA.  Its  projections  on  the  lines  OB  and  OC  are 
obtained  by  writing  b  and  2^2,  c  and^^j,  instead  of  a  and  p^,  in  this 
equation. 

3.  To  find  the  centroid  of  the  surface  of  a  nearly  spherical  semi- 
ellipsoid  cut  off  by  the  plane  of  the  two  greater  axes. 

Let  the  axes  in  order  of  magnitude  be  a,  b,  c,  and  let 

Now  if  du/dy'  is  the  projection  on  the  plane  ri/  (which  is  the  base 
of  the  semi-ellipsoid)  of  an  element  of  surface,  dS,  we  have 

dS=^^^, 

pz 

p  being  perpendicular  from  the  centre  on  the  tangent  plane  at 
the  element,  and  z  the  distance  of  the  element  from  the  plane  of  X7/. 
Hence,  S  denoting  the  surface  of  the  semi-ellipsoid,  we  have 

^^^"^'      ^  =  ^  +  ¥+7  =  7'^^"^^ 6^^- 

Therefore,  rejecting  all  powers  of  k  and  k'  be3-ond  the  second 

Integi-ating  from  x'=—x  to  x'=  x,  the  co-ordinates  of  a  point  on 
the  circumference  of  the  base  being  x,  y,  we  have 

S.~=2cJ{x-^-^)dy. 

Expressing  x  and  y  in  terms  of  the  eccentric  angle,  and  integrating 
over  the  entire  circumference,  we  have 

6. 2;  =  7ra6c(l — ) 

o 


=  7rc'|l  +  |(^-.hi-'^)| 
Now  (Williamson's  Integral  Calculus), 

S=  TTU^b-c^lJ    

Jo  (Irsi. 


Jo  (a 


{b- sin's  +  c"  cos^d)^  {a- sin' 0  +  c'' cos- 6)i 
sin  edO 


(a'  sin*  9  -I-  c^  cos*  ^)*  (6*  sin*  ^  +  c*  cos*  0)^ 
which  is  easily  proved  to  be  2-n-c*  { 1  -f^  {k-  +  k'')}. 
Hence  finally,  5  =  £  j  1  _  g  (^^  +  ^.'*)  J  . 


t]' 
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4.  A  parabola  revolves  round  its  axis ;  find  the  centroid  of  a 
portion  of  the  surface  between  the  vertex  and  a  plane  perpendicular 
to  the  axis  at  a  distance  from  the  vertex  equal  to  f  of  the  latus 
rectum.  2q 

Ans.  Its  distance  from  the  vertex  =  —(latus  rectum). 

5.  Find  the  centroid  of  the  surface  generated  by  the  revolution  of 

a  cycloid  round  its  axis.  . 

•'  ,.  2(15Tr  — 8)         »         ., 

Ans.    It  is  on  the  axis  at  a  distance  ^q,^^_^\  '  «  '^"^  *"® 

veitex,  a  being  the  radius  of  the  generating  circle. 

6.  Prove  that  the  centroid  of  the  lateral  surface  of  the  frustum  of  a 
ri"ht  cone  or  pyi-amid  lies  in  a  plane  whose  distance  from  the  base  is 

P  +  ^1^     .  },  where  v  and  »'  are  the  perimeters  of  the  base  and  upper 

section,  and  h  the  height  of  the  frustum. 

174.]  Centre  of  Mass  of  a  Solid  of  Revolution.  If  the 
curve  AB  (Fig.  222)  revolve  round  Oj-,  the  rectangular  area 
PQNM  will  generate  a  cylindrical  volume  equal  to  tt  .  PM'^ .  3IN, 
or  ny^dx.  Hence  if  the  density  of  the  solid  is  nniform,  we  have 
for  the  position  of  its  centre  of  mass  (which  obviously  lies  on  Ox) 

/  xy^dx 

the   integrations   being  extended   over  the   whole  of   the  area 
CABD,  of  the  revoh-ing  curve. 

If  the  density  varies,  the  element  of  mass  may  require  to  be 
taken  differently.  If  the  density  is  a  function  of  x  alone,  i.e. 
if  it  is  the  same  all  over  the  rectangular  strip  PQNM,  the 
volume  may  be  broken  up  as  above,  and  the  element  of  mass 
=  -npy^  dx.  Hence  we  shall  have,  in  this  case, 
_  ^f^xfdx  ^ 
fpy^dx  ' 

Suppose  the  density  to  vary  as  y  alone.  Then  if  we  take  a 
small  rectangular  area,  dx'  d/,  at  a  point  whose  co-ordinates  are 
x',  /,  this  area  will  generate  an  element  of  volume  equal  to 
iTiy' dx' dy' \  therefore  the  element  of  mass  =  lispy' da!  dy',  and 
we  have  _        ff  px'y'dx'd/ 

""^'j'/p/d^'dy'  ' 
The  integrations  are  to  be  performed  first  from/  =  0  to/  =y, 
the  ordinate  of  a  point  P  on  the  bounding  curve  ;  and  then  from 
x'  =  OC  to  x'  =  OB. 
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As  an  example,  let  the  curve  ABhe  a  quadrant  of  a  circle  of  which 
OA  and  OB  are  radii,  and  let  it  be  required  to  find  the  centre 
of  mass  of  the  solid  hemisphere  generated  by  the  revolution  of  this 
quadrant  round  OB  (taken  as  axis  of  x) ;  firstly,  when  the  density  is 
uniform  ;  secondly,  when  it  is  constant  over  a  section  perpendicular  to 
OB  and  proportional  to  the  distance  of  this  section  from  the  centre ; 
and  thirdly,  when  it  is  the  same  at  the  same  distance  from  OB,  and 
proportional  to  this  distance. 

Firstly,  we  have  x  ■=■'  ^ ,,  ,-  .     Putting  a;  =  r  cos  0,  y  =  r  sin  Q, 
fy-dx 

where  r  is  the  radius  of  the  circle,  and  integrating  between  0  =  0  and 

q 

^  =  - ,   we  have  ^'  =  o  ''•  (^) 

2  o 

Secondly,  since  p  =  fix,  we  have  x  =  ^^;— ^^t — '  which  easily  gives 

x  =  ^r.  (2) 

10 

Thirdly,  p  =  yiy',  therefore 

_  _  ffx'y"'dxfdy'  _  fxy^dx 

""-JJy'^dTdy^-jydx' 
and  the  previous  substitutions  for  x  and  y  give 

-=T^-  (3) 

In  this  case  the  double  integration  might  have  been  avoided 
by  breaking  the  area  up  into  rectangles  parallel  to  the  axis  of  x. 

The  student  will  do  well  in  such  examples  as  this  to  check  his 
results  as  much  as  possible  by  a  common-sense  view  of  the 
question.  Thus,  having  proved  that  the  distance  of  the  centre 
of  mass  of  a  homogeneous  hemisphere  from  the  centre  is  |  r,  it  is 
clear  that  when  the  density  of  a  section  is  directly  proportional 
to  its  distance  from  the  centre,  the  centre  of  mass  of  the 
hemisphere  must  be  at  a  distance  from  the  centre  >  f  r,  since  the 
matter  is  most  dense  in  the  space  remote  from  the  centre ;  while 
in  the  third  case  above,  since  the  ordinates  of  the  portion  of  the 
curve  near  A  are  greater  than  those  of  the  portion  near  B,  and 
since  the  density  increases  with  the  ordinate,  it  is  evident  that 
the  centre  of  mass  must  be  nearer  to  the  centre  than  in  the 
homogeneous  hemisphere. 

The  most  advantageous  method  of  breaking  up  a  mass  of 
varying  density  into  elements  depends  entirely  on  the  law  of 
variation  of  the  density,  and  while  all  these  methods  are  embraced 
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in  the  mle  of  Art.  163,  it  would  be  impossible  to  give  formulae 
suited  to  all  cases. 

Laplace,  by  assuming  the  change  of  the  pressure  from  stratum  to 
stratum  of  the  earth  to  be  proportional  to  the  change  in  the  square  of 
the  density,  proves  that  if  the  strata  of  uniform  density  are  spherical, 
the  density  of  a  stratum  of  radius  x  is  given  by  the  equation 

.    y-x 
sm  — 

aPn     « 

p  =  — ^ , 

fJL  X 

a  being  the  radius  of  the  earth,  p„  the  density  at  the  centre,  and  fi  a 
constant  number. 

Let  it  be  required  to  find  the  centre  of  mass  of  a  hemisphere  whose 
density  follows  this  law. 

Here  the  element  of  mass  of  uniform  density  is  the  stratum  in- 
cluded between  the  hemispheres  of  radii  x  and  x  +  dx.     Hence 

(Im  =  2ispa?dx 

X   .    ux  , 
=  2i:ap„  —  sm^—dx. 
"  jx         a 

Also  the  distance  of  the  centre  of  mass  of  this  stratum   from  the 

centre  is  -  (Example  1,  p.  325).     Hence,  the  axis  of  x  being  the 

diameter  perpendicular  to  the  base  of  the  hemisphere,  the  distance  of 
the  centre  of  mass  from  the  centre  is  given  by  the  equation 


I    X-  sm  — 
,_i  Jn ^ 

^   C      ■    h^ 
I    X  sin  — 
Jo  o, 


dx 


dx 

(2— fi-)  COSM+ 2fi  sin  fi— 2 

=  «  • 7^ — T'- \ ' 

2fi  (sm  iJL — fj.  cos  fi) 

as  will  be  easily  found.  When  f.c  =  0  the  hemisphere  is  of  uniform 
density,  and  the  student  will  see  that  this  value  of  x  becomes  f  a,  in 
accordance  ^"ith  our  previous  result. 


Examples. 

1.  Find  the  centre  of  mass  of  a  hemisphere  in  which  the  density  is 
proportional  to  the  m"i  power  of  the  distance  from  the  centre. 

Ans.  It  is  at  a  distance  = •  -  from  the   centre,   a  being  the 

radius  of  the  hemisphere.         ' ''" 

2.  Find  the  centre  of  mass  of  a  portion  of  a  paraboloid  of  revolu- 
tion cut  off  by  a  plane  j^erpendicular  to  its  axis. 
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Ans.  If  A  is  the  distance  of  tlie  plane  of  section  from  the  vertex, 

3.  Find  the  centre  of  mass  of  a  semi-ellipsoid  of  revolution  round 
the  minor  axis,  the  density  at  any  point  being  proportional  to  its 
distance  from  the  base  which  is  the  plane  perpendicular  to  the  axis  of 
revolution. 

Q 

Ans.  y  =  —  b,  where  5  is  the  semi-minor  axis. 
"       15   ' 

4.  An  ellipsoid  of  revolution  round  the  minor  axis  is  cut  b)'  a  plane 
passing  through  this  axis ;  find  the  centre  of  nia?s  of  the  portion 
included  between  one  serai-ellipsoid  thus  cut  off  and  the  concentric 
hemisphere  whose  diameter  is  the  minor  axis. 

A »!«.  If  a  and  b  arc  the  axes  major  and  minor  of  the  generating 
ellipse,  the  required  centre  of  mass  is  on  the  major  axis  at  a  distance 

3    a^  +  ab  +  b\ 

equal  to  -  • ; —  from  the  centre. 

^  8         a  +  b 

Verify  this  result  in  two  obvious  cases. 

175.]  Centre  of  Mass  of  any  Solid.  In  the  solid  take  any 
point,  P,  whose  co-ordinates  are  x,  y,  z,  and  also  a  close  point,  Q, 
whose  co-ordinates  are  x  +  dx,  y  +  dy,  z  +  dz.  Then  evidently 
the  volume  of  the  parallelepiped  whose  diagonal  is  PQ  and 
whose  edges  are  parallel  to  the  axes  of  co-ordinates  is  dx  dy  dz ; 
and  if  p  is  the  density  of  the  body  at  P  the  element  of  mass  at 
P  is  pdxdydz. 

Hence  the  co-ordinates  of  the  centre  of  mass  of  the  solid  are 
given  by  the  equations 

-  _  ///poodxdydz    __  ff/pydxdydz      _//fpzdxdydz 
■""    ///pdxdydz  'y-  ///pdxdydz'^-  ///pdxdydz   ' 
the  integrations  being  extended  over  the  whole  solid. 

It  may  not  be  necessary  to  take  infinitesimal  elements  of 
volume  of  the  third  order.  From  what  has  preceded,  the 
student  will  have  learned  that  the  best  mode  of  breaking  up  the 
given  mass  into  elements  depends  entirely  on  the  law  of  density 
which  prevails. 

In  many  cases  the  symmetr}'  of  the  solid  enables  us  to  simplify 
the  problem  by  choosing  elements  of  volume  which  are  in- 
finitesimals of  thejir.it  order  only. 

The  various  elements  of  volume  which  it  ma}-  be  necessary  to 
take  are  exemplified  in  the  following  problems. 

Find  the  centre  of  mass  of  the  eighth  part  of  an  ellipsoid,  ABC 
(Fig.  228),  included  between  its  three  principal  planes — 
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( 1 )  When  the  density  at  any  point  is  simply  a  function  of  its 
distance  from  tlie  principal  plane  £C  (plane  o^i/c). 

(2)  When  the  density  at  any  point  is  a  function  of  its 
distances  from  the  two  principal  planes  AC  and  £C  (planes  of  xz 
and  i/s). 

(3)  When  the  density  at    any   point   is  a  function   of  its 

distances  from  the  three  prin- 
cipal planes. 

In  the  first  case,  the  den- 
sity vriW  be  constant  over  a 
section  DH  perpendicular  to 
OA.  Hence,  taking  two  such 
sections,  DH  and  EF,  at  a 
distance  dx  from  each  other, 
the  density  of  the  solid  between 
them  may  be  considered  imi- 
form,  and  this  portion  of  the 
solid  may  be  taken  as  the  ele- 
ment of  mass. 
In  the  second  case,  the  density  will  be  constant  throughout  a 
portion  of  the  body  in  which  x  and  y  are  constant ;  that  is,  along 
a  perpendicular  to  the  plane  AB ;  and  the  element  of  mass  may 
be  taken  as  the  prism  N  Q/ig,  the  area  of  whose  base  is  dxdy,  and 
which  intersects  the  bounding  surface  in  the  area  NMQP. 

In  the  third  case,  the  density  is  not  the  same  at  any  two 
points,  and  the  element  of  mass  must  be  taken  as  a  small  rect- 
angular prism,  str,  whose  volume  is  dxdt/dz. 


Fig.  228. 


Examples. 

1.  In  the  problem  just  discussed,  find  the  centre  of  mass  when 
the  density  at  any  point  is  proportioual  to  its  distance  from  the 
plane  BC. 

Here  p-=  \j.x;  also,  the  equation  of  the  ellipsoid  being 

q  o  9 

the  ellipse  BR  satisfies  the  equation 
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which  shows  that  the  axes  GH  and  GD  are 


J    and    c  A  /   ' ^ ' 

(r  '  x/  a- 

respectively.     Hence,  10  being  =  dx,  the  element  of  mass  is 

a? 

■nu.hcx{\ ^)dx; 

a" 

and  since  the  centre  of  mass  of  this  element  is  ultimately  a  point 
whose  co-ordinates  are 


^'3^  V'~^''     """^    37A/I-- 


X 


^{\-t^\dx 


a;  =  -:: : =  7-r  a; 


(see  Ex.  3,  p.  312),  we  have 

Jo  a 

J  fa                  y."-    a 
x(l 7.)  dx  . 

'   ^^  r.(i-^:)<i.   ''" 

Jo  « 

the  value  of  5  being,  of  course,  — — • 

2.  If  the  density  at  any  point  of  the  ellipsoid  is  fixy,  find  the  centre 
of  mass. 

Taking  a  prismatic  element  of  volume  NQnq,  the  element  of  mass  is 

p-xyzdxdy, 

z  being  the  height,  Mm,  of  the  prism. 

The  co-ordinates  of  M  being  x,  y,  z,  those  of  the  centre  of  mass  of 

z  .^-^ 

this  prism  are  evidently  x,  y,  ^  •      Hence 

ffo^yzdxdy       .       ffxj^zd^dy        _  _     J'fxy^dxdy 
^  ~  ffxyzdxdy  '         ""  f/xyzdxdy  '      "  ~      ffxyzdxdy 

The  integrations  may  be  performed,  first  with   regard  to  y,  from 
2/  =  0  to  y  =  GH ;  and  then  with  regard  to  x,  from  .r  =  0  to  a;  =  OA. 

^'ow,    ffxyzdxdy  =  cffxy{l 2  —  ^)  ^^dy; 

and,  integrating  first  with  regard  to  y,  we  have 

per'  a?      f- \  b\        :.f  A 
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since  from  the  equation  of  the  ellipse  AB,  the  value  GH  of  y  makes 
1 5  —  rr  vanish.     Hence 

ffxyzdxdy  =  —J    x{\  -  -^)  dx  =  -j^ • 

In  the  same  way, 

ffx^yzdxdy  =  -^  /    x\\  -  ^)  dx, 
o  Jo  a 

■which,  by  putting  x  =  a  cos(f),  is  easily  seen  to  be  — — ; — •      Hence 

96 

X  =  ——  •  a,  and  f/  =  — —  •  b ;  and  it  is  easih-  found  that  z  ^  —c. 
32  *        3Z  "  8 

3.  If  the  density  at  any  point  in  the  solid  is  proportional  to  the 
product  of  the  co-ordinates  of  the  point,  find  the  centre  of  mass. 

Here,  at  any  point,  we  have  p  =  /x .  xyz,  and  the  element  of  mass 
being  fjixi/zdxdydz,  we  have 

fffx^yzdxdydz 

with  similar  values  of  y  and  z.  If  we  first  integrate  from  s  =r  0  to 
2=  mM  (Fig.  228),  we  shall  have  the  contribution  of  the  prism  NQnq 
to  the  summation.  Integrating,  then,  with  respect  to  z,  considering 
X  and  y  constant,  we  have 

f/fx-yzdxdydz  =  \//x~y{mMf.dxdy 


=  ^jjxy{l---'-)dxdy, 


since  M  is  a  point  on  the  bounding  surface  of  the  ellipsoid.  Let  this 
latter  integration  be  first  performed  with  respi-ct  to  y,  considering  x 
constant,  from  y  ^=  0  io  y  =  Gil,  and  we  shall  then  have  the  con- 
tribution of  the  mass  contained  between  the  sections  I) II  and  £F. 


Hence  ff/o^yzdxdydz  =  "^  /    a:-(l  -  -^dx  =  — 


105 
as  easily  appears  by  putting  x  =  o  cos  (p 


48 


It  will  be  found  without  difficulty  that  yjyxyzdxdydz  ■= 

-       16         .       16  16 

Hence  a;  =  —  a,     y  =  -—0,    and    z  ■=  —c. 

So  00  00 


4.  Find  the  centre  of  mass  of  the  portion  of  the  elliptic  paraboloid 

it        tj  z 

--  +  ^  =  2  -  included  between  the  planes  xz  and  yz  and  a  plane 

a       b  c 

perpendicular  to  the  axis  of  s  at  a  distance  h  from  the  vertex. 


-6.] 


POLAR   ELEMENTS    OF   MASS. 


335 


Ans.  X  = 


15tt 


2/i 


.  _  166 

^  ~T57 


2h 

) 

c 


-I'- 


5.  At  each  point,  J/,  in  the  semi-axis  major  of  an  ellipse,  is  drawn 
a  line  pei-jjendicular  to  the  plane  of  the  ellipse,  its  length  being 
proportional  to  the  distance  of  J/  from  the  centre  ;  the  extremity  of 
this  perpendicular  is  joined  to  the  point  P  on  one  quadrant  of  the 
ellipse  such  that  PJI  is  perpendicular  to  the  axis  major.  Find  the 
ceutroid  of  the  volume  thus  generated. 

Ans.  If  at  any  distance,  x,  from  the  centre  the  perpendicular  to 
the  plane  of  the  ellipse  is  kx,  and  if  the  axes  of  x,  y,  and  z  are  the  axes 
of  the  ellipse  and  a  perpendicular  to  them,  we  have 


i:6~= 


y- 


■nka 

Te"' 


6.  Through  a  diameter  of  the  base  of  a  right  cone  are  drawn  two 
planes  cutting  the  cone  in  parabolas  ;  find  the  centroid  of  the  volume 
of  the  cone  included  between  these  planes  and  the  vertex. 

Ans.  It  is  on  the  axis  at  a  distance  from  the  vertex  equal  to  |  of 
height  of  cone. 

7.  A  plane  cuts  off  a  constant  volume  from  an  ellipsoid  ;  find  the 
locus  of  the  centroid  of  the  portion  cut  off. 

Atis.  An  ellipsoid  similar  to  the  given  one,  and  similarly  placed 
(see  Example  2,  p.  312,  the  theorem  of  which  is  equally  applicable  to 
surfaces). 

176.]  Polar  Elements  of  Mas8.  Let  Fig.  229  represent  the 
portion  of  the  volume  of  a  solid  included  between  its  bounding 
surface  and  three  rectan- 
gular co-ordinate  planes. 
Then  the  solid  may  be 
broken  up  into  elements  in 
the  following  manner  : — 

(1)  Through  the  axis  of 
z  draw  two  close  planes 
cutting  the  bounding  sur- 
face in  cm'ves  zTt  and  zS 
(called  mendiam) ;  and  let 
the  angles  BOx  and  SOx  be 
denoted  by  <f>  and  <f)  +  d(f>, 
respectively. 

(2)  Round  the  axis  of  z  describe  two  right  cones  with  the 
semi-vertical  angles  zOP  and  zOQ,  equal  to  6  and  0  +  dd, 
respectively. 


Fig.  229. 
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(3)  "With  0  as  centre,  describe  two  close  spheres  whose  radii, 
Os  and  Ot,  are  equal  to  /  and  r  +  dr,  respectively. 

These  planes,  cones,  and  spheres  will  then  determine  the  small 
rectangular  parallelepiped  m»tq,  whose  volume  =  ms  x  sq  x  sf. 

Now,  perpendiculars  from  t/i  and  s  on  Oc  will  each  be  equal  to 
Os .  sin  rO*,  or  r  sin  9,  and  they  will  include  an  angle  equal  to 
BOS,  or  d<{> ;  therefore  ms  =  r  sin  6  dip.     Also, 

sq  =  Os .  sin  gOq  =  rdO  ;  and  si  =  r/r. 
Therefore     the    volume     of    the    elementary    parallelepiped 
=  i^sind  dr  dd  d<p ;  and  if  p  is  the  density  of  the  solid  at  s,  the 
element  of  mass  is  pr^  sin  6  drd  6  d<\>. 

Again,  the  co-ordinates  of  the  centre  of  mass  of  this  element  are 
ultimately  the  same  as  those  of  * ;  therefore  they  are 
r  sin  6  cos  <p,     r  sin  6  sia  (/>,     and     r  cos  d  ; 
and  for  the  centre  of  mass  of  any  finite  portion  of  the  solid  we 
have  _  _  fffp  ;-3 sin^  6 cos  <i>  dr  ded<}> 

*~      ff/pr^  sine  drded(p      ' 

/// pi^sm^0s\n<pdrd6d^ 

^^      ///prUinddrdOd<f)     ' 

/// pr^  sine  cos edrdddcj) 

^~      f/fpr^sinedrded<\>      ' 

the  limits  of  integration  being  determined  by  the    figure  of 

the  portion  of  the  solid  considered. 

The  angles  6  and  (p  are  sometimes  called  the  colatitude  and 
longitude,  respectively. 

Examples. 

1.  Find  the  centre  of  mass  of  a  portion  of  a  solid  sphere  contained 
in  a  right  cone  whose  vertex  is  the  centre  of  the  sphere,  the  density 
of  the  solid  varying  as  the  n^^  power  of  the  distance  from  the  centre. 
Take  the  axis  of  the  cone  as  that  of  z,  and  any  phme  through  it 
as  that  from  which  longitude  is  measured.  Then  it  is  clear  that 
S  =  y  =  0,  and  we  have 

-  _  ///r'-^^sine  cose drdedcf} 
*~'    ///r"-'^smedrded(t> 
Performing  the  integration  first  with  respect  to  r,  considering  0  and  (f> 
constant,  from  j-  =  0  to  r  =  a,  the  radius  of  the  sphere,  we  have 
__H  +  3     f/sinecoaddedij) 
^-^+4^      //sinedOd<j) 


^n^ 
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Perfornriiig  the  integration  now  Tvith  respect  to  ^,  the  longitude, 
which  runs  from  0  to  277,  we  have 

.  _  n  +  3      /sin  Qca^QdQ 
^-^^''      fainedO 

If  a  =  the  semi-vertical  angle  of  the  cone,  the  limits  of  0  are  0  and  a. 


Therefore 


n+3    a 

n  +  4  '  2 


(1  +cosa). 


2.  Find  the  centre  of  mass  of  a  prism  whose  base  is  a  given  sj)herlcal 
triangle  and  whose  vertex  is  the  centre  of  the  sphere  on  whicli  the 
triangle  is  described. 

Let  0  (Fig.  227)  be  the  centre  of  the  sphere,  and  take  OC  as  axis 
of  z.  From  C  draw  the  perpendicular  p^  to  the  base  AB,  and  let  2t 
be  the  radius  of  the  sphere. 

Tlie  value  of  z  given  as  a  triple  integral  may  be  modified  in  the 
present  case. 

Let  dS  denote  any  small  element  of  area  at  any  point  P ;  then 
the  volume  of  a  cone  wliose  base  is  this  element  and  vertex  the  centre 
of  the  sphere  is  ^  Iid,S,  and  the  distance  of  its  centre  of  mass  from  the 
plane  of  xi/  is  (Art.  163)  f  E  cos  6.     Hence 

._  3     fcosOdS 
^-4         /dS      ' 

Now  cos  6  .dS  is  the  projection  of  the  element  dS  on  the  plane  of 
xi/  ;  therefore  the  numerator  is  the  projection  of  the  whole  area  ABC 
on  this  plane,  which,  as  in  Example  2,  p.  326,  is  JcA'sinpj-     Hence, 

. 3        c  sin  2?5 

''~S  A+B  +  C-tt' 

3.  A  cardioid  revolves  round  its  axis ;  find  the  centre  of  mass  of  the 
solid  generated. 

Ans.  It  is  at  a  distance  from  the  cusp  equal  to  *  of  the  axis. 

177.]  Theorems  of  Pappus.  If  a  jjhne  area  revolve  through 
any  angle  round  a  line  i>i  itg  jilane, 
the  volume  generated  is  equal  to  the 
area  of  the  revolving  figure  multiplied 
hy  the  length  of  the  path  described  ly 
its  centroid. 

Let  AB  (Fig.  230)  be  the  revolving' 
figure,  and  Ox  the  line  about  which 
it  revolves.  Let  the  area  be  broken 
up  into  an  indefinitely  great  number 
of  rectangular  strips,  such  as  PQqp, 
by  lines  perpendicular  to   Ox.     Then  the  volume  generated  by 

VOL.  I.  z 
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this  strip  in  revolving  through  an  angle  w  is  evidently  equal  to 

or  im{y.,^-yj^)dx, 

denoting  P31,  jjM,  and  3IN  by  j/o,  ^i,  and  dx.  Hence  if  F 
denote  the  whole  volume  generated, 

V    -\~  V 

Now  the  distance  of  the  centroid  of  the  strip  from  Ox  is     -    '  ^ ; 

and  the  area  of  the  strip  is  (^2—^1)  '^^^  Hence,  denoting  these 
quantities  by  y  and  ilA  respectively, 

A  denoting  the  whole  revol\-ing  area  and  y  the  ordinate  of  its 
centroid.  Now  in  revolving  through  the  angle  to,  the  centroid 
of  the  area  describes  a  circular  arc  whose  length  is  coy.  Hence 
the  theorem  is  proved. 

If  the  axis  Ox  intersects  the  revolving  figure,  the  theorem 
still  applies  with  the  convention  that  the  volumes  generated  by 
the  portions  of  the  figure  at  opposite  sides  of  Ox  are  affected 
with  opposite  signs. 

Again,  if  the  arc  of  any  plane  curve  revolve  ilirovgli  any  angle 
round  a  line  in  its  plane,  the  area  of  the  surface  generated  is  equal 
io  the  length  of  the  revolving  arc  multiplied  by  the  length  of  the 
jiath  described  by  its  centroid. 

For,  the  surface  generated  is 

o^fyds,     or     oiL.y, 

L  being  the  whole  length  of  the  revolving  arc  and  y  the  ordinate 
of  its  centroid.  As  before,  <o  y  is  the  length  of  the  circular  arc 
described  by  the  centroid  of  the  revolving  arc,  and  the  theorem 
is  evidently  proved. 

If  the  revolving  arc  intersects  the  line  Ox,  the  theorem  is  true, 
with  the  previous  convention  of  signs. 

178.]  Extension  of  the  Theorems  of  Pappus.  The  previous 
theorems  can  be  easily  extended  to  the  case  in  which  the  plane 
of  the  revolving  figure,  instead  of  revolving  round  a  fixed  Hne, 
rolls  vjithout  sliding  on  any  developable  surface,  and  the  first 
theorem  will  then  become^ 
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If  the  plane  of  any  plane  area  rolls  without  sliding  on  a  develop- 
able surface,  the  volume  generated  li/  the  area  in  moving  from  one 
position  to  another  will  he  equal  to  the  area  of  the  revolving  fgure 
multiplied  tjij  the  length  of  the  path  described  by  its  centroid. 

A  similar  enunciation  gives  the  second  theorem. 

These  propositions  are  evidently  true,  because  in  an  indefinitely 
small  motion  the  figure  is  revolving  round  a  generating  line  of 
the  developable,  and  for  such  a  small  motion  the  theorem  of 
Pappus  gives  the  volume  generated  equal  to  the  area  x  small 
space  described  by  its  centroid.  Taking  the  sum  of  all  such 
elements  of  volume  from  one  position  of  the  figure  to  another, 
we  have  the  theorem  of  this  Article. 

It  is  clear  also  that  the  theorems  hold  in  the  case  of  a  plane 
area  which  moves  in  such  a  manner  as  to  be  always  normal  to 
the  path  described  by  its  centroid.  For  the  area  may  at  any 
instant  be  considered  as  revohang  round  the  line  of  intersection 
of  two  consecutive  normal  planes  of  the  curve  which  the  centroid 
describes,  and  the  theorems  are  then  directh-  applicable. 

179.]  Volume  of  a  Truncated  Cylinder  or  Prism.  Let  A 
and  B  denote  the  sections  of  a  cylinder  or  prism  made  by  any 
two  planes.  Through  any  line  L  passing  through  the  centroid, 
G,  of  B  draw  any  plane,  B',  inclined  at  an  angle  to  B.  Then 
G  is  the  centroid  of  the  section  B',  since  this  section  is  the 
projection  of  B  made  by  lines  parallel  to  the  generators  of  the 
cylinder  or  edges  of  the  prism,  and  since  (Art.  173)  the  cen- 
troid of  the  projection  of  any  jjlane  surface  is  the  projection  of  its 
centroid.  Also,  the  volume  between  the  sections  B  and  B'  on  one 
side  of  the  line  L  =  the  volume  between  them  on  the  other  side, 
as  we  see  by  breaking  up  the  area  B  into  an  infinite  number  of 
infinitely  small  elements  of  area,  and  constructing  slender  prisms 
on  each  one,  dS,  of  these  elements,  the  prisms  being  terminated 
by  B'.  liy  is  the  perpendicular  on  L  from  the  middle  of  dS,  and 
y  =  angle  between  the  planes  B,  B',  the  volume  of  the  coiTespond- 
ing  prism  —  tan  y  .ydS  ;  therefore  the  total  volume  between  the 
planes  B,  B'  is  tan  yfydS,  which  =  0,  because  L  passes  through 
the  centroid  of  the  area  B.  In  other  words,  the  volume  of  the 
prism  or  cylinder  contained  between  the  sections  A  and  B  is 
equal  to  that  contained  between  the  sections  A  and  B'.  Allowing 
B'  to  revolve  again  about  L  through  any  angle,  the  same  reason- 
ing applies,  and  we  see,  finally,  that  for  the  sections  A  and  B 

z  2 
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may  be  substituted  any  two  passing  through  their  respective  cen- 
troids,  and  the  included  volume  will  be  unaltered.  Let  two 
parallel  sections,  each  jierpendicular  to  the  axis  of  the  prism  or 
cylinder,  be  substituted,  and  the  included  volume  will  be  12  .  ^, 
where  12  is  the  area  of  either  normal  section  and  h  the  distance 
between  them. 

180.]  Equilibrium  of  a  Heavy  Body  on  a  Horizontal  Plane. 
^  hen  an  indefomiable  body  rests  on  a  horizontal  plane,  the 
contact  taking  place  at  several  points,  either  continuous  or  not, 
it  is  kept  in  equilibrium  by  two  forces — namely,  its  own  weight 
and  the  reaction  of  the  plane.  The  condition  necessary  and 
sufficient  for  the  equilibrium  of  such  a  body  is  that  these  two 
forces  must  be  equal  and  opposite.  Now  this  will  be  impossible 
unless  the  jxiints  of  contact  of  the  body  with  the  plane  can  be  so 
connected  by  right  lines  as  to  form  a  polygon  within  the  area  of 
which  the  vertical  through  the  centre  of  gra\'ity  of  the  body 
intersects  the  plane.  For,  whether  the  jjlane  be  rough  or  smooth, 
resolve  all  the  reactions  at  the  points  of  contact  vertically.  Then 
it  is  evident  that  the  resultant  of  the  system  of  parallel  vertical 
forces  at  the  points  of  contact  must  necessarily  fall  within  some 
polygon  whose  vertices  are  these  points ;  therefore,  &c. 

The  student  must  be  careful  to  observe  that  this  condition, 
though  necessary  in  the  cose  of  a  deformable  system,  is  not 
sufficient  (see  Article  86).  Thus,  in  Example  IG,  p.  253,  it  is 
not  true  that  the  deformable  system  of  two  bars,  AB  and  BC, 
wiU  rest  in  any  position  in  which  their  common  centre  of  gravitj- 
Iklls  between  the  props. 


Examples. 

1.  To  find  the  volume  and  surface  of  a  tore. 

(A  tore  is  a  surface  generated  by  the  revolution  of  a  circle  round  a 
line  in  its  plane.) 

Let  r  be  the  radius  of  the  circle,  and  c  the  distance  of  its  centre 
from  the  axis  of  revolution.  Then  the  volume  of  the  tore  is  evidently 
■J7r^x2Trc,  or  2w*cr';  and  the  surface  is  2 tttx  2 ire,  or  4ir-cr. 

2.  A  triangle  revolves  round  a  line  in  its  plane ;  find  the  volume 
generated. 

Ans.  If  the  distances  of  the  vertices  from  the  lines  are  Xj,  0:2,  a,, 

111  A 
and  A  the  area  of  the  triangle,  the  volume  =  — -—  (ar^+Xj+x,). 
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3.  From  the  Theorems  of  Pappus  deduce  the  volumo  and  surface  of 
a  frustum  of  a  right  cone. 

(Consider  a  trapezium  one  side  of  which  is  perpendicular  to  the 
two  parallel  sides.) 

4.  A  pack  of  cards  is  laid  on  a  table  ;  each  projects  in  the  direc- 
tion of  the  length  of  the  pack  beyond  the  one  below  it ;  if  each 
projects  as  far  as  possible,  prove  t'lat  the  distances  between  the 
extremities  of  the  successive  cards  will  form  a  harmonic  progression. 
(Walton,  p.  183.) 

5.  A  rectangular  column  is  formed  by  placing  a  number  of  smooth 
cubical  blocks  one  above  another,  the  base  of  the  column  resting  on  a 
horizontal  plane  ;  all  the  blocks  above  the  lowest  arc  then  turned  in 
the  same  direction  about  an  edge  of  the  column,  first  the  highest,  then 
the  highest  two,  and  so  on,  in  each  case  as  far  as  is  consistent  with 
equilibrium.  Prove  that  the  sum  of  the  sines  of  the  inclinations 
of  a  diagonal  of  the  base  of  any  block  to  the  like  diagonals  of  the 
bases  of  all  the  blocks  above  it  is  equal  to  the  sum  of  the  cosines. 
("Walton,  ibid.) 


CHAPTER    XII. 

EQnLIBRIlM    OF    FI.EX1BLE    STKIXGa 

181.]  Perfectly  Flexible  String.  A  string  is  said  to  be 
perfectly Jhxihle  when  at  even-  point  in  its  length  it  can  be  bent 
round  all  lines  passing  through  the  point  perpendicularly  to 
the  tangent  line  without  the  expenditure  of  work. 

From  this  definition  it  follows  that  the  internal  force,  or 
mutual  action  between  the  particles  at  each  side  of  any  normal 
section  of  such  a  string,  has  no  component  in  the  plane  of  the 
section  ;  this  force  must,  therefore,  be  entirely  normal  to  the 
section ;  or,  in  other  words,  the  internal  force  in  a  peifectly 
flexible  dring  ii  at  every  point  directed  along  the  tangent  line  to 
the  string. 

This  internal  force  we  have  called  the  tension  of  the  string, 
and,  like  all  int-ernal  forces  in  a  system,  it  is  a  mutual  action 
between  parts  of  the  system.  This  has  been  sufficiently  ex- 
plained already  (p.  31).  In  the  sequel  we  shall  use  the  term 
Jlexiile  string  as  ecjuivalent  to  perfectly  flexible  string. 

182.]  Imperfectly  Flexible  String.  No  effort  is  required 
to  bend  a  perfectly  flexible  string  at  any  point ;  but  if  we 
attempt  to  bend  an  imperfect!}'  flexible  string,  or  a  wire,  we 
encounter  a  certain  amount  of  resistance  according  to  the  degree 
of  inflexibility  or  rigidity  of  the  string  or  wire.  If  we  consider 
the  nature  of  the  mutual  forces  existing  between  the  particles 
on  each  side  of  a  normal  section  of  such  a  body,  we  shall  find 
that  these  forces  are  not  necessarily  reducible  to  a  single  re- 
sultant at  all.  In  the  general  case  of  a  wire  bent  and  twisted 
by  the  action  of  any  external  forces,  these  internal  actions  on 
the  particles  at  one  side  of  a  section  may,  of  coiu^e,  be  reduced 
to  a  single  resultant  force  and  a  single  couple ;  and  the  re- 
sultant force  may  be  applied  at  any  point  in  the  section,  the 
couple  varying  according  to  the  point  chosen.  All  this  will  be 
evident  from  the  general  reduction  of  a  s\"stem  of  forces  in 
Chapter  XIV. 
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183.]  Three  Methods  of  Investigation.  There  are  three 
methods  by  which  the  equilibrium  of  a  string'  or  wire  may  be 
treated — namely, 

1°.  We  may  isolate  an  infinitesimal  element  of  the  body, 
supplying  to  it  at  each  extremity  the  action  exercised  by  the 
neighbouring  portions  which  are  imagined  to  be  removed. 
This  is  the  principle  of  separate  equilibrium.  (Art.  34.) 

2".  We  may  apply  the  general  condition  that  for  any  system 
of  imagined  small  displacements — involving,  of  course,  in  general, 
slight  extensions  of  the  elements  of  the  string — the  whole  work 
of  the  system  of  forces,  internal  as  well  as  external,  is  zero  (see 
p.  121). 

3°.  We  may  consider  the  equilibrium  of  any  finite  portion  of 
the  body,  treating  it,  when  1/ie  figure  of  equilibrium  has  leen 
assumed  (see  p.  1 7),  as  a  rigid  hody. 

(See  Thomson  and  Tait,  I(at.  Phil.) 

We  begin  by  considering  the  equilibrium  of  a  perfectly 
flexible  string  which  suffers  no  elong-ation  under  the  action  of 
the  forces  which  will  keep  it  in  equililirium.  Such  a  body  is 
called  a  fierille  inextetmlle  string,  and  it  is  scarcely  necessary 
to  add  that  it  exists  only  in  the  abstractions  of  Rational  Statics. 


Section  I. 

Flexible  Inextensible  Strings. 

184.]  The  Common  Catenary.  Before  deducing  the  general 
equations  of  equilibrium  of  a 
string  acted  upon  by  any  system 
of  coplanar  forces,  we  shall  dis- 
cuss the  case  of  a  string  hanging 
under  the  action  of  gravitJ^ 
And  firstly,  let  us  suppose  the 
string  to  be  inextensible  and  of 
uniform  cross-section  and  density. 
Let  its  extremities  be  fixed  at 
two  points  B  and  C  (Fig.  231) 
which,  so  far  as  the  general 
properties  of  the  curve  formed  by 
the  string  are  concerned,  need  not  be  in  the  same  horizontal  line, 
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nor  need  there  be  a  horizontal  tangent  to  the  cui-ve  at  some 
point  of  the  string  between  them,  although  the  figure  represents 
a  case  in  which  there  is  such  a  tangent  (at  A).  The  first  obvious 
property  of  the  curve  of  equilibrium  is  one  that  has  already 
appeared  in  the  case  of  a  funicular  polygon  (p.  41)  from  whose 
vertices  any  masses,  equal  or  unequal,  are  suspended — viz.,  tie 
horizontal  component  of  the  tension  is  constant  at  all  points  on  the 
curve.  For,  let  P  be  any  point  on  the  curve,  A  the  lowest  point, 
the  tensions  at  these  points  being  T  and  r,  respectively,  and" 
consider  the  separate  equilibrium  of  the  portion  AP  of  the 
string.  Since  gravity  produces  a  vertical  force  acting  through 
the  centre  of  gravity,  G,  of  the  portion  AP,  if  we  resolve 
horizontal!}-  we  have  simply 

Teosd  =  T,  (1) 

where  6  is  the  angle  which  the  tangent  QP  at  P  makes  with 
the  horizon.  Moreover  the  string  must  take  such  a  shape  that 
the  vertical,  GQ,  through  the  centre  of  gravity  of  the  arc  AP 
passes  through  the  point,  Q,  of  intersection  of  the  "tangents 
at  A  and  P.  Indeed,  it  is  obvious  that  the  tangents  at  any  two 
points,  P,  P',  of  the  curve  must  intersect  on  the  vertical  through 
the  centre  of  gravity  of  the  portion  PP'  of  the  string ;  for, 
suppose  P'  to  be  any  point  on  the  curve  between  A  and  P,  and 
consider  the  separate  equilibrium  of  the  portion  P'P.  Three 
forces  keep  it  in  equilibrium,  viz.,  the  tensions  along  the 
tangents  at  P'  and  P,  and  its  weight.  These  forces  must  meet 
in  a  point  (Art.  105),  therefore,  &c. 

Again,  for  the  equilibrium  of  the  portion  AP  resolve  vertically. 
If  w  is  the  weight  of  the  string  per  unit  length,  and  if  the 
length  AP  is  s,  we  have 

Tsind  =  ?c.s.  (2) 

Take  the  horizontal  and  vertical  lines  through  A  as  axes  of 
X  and  y,  respectively.     Then  if  (x,  y)  are  the  co-ordinates  of  P, 

(l  X  (1:  7J 

we  have  cos  0  =  —  ,  sin  5  =  ^^ ;  also  (1)  and  (2)  give 

tan  9  =  ^*,  (3) 

i.e.,  the  tangent  of  the  inclination  of  the  cm-ve  at  any  point,  P, 
is  proportional  to  the  length  of  the  arc,  AP,  measured  from  the 
lowest  point.     The  tension  t  may  be  regarded  as  equal  to  the 
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weight  of  a  certain  length,  c,  of  the  string.     Put,  then,  r  =  w  .  c, 

and  we  have  .       ^      *  / ,  \ 

tan  0  =  -•  (i) 

c 

This   shows   that    if   along  the   tangent   at  P   we    measure   a 

length  PT  equal  to  the  length,  «,  of  AP,  and  at  T  erect  the 

perpendicular  TJI  to  meet  the  vertical  PJ/  through  P  in  M,  the 

length  TJI  is  constant  whatever  point,  P,  is  chosen  and  is  equal 

to  c.     Hence  P3I=  Vc^  +  s-.  (5) 

The  equation  of  the  curve  is  easily  found  from  (4).     Thus, 

since  tan  0  =  —>  we  can  obtain  the  relation  between  v  and  s : 
dr  ^ 

dy  ■=  -  rir,  (6) 


=  -  -/ds^  —  fJij''', 


'/(T  +  9^  .dy  =  sds, 
which  gives  by  integration 

y=  Vc^  +  s^  +  C,  (7) 

where  C  is  some  constant.     For  the  point  A,  we  have,  with  the 
chosen  axes,  y=Q,g— Q,  .-.C—  —c,  so  that  (7)  becomes 

y  +  c=  Vc-  +  i^ 

=  PM.  (8) 

Now  instead  of  di-awing  the  axis  of  x  at  A,  draw  it  at  a 
distance  c  below  A.  Let  AO  =  c,  and  let  Ox  be  the  new  axis 
of  X.  This  point  0  we  shall  call  t/ie  orighi  of  the  cuiwe,  and  the 
line  Ox  its  directrix.  Then  the  new  _y  of  P  is  e  +  the  pre^^ous  y. 
Hence  the  point  M  which  we  previously  determined  as  the 
intersection  of  a  perpendicular  to  the  tangent  PT  at  T  (where 
PT  =  *)  lies  on  the  new  axis  of  x  whatever  be  the  position 
of  P  on  the  curve,  and  therefore 

y  =  PM 

=  v'^qr^.  (9) 

We  can  find  the  relation  between  x  and  *  from  (6)  by  putting 

dy  =  Vds^  —  dj?.     This  gives 

,  cds 

which  gives  by  integration 

-  =  log^(«+  V<r  +  s-)  +  C, 
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where   C  is  some  constant,  and  e  denotes  the  Napierian  base 
of  logarithms.     Now  at  A  we  have  a;  =  0,  «  =  0,  .•.  C  =  —  log'<.<'i 

-  =  log. ,  (11) 


^f^^+vV+^^  (12) 


2V 


e'-e  ')•  (13) 


2' 

In  the  notation  of  hyperbolic  functions 

i{^ +  €-«)  =  cosh  6;      i(f«-e-9)  =  sinh0,  (14) 

so  that  for  the  curve  of  equilibrium  of  a  uniform  string  under 
the  action  of  gravity,  we  have 

•«  =  c  sinh—  •  (15) 

c  ^     ' 


Again,  since  ^  =  Vs^  —  c'^  =  c  a/  sinh^  r  ~  '-  ^^  have 
;/  =  c  cosh  - 


c 

X 


c 


=  |(,7 +,-?),  (16) 

which  is  the  simplest  equation  of  the  curve  in  rectangular 
co-ordinates. 

The  curve  of  equilibrium  of  a  uniform  flexible  inestensible 
string  under  the  action  of  gravity,  and  suspended  from  two 
points,  is  called  the  Commmi  Catenary.  A  uniform  chain  with 
fine  links,  suspended  from  two  points,  may  also  be  considered 
as  forming  the  Common  Catenary. 

If  one  end  of  a  string  is  fixed  at  B,  and  the  other  end  at  an}' 
point  such  as  P,  we  may  determine  the  curve  BPAC  of  which 
the  given  portion,  BP,  of  string  is  part,  and  we  may  imagine 
the  point  P  released  and  the  string  continued  through  P  to  anv 
other  point  on  the  curve  and  there  fixed.  If  this  were  done,  the 
portion  BP  would  be  in  precisely  the  same  state  as  that  in 
which  it  is  actually  when  the  string  has  its  ends  fixed  at  B 
and  P.  It  is  well  to  set  down  briefly  a  few  of  the  more  pro- 
minent geometrical  proiwrties  of  the  catenary. 
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Since  at  all  points  P  the  length  MT  is  equal  to  c,  the  length 
of  the  perpcrulk'idar  on  the  tangent  let  fall  from  the  foot  of  the 
ordinate  is  constant. 

Hence,  given  the  catenary,  to  construct  its  origin  and  hori- 
zontal axis- — 

On  IJie  tangent  at  any  jMint,  P,  meagnre  off  a  length,  PT,  cqnal 
to  the  arc  AP;  at  T  erect  a  perpendicular  TM  to  the  tangent 
meeting  the  ordinate  of  P  in  M;  then  the  horizontal  line  through 
M  is  the  directrix  of  the  curve. 

In  making  a  proper  figure  this  rule  will  be  found  of  great  use. 

The  imohite  of  the  catenary  which  starts  from  the  lowest  point  is 
the  Tractory. 

To  get  a  point  on  this  involute  we  measure  on  the  tangent, 
PT,  at  any  point,  P,  a  length  equal  to  the  are  AP.  From  (5) 
we  see,  therefore,  that  7  is  a  point  on  the  involute ;  and  since 
PT  is  a  normal  to  the  involute,  its  tangent  at  T  must  Ije  TM. 
But  from  (G)  Til/ is  constant ;  hence  the  involute  is  a  curve  such 
that  the  length  of  the  tangent  between  its  point  of  contact  and 
a  fixed  right  line,  Ox,  is  constant.  The  involute  is,  therefore, 
a  tractory  (see  p.  271). 

The  tension  at  any  point  of  the  catenary  is  equal  to  the  weight 
of  a  portion  of  the  string  whose  length  is  equal  to  the  ordinate  of 
the  jjoint. 

For,  by  (2),  if  T  is  the  tension  at  P, 

T=w.s  cosec  6  =  w.PT  cosec  PMT 
=  w.PM  =w  .y.  (17) 

It  follows  from  this  that  if  a  uniform  inextensible  string 
hangs  freely  over  any  two  smooth  pegs,  the  vertical  portions 
which  hang  over  the  pegs  must  each  terminate  on  the  horizontal 
axis  of  the  catenary. 

In  the  catenary  the  length  of  the  radius  of  curvature  at  any 
point  is  equal  to  the  length  of  the  normal  between  that  point  and 
the  directrix. 

For,  differentiating  (-1)  and  observing  that  jz  —  P'  where  p  is 

s^      P  y^ 

the  radius  of  curvatm-e  at  P,  we  have  l+-2  =  -'  •'•    P  —  ~.' 

and  the  length  of  the  normal  between  P  and  the  axis  of  x  is 

y  sec  0  or  —  . 
^  c 
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From  this  follows  the  result  that  ?y  the  catenary  revolren  round 
its  directrix,  Ox,  it  will  generate  a  surface  at  each  2^oint  of  tchich 
the  radii  of  curvature  of  the  two  principal  sections  are  equal  and 
opposite.  For,  at  the  point  P  on  the  surface  the  two  principal 
sections  are  those  made  by  (he  plane  of  the  figure  (i.e.,  the 
plane  of  the  revolving  curve)  and  by  a  plane  through  the 
normal  to  the  curve  at  P  pei-pendicular  to  the  plane  of  the 
figure,  and  the  radii  of  cur\-ature  of  these  sections  are  the  radius 
of  curvature  of  the  revolving  curve,  and  the  length  of  the  normal 
between  P  and  the  axis  of  revolution. 

Again,  ffiven  any  tiro  points,  A,  B,  and  any  line,  L,  coplanar  with 
A  and  B,  the  curve  of  given  length  passing  through  A  and  B  whose 
ceniroid  is  at  a  maximum  distance  from  the  line  L  is  a  catenary. 
For,  imagine  the  curve  of  given  length  to  be  formed  by  a 
uniform  flexible  inextensible  string,  and  let  the  plane  of  L,  A,  B 
be  placed  so  that  the  line  L  is  horizontal  and  above  both  A  and 
B  or  above  one  of  them.  The  extremities  of  the  string  being 
fixed  at  A  and  B,  if  the  string  is  displaced  in  any  manner,  we 
know  that  it  will  return  to  the  catenary  form.  But  (Art.  121) 
it  will  always  return  to  tlie  form  in  which  its  centre  of  mass 
is  in  the  lowest  position  that  it  can  occupy ;  therefore  the 
centre  of  mass  of  the  catenaiy  form  is  lower  than  that  of  any 
other  form  into  which  the  string  may  be  altered.  Another 
property  is  this — if  a  parabola  rolls  along  a  right  line,  loithoid 
sliding,  the  locus  of  its  focus  is  a  catenary.  If  a  rough  cui've 
in  the  form  of  an  inverted  catenary  with  its  axis  AO  (Fig.  231) 
vertical  is  fixed  in  a  vertical  plane,  and  a  uniform  rectangular 
board  whose  height  is  2  c  is  placed  with  its  centre  of  gravity 
vertically  over  the  vertex  A  of  the  curve,  this  board  will  be 
in  equilibrium  in  all  positions  into  which  it  can  be  displaced 
by  rolling  along  the  curve.  For,  when  it  rolls  so  that  its  side 
becomes  the  tangent  TP,  its  centre  of  gravity  will  be  31,  since 
MT  =  c,  and  M  is  vertically  over  the  point  P  of  contact  of  the 
board  with  the  curve,  and  if  the  angle  T3IP  is  less  than  the 
angle  of  friction,  the  board  will  rest  in  this  position. 

It  will  be  readily  seen  that  the  differential  equation  of  the 

catenary  can  be  written  in  the  form  c^  j^  =  y,  and  that  the  area 

0AP3I  =  twice  the  area  of  the  triangle  PT31. 

It  is  well  to  observe  that  if  any  mass  is  suspended  from  a 
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given  point  of  a  catenarj-,  the  continuity  of  the  curve  ceases  at 
that  point,  and  the  portions  of  the  strings  at  opposite  sides  of  the 
point  must  he  treated  as  Lranches  of  two  distinct  catenaries. 

185.]  Any  String  under  the  action  of  Gravity.  Let  Fig.  23 1 
represent  a  string  whose  mass  per  unit  length  varies  according 
to  any  law,  with  any  two  points  in  it  fixed  and  hanging  in 
equilibrium  under  the  action  of  gravity.  Let  w  be  the  weight 
per  unit  length  at  any  point  of  the  string.  This  quantity  we 
may  imagine  as  measured  thus :  at  any  point  take  an  in- 
definitely small  length,  A*,  of  the  string,  and  let  A//'  be  the 

A/r  . 
weight  of  this  portion  ;  then  — —  is,  when  A  «  is  taken  infinitely 

small,  the  weight  of  the  string  at  the  point  per  unit  length. 

dW 
In  the  notation  of  the  Differential  Calculus,  lo  =  — —  • 

(h 

Consider,  as  before,  the  separate  equilibriimi  of  the  portion  AV. 

The  weight  of  this  portion  is  /  wds,  and  the  string  must 

such  a  form  that  this  force  passes  through  Q,  the  point  of  inter- 
section of  the  tangents  at  the  ends  A  and  P.  Denoting  by  0 
the  angle  made  by  PQ  with  the  horizon,  and  by  r  the  tension 
at  A — the  tangent  at  this  point  being  supposed  horizontal — 
we  have  Tcos^  =  r  (1) 


assume 


Tsin^ 


=  /   wds.  (2) 

Jo 


If  the  end  A  is  such  that  the  tangent  at  it  is  not  horizontal, 
let  T^  and  6^  be  the  values  of  T  and  0  at  it  ;  then  in  (1)  we  have 
merely  to  put  T^  cos  Q^  instead  of  r.     From  (1)  and  (2) 


T  tan  B 


=    (\od«.  (3) 

JO 


The  differential  equation  of  the  curve  is  obtained  by  differen- 
tiating (3)  with  respect  to  *  ;  thus, 

T^(tane)=K-.  (4) 

Taking  vertical  and  horizontal  lines  through  any  fixed  point 
as  axes  of  y  and  x,  respectively,  and  denoting  the  co-ordinates  of 
P  by  (x,  y),  the  last  equation  becomes 
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which  determines  the  law  of  variation  of  the  mass  per  unit 
length  at  each  point  so  that  the  string  should  hang  in  the  form 
of  any  given  curv'e.  In  (5)  the  diiferentiations  may  be  expressed 
in  terms  oi  x  alone  or_y  alone.     Thus 

^^=-.  (6) 

flas 
or  dp 


dy 


-/\^f 


(7) 


where  »  =  t-  • 
dx 

Coil.  In  order  that  the  string  should  assume  the  form  of  a 
right  line,  tan  0  must  be  the  same  at  all  points,  .-.  %o  =  0, 
as  is  a  priori  evident. 

186.]  Catenary  of  Uniform  Strength.  Suppose  the  string  to  be 
composed  of  homogeneous  materinl  and  to  have  a  cross-section 
of  variable  area,  in  such  a  way  that  at  every  point  the  area  of 
this  section  is  proportional  to  the  magnitude  of  the  tension  at 
the  point ;  then  the  curve  is  called  a  Caienari/  of  uniform  strength. 
To  find  the  form  of  the  string,  let  7u  now  stand  for  the  weight  of 
the  material  per  unit  volume,  and  let  o-  be  the  area  of  the  cross- 
section  at  any  point  P.  Then  the  weight  of  a  length  A.?  at  P 
is  wa^s,  and  the  weight  per  unit  length  is  loa.  Also  let 
T  ^  ji<T,    where  p   is    a    constant  (evidently  a   force   per  unit 

area).     Then  the  weight  per  unit  length  is  —  j    or ; 

'  or  P  P  cos  Q 

and  substituting  this  in  (4)  instead  of  v\  we  have 

4- (tan  0)  =  —  sec  ^,  (l) 

ds  ^         '       p 

.:    -^(tan0)  =  -sec2(?,  (2) 

dx^         '       p 

and  putting  sec^0  =  1  +tan-5,  we  have  by  integration 

e--+C,  (3) 

P 

where    C  is   a  constant.     If  the   axes  are  taken   through  the 
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lowest  point,  A.  of  the  curve,  6  =  0  and  x  =  0  at  A,  .-.  C—0, 

.:   -f  =  tan  —  (4) 

ax  J} 

from  (3)  ;  and  the  integral  of  this  again  is 

ic//  u-x        , 

—  =  —  log,  cos  —  +  6  , 
V  P 

where  C"  is  a  constant,  which  is  zero  •.•  a;  =  0,  j^  =  0  at  A. 

Hence  n  ,  wx  ,.> 

J'  =  — log.secy,  (o) 

which  is  the  equation  of  the  curve  referred  to  axes  through  its 
vertex. 

The  equation  of  the  curve  in  the  differential  form  ( 1 )  leads  to 

a   very  remarkable   expression  *.     Thus,    denoting    —    by  a,  a 

constant  linear  magnitude,  (1)  gives,  since  p  =.  --''     "'^**  '^w**^'* 

cos  0  =  —  ,  (0) 

P 

which  by  differentiation  again  with  respect  to  •*,  and  substitution 

from  (G),  gives  .  ^7 

./^^^  =  a-£.  (7) 

Integrate  this,  and  observe  that  (6)  gives  p  =  a  at  the  lowest 


point,  ^.     Then  +  y  ._«.      ^ 

log, =  -  (8j 


or  p  =  I  (e"  +  e    «)  (9) 

=  a  cosh-  J  (10) 

a 

which  is  of  exactly  the  same  form  as  the  Cartesian  equation  of 
the  Common  Catenary,  p  and  *  taking  the  places  of  y  and  x. 

Given  Ike  ichole  iceiijht,  IF,  of  the  catenary,  and  the  fcpan,  2  h, 
express  the  area  of  the  cross-section  at  each  point  so  that  there 
shall  be  a  constant  tension,  ;;,  per  imit  of  area  of  cross-section. 

Here    W  =  wfads,   where    jv    is    still  the  weight  per  unit 

T  T 

volume  of  the  material.     But  a  —  —  =  -  sec  d, 

P        P 

*  First  noticed,  I  beliere,  in  the  first  edition  of  this  work. 
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~    P 
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sec 


^'fda,,hy{3) 


whicli  determines  r,  and  since  cr  =—  sec  6, 

P 

IF     ,  wh 
o-  =  —  cot  —  sec  6. 

2p  p 

s 


(11) 


(12) 


But  by  (6)  we  have  sec  Oz—  =  cosh 


-—  cot  —  cosh  —  , 
27;         p  p 


0- 


(13) 


by  (10);  hence 

■f 
which  determines  the  area  of  the  cross-section  at  each  point. 

187.]  The  Parabola  of  Suspension  Bridges.  Suppose  a 
string-  to  be  attached  to  two  fixed  points,  and  let  each  element 
of  its  length  be  acted  on  b\'  a  force  in  a  constant  direction,  the 

magnitude  of  the  force 
being  proportional  to  the 
projection  of  the  element 
on  a  line  perpendicular  to 
the  direction  of  the  force. 
Then  it  can  be  shown 
geometrically  that  the 
figure  of  the  string  is 
that  of  a  parabola. 
Let  Oy  (Fig.  232)  be  the  direction  opposite  to  that  of  the  force 
on  each  element ;  Ox  a  tangent  to  the  curve,  perpendicular  to 
this  direction  ;  P  and  Q  any  two  points  on  the  string,  the 
tangents  at  them  being  PT* and  QT;  P3Iand  QiV  perpendiculars 
on  Ox.  Consider  the  separate  equilibrium  of  the  portion  PQ. 
The  forces  acting  on  it  are  the  tensions  in  the  directions  TP  and 
TQ,  and  the  resultant  of  the  parallel  forces  on  the  elements  of 
PQ.  This  resultant  must  pass  through  T,  and  it  also  passes 
through  the  middle  point  of  J/A',  since  its  constituent  forces  are 
all  proportional  to  the  elements  of  the  lineJ/i\l  Hence,  drawing 
TF  parallel  to  0//,  and  meeting  PQ  in  F,  the  point  F  must 
bisect  the  right  line  PQ. 


9 

^ 

y 

\ 

^ 

r 

^^\.^ 

_^ 

4 

C 

)         M 

JS 

I     " 

Fig 


232. 


i87.] 


EXAMPLES. 


353 


The  curs-e  of  equilibrium  of  the  string  is  therefore  such  that 
a  right  line  drainifrom  the  point  of  intersection  of  any  tico  tangents 
parallel  to  a  fixed  direction  bisects  tie  chord  joining  their  points  of 
contact. 

This  well-known  property  identifies  the  curve  with  a  parabola. 

It  is  to  be  observed  that  the  acting  forces  in  this  case  are  not 
a  conservative  system.  Hence  the  function  /'  (see  sequel) 
does  not  exist. 


Examples  of  Stkings  under  action  of  GEA\aTy. 

1.  A  uniform  string  of  length  I  hangs  over  two  fixed  points,  which 
Hre  ia  a  horizontal  line ;  from  its  middle  point  is  suspended  by  one 
1  end  another  string  of  equal  thickness  and  length  V.  Supposing  each 
i  of  the  two  tangents  of  the  former  string  at  its  middle  point  to  make 
an  angle  0  with  the  vertical,  to  find  the  distance  between  the  two 
fixed  points,  and  to  show  that  0  can  never  exceed  a  certain  value. 
(Walton's  Mechanical  Frobkms,  p.  123.) 

Let  the  fixed  points  be  F  and  Q  (Fig.  233),  RQCPM  the  string 
hanging  over  them,  CD  the  string  of  length  V  suspended  from  C,  the 
middle  point  of  the  first  string,  and  2d  the  distance  PQ. 

Then  (Art.  184)  the  arcs  FC  and  QC 
belong  to  two  distinct  catenaries.  Suji- 
pose  the  semi-catenary  to  vliich  PC 
belongs  to  be  completed,  and  let  A  be  its 
lowest  point.  Then  if  the  portion  AC 
were  supplied  to  the  string  CFM,  and 
the  point  A  fixed,  the  string  CD  and  the 
portion  CQR  might  both  be  removed, 
and  we  should  have  the  string  AP2I 
hanging  in  equilibrium.  Hence  (Art. 
184)  PM  terminates  on  the  horizontal 
axis  of  this  catenary.  The  same  re- 
marks apply  to  the  portion  CQR,  and 
since  the  two  portions  CFM  and  CQR 
are  exactly  similar,  it  follows  RM  is  the  horizontal  axis 
catenary  AF. 


of  the 


"We  shall  next  prove  that  AC  =  ^CD  = 


V 


Let  to  be  the  weight  per  unit  length  of  each  of  the  strings ;  let  T 
be  the  common  tension  of  the  portions  CP  and  CQ  at  C.  Then 
resolving  vertically  for  the  equilibrium  of  the  point  C, 

2  T  cos  9  =  wV. 
But  T=w.  C^'  (Art.  184),  N  being  the  point  in  which  CD  meets 
the  axis.    Hence  2  CA'  cos  6  =  I';    but  it  is  evident  from  Fig.  231  that 
CA'cos  6  =  AC  ;  therefore  AC  =  i  I'. 

VOL.  I.  A  a 
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Again,  c  being  the  parameter  of  the  catenary,  we  have  c  =■  AC 
X  tau  e ;  therefore  c  =  U'i^u6.  (1 ) 

Also,  denoting  ON  h\  x,  0  being  the  origin  of  the  catenary,  we 
have  X       _x 

AC='-{ec-e    C-), 

or  —  =  J  tan  d  [e '        —e    '         )  > 

Ix  2x 

.-.      2cotfl  =  e'        —e    ' 

Squaring  both  sides  of  this  equation,  adding  4  to  each  side,  and 
taking  the  square  root,  we  have 

2x  2x 

-^  cot  9  -  -—  cot  9 

2  cosec  0  =  e'         +e    '        ; 
which,  by  addition  to  the  last  result,  gives  easily 

x=  —  tan  6  log  cot  —  •  (2) 

x+d  x+d 

Again,  AP=^{e~^-e'"^), 

x+d  x+d 

and  PJ/=  I  (e~^  + e ""«"); 

thei-efore  by  addition  we  have,  since  CP  +  PM  ^=  hi, 

l  +  V         '^' 

Substituting  in  this  equation  the  values  of  c  and  x  given  by  (1)  and 
(2) ;  and  taking  logarithms,  we  have 

2ci=rta„t)log(^.-^),  (3) 

which  is  the  required  distance  between  P  and  Q. 

Since  d  cannot  be  negative,  the  expression  whose  logarithm  is 
taken  in  (3)  must  be  >  1.  Hence  {I  + 1')  tan  ^0>l' tan  d  ;  and  substi- 
tuting for  tan  0  in  terms  of  tan  ^  0,  we  find  the  limiting  value  of  d 
given  by  the  equation  q       i ^' 

*'''"^2=/TF- 

5  2.  A  uniform  chain  hangs  over  two  smooth  pegs  in  the  same  hori- 
zontal line,  and  at  a  given  distance  ajiart ;  find  the  length  of  the  chain 
when  the  pressure  on  each  peg  is  a  minimum. 

Let  P  and  Q  be  the  pegs,  2«  the  distance  between  them,  /  the 
length  of  the  chain,  9  the  angle  which  the  tangent  to  the  chain  at  P 
makes  with  the  vertical,  PJ/the  portion  which  hangs  over  the  peg  P, 
and  C  the  lowest  pioint  of  the  chain. 
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a 

Then  CP  +  PM  =  ce?  (by  adding  the  values  of  f'P  and  PJ/),  or 

Z         - 

i  =  ceS  (1) 

an  equation  which  determines  I  in  terms  of  c.  .  1 1 

Again,  CF  =  c  cot  d,  and  /"i/"  =  c  cosec  6,  therefore  by  addition    r  i^>»-*-*^ 

tan|  =  e"'-  (2) 

Now,  the  pressure  on  the  peg  P  is  the  resultant  of  two  equal 
tensions,  one  along  PJ/  and  the  other  along  the  tangent  to  the  chain 
at  P.     Hence,  if  R  denote  the  pressure,  and  T  the  tension  at  P, 

R=  2rcos-- 

-       --  fl 

Substituting   for    T  the   value    hiL-c{e'^+e   '),  and  for  cos—  its 

value  obtained  from  (2),  we  have 


2a 

i?  =  «;c(e~+l)*.  (3) 

(IR 
Now,  c  must  be  determined  so  that  R  is  least ;  hence  "5~  =  *^>  ^"" 

we  obtain  easily  tii         c 

a—c 
for  the  determination  of  c  in  terms  of  a ;  I  is  then  known  from  (1). 
'   3.  Find  the  law  of  variation  of  the  mass  per  unit  length  at  each 
point  of  a  string  acted  upon  by  gravity  only  and  suspended  from  two 
fixed  points  in  order  that  it  may  hang  in  the  form  of  a  semicircle 
whose  diameter  is  horizontal. 

Let  vl£(=  2a)  be  the  horizontal  diameter,  0  the  centre  of  the 
circle,  P  any  point  on  the  curve,  0  the  angle  between  OP  and  the 
vertical.     Then  by  (4),  Art.  185, 

w  =  —iec?d 
a 

ta 

where  y  is  the  distance  of  P  from  the  diameter  AB. 

■  4.  A  heavy  string  whose  mass  per  unit  length  is  variable,  sus- 
pended from  two  fixed  points,  hangs  under  the  action  of  gravity  in 
a  curve  whose  intrinsic  equation  is  s  —f{6),  the  lowest  point  being 
the  origin  ;  prove  that  the  mass  per  iinit  length  at  any  point  varies 
inversely  as  cos"  6  -/'{d). 

5.  Prove  that  the  area  of  the  normal  section  at  any  point  of  the 
catenary  of  uniform  strength  is  proportional  to  the  radius  of 
curvature. 

A  a  2 
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6.  Fiud  the  law  of  variation  of  mass  per  unit  length  in  order  that 
a  string  may  hang  in  the  form  of  a  parabola. 

Ans.  The  mass  is  proportional  to  the  horizontal  projection  of  the 
curve  per  unit  length  of  arc  at  any  point.     (Compare  p.  352.) 

7.  If  a  string  hauga  in  the  form  of  an  ellipse  whose  axis  major  is 
horizontal,  prove  that  its  weight  per  unit  length  at  any  point  is 

ab  y- 

y  being  the  depth  of  the  point  below  the  axis  major,  and  b'  the  length 
of  the  semi-conjugate  diameter  con-espondiug  to  the  point. 
,  8.  A  telegraph  line  is  constructed  of  No.  8  iron  wire  whose  mass 
is  7-3  lbs.  per  1 00  feet  of  length  ;  the  distance  between  the  posts  is  1 50 
feet,  and  the  wire  sags  1  foot  in  the  middle  ;  show  that  it  is  screwed 
up  to  a  tension  of  about  205  lbs.  weight. 

9.  One  extremity  of  a  uniform  string  is  attached  to  a  fixed  point, 
and  the  string  rests  partly  on  a  smooth  inclined  plane  ;  prove  that 
the  dii-ectrix  of  the  catenary  determined  by  the  portion  which  is  not 
in  contact  with  the  j^lune  is  the  horizontal  line  di-awn  through  the 
extremity  which  rests  on  the  plane. 

1 0.  If  in  the  last  example  /  is  the  inclination  of  the  plane,  a  the 
inclination  of  the  tangent  at  the  fixed  extremity,  and  /  the  whole 
length  of  the  string,  prove  that  the  length  of  the  fiortiou  in  contact 
with  the  plane  is  i^^^^ 

cos  i  cos  (a  —  i) 

11.  A  hea%'y  uniform  chain  passes  over  a  fixed  smooth  peg,  one  end 
hanging  freely  while  a  portion  of  the  chain  of  length  2k  rests  on  a 
smooth  inclined  plane  of  inclination  i.  If  the  length  of  the  free  part 
is  h,  show  that  the  whole  length  of  the  chain  is  4Acos''i,  and  that  i 

cannot  be  >  -  • 
6 

12.  Given  two  smooth  pegs  in  a  horizontal  line,  find  the  least 
length  of  a  uniform  heavy  string  which  will  rest  over  them. 

Ans.  If  2  a  is  the  distance  between  the  pegs  and  e  the  Napierian 
base,  the  least  length  is  ae,  or  about  2-71828  a. 

13.  A  uniform  heavy  inextensible  string  rests  partly  on  a  rough 
horizontal  table,  and  partly  over  a  smooth  peg,  B,  fixed  at  a  given 
height,  h,  above  the  edge  of  the  table,  a  portion  BC  of  the  string 
hanging  vertically  over  the  peg  and  past  the  edge  of  the  table ;  find 
the  length  of  the  hanging  portion,  BC ,  so  that  its  weight  may  just 
suffice  to  drag  the  string  off  the  table,  the  string  and  the  peg  lying  in 
the  same  vertical  plane. 

Ans.  If  I  is  the  whole  length  of  the  string,  fj,  the  coefficient  of 
friction,  and  x  the  length  which  hangs  below  the  edge  of  the  table, 

[fx  {l—h)  —  {l  +  n)  xj  —  h^  +  21uc, 
only  one  value  of  x  being  admissible. 
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188.]  Gravitation  and  Absolute  Measure  of  Force.  In  the 
discussion  of  the  forms  assumed  by  strings  under  the  action 
of  gravity  we  have  determined  the  iveigkt  per  unit  length 
of  a  string  at  each  point  in  order  that  it  should  hang  in 
a  particular  form.  When  we  are  not  dealing  exclusively  with 
gravity  as  the  force  acting,  it  may  be  desirable  to  measure 
forces  in  ahxolute  measure.  Suppose,  to  fix  ideas,  that  we  adopt 
the  C.  G.  S.  absolute  system.  In  this  forces  are  expressed 
in  dynes,  and  mass  in  grammes.  If  we  have  a  mass  of  in 
grammes,  the  number  expressing  the  weight  of  this  mass  in 
dynes  would  be  about  98 Iw,  or,  more  accurately,  gxm,  where  y 
stands  for  the  acceleration,  in  centimetres  per  second  per  second, 
of  a  particle  ftilling  freely  in  vacuo  near  the  Earth's  surface 
at  the  place  where  we  are.  The  number  expressing  the  weight 
of  the  body  in  gra\*itation  measure  would  be  simply  tn — the 
same  as  that  which  expresses  its  mass — if  the  weight  of  1 
gramme  is  our  gi-a\'itation  unit  of  force.  In  the  British  absolute 
-system  forces  are  measured  in  poundals,  and  masses  in  pounds ; 
and  if  we  have  a  body  of  m  pounds  mass,  its  weight  in  gravi- 
tation measure  is  simply  rn,  if  the  weight  of  1  pound  is  the 
unit  of  force;  while  its  weight  expressed  in  poundals  is  about 
32  w,  or,  more  accurately,  i)X»i,  where  g  is  about  32  feet  per 
second  per  second. 

In  the  previous  articles  we  may,  if  we  choose,  use  w  to  express 
the  mass  of  the  string  per  unit  length,  while  regarding  its 
weight  as  gxio  in  absolute  units.  The  letter  10,  however, 
obviously  suggests  weight,  (i.  e.  force),  so  that  mass  is  usually 
represented  by  the  letter  m.  In  manj'  of  the  following  Articles 
wre  shall  denote  the  mass  of  a  string  per  unit  length  at  any 
point  by  m,  (grammes  or  pounds)  and  assume  forces  as  expressed 
in  absolute  measure  (dynes,  or  poundals). 

189.]  Tangential  and  Normal  Eesolutions.  Let  AB  (Fig. 
234)  represent  a  flexible  inextensible  string  in  equilibrium  under 
the  action  of  any  system  of  coplanar  forces  applied  continuously 
throughout  the  string.  Then  the  force  acting  on  it  per  imit 
mass  at  any  point  of  the  string  will,  in  the  general  case,  be 
expressed  as  a  function  of  the  co-ordinates  of  this  point  and 
their  differential  coefficients  with  respect  to  the  arc.  Thus, 
if  the  co-ordinates  of  P  are  (c,^),  the  plane  of  the  string  and 
forces  being  taken  as  that  of  xi/,  the  external  force  exerted  per 
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rniit  mass  at  F  will  be  of  the  form  (/>  [.r,  ?/),  and  therefore  the 
force  exerted  on  dm  units  of  mass  at  P  will  be 

(f>(x,y)(Im,     or     F.dm. 

Supjwse  then  that  we  consider  the  equilibrium  of  the  element 
PQ  of  the  string  ajiart  from  the  rest  of  the  string: — Let  the 
mass  of  the  string  per  unit  length  at  P  be  m  and  let  ds  be  the 
length  of  PQ.  Then  the  mass  of  the  element  is  mds,  and  the 
external  force  acting  on  it  is 

mF .  ds; 

iind,  in  addition,  it  is  acted  upon  by  two  tensions,  T  and  T+dT, 

along  the  tangents  at  its  extrem- 
ities P  and  Q.  These  three  forces 
must,  of  course,  meet  in  a  point. 

Let  Ft  and  Fn  be  the  tangent 
and  normal  at  P;  let  d6  be  the 
(very  small)  angle  between  the 
tangent  at  P  and  that  at  Q ; 
-<  v'^nd  let  ^  be  the  angle  between 
Fdni  and  Pf.  Then,  resolving 
Fig.  234.  forces  along  the  tangent  for  the 

equilibrium  of  FQ, 
{T +  dT)  cos  de  +  mFcos4>ds-T=  0; 
l)ut  cos  do  =  1,  neglecting  (doy ;  therefore  this  equation  gives 

dT 

-=-+;«Fcosrf)  =  0,  (1) 

ds 

I  which  means  that  the  rate  of  variation  of  the  tension  per  unit 

1  length  at   any    point   is   numerically  equal    to   the   tangential 

\  component  of  the  external  force  per  unit  length. 

Again,  resohdng  along  the  normal, 

{T+  dT)  sin  de-mFsm<pds  =  0  ; 

ds 
or  since  p,  the  radius  of  curvature  at  P,  is  equal  to  y^ , 

T 

m  Fsm<j)  =  0,  (2) 

P 
which  means  that  the  curvature  of  the  string  at  any  point  is 
equal  to  the  normal  external  force  per  unit  length  divided  by 
the  tension  at  the  point. 

190.]  General  Equations  of  Eqxiilibrium.     Let  the  external 
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force,  F,  per  unit  mass  at  P  be  resolved  into  two  components,  X 
and  Y,  parallel  to  any  pair  of  fixed  rectangular  axes.  Then  the 
components  of  force  acting  on  the  element  PQ  parallel  to  the 
axes  are  m  Xds  and  m  Yds.  Also  the  components  of  the  tension 
acting  at  the  end  P  are 

each  measured  in  the  positive  sense  of  the  corresponding  axis. 
The  components  of  tension  at  P  are  affected  with  negative  signs, 
since,  when  the  element  PQ  is  considered  apart  from  the  rest 
of  the  string,  the  tensions  at  P  and  Q  will  manifestly  give 
components  along  the  axis  of  x  in  ojjposite  senses ;  and  similarly 
along  the  axis  of  y. 

These  components  of  tension  at  any  point  will  be  functions 
of  the  position  of  the  point  on  the  string,  i.e.  functions  of  the 
length  of  the  string  measured  up  to  the  point  considered  from 
any  origin-point,  A,  on  the  string.  If  the  length  of  the  string 
AP  =  «,  we  shall  therefore  have 

and  the  component  of  the  tension  at  Q  is  therefore  /(«  +  ds),  or 

fis)+fis).de+ris)—+..., 

^dx       d  f^dx.  d^  ,    dx^    da^- 

or,  again,        T  ^^  +  ^^(T  ^)  .ds +  -^{T^^).  —  +  ...  . 

Hence  for  the  equilibrium  of  the  element  PQ,  resolving  forces 
parallel  to  the  axis  of  x, 

ds       ds  ^     ds  ■'  n« 

or,  rejecting  the  two  terms  which  cancel,  di\-iding  out  by  ds,  and 
then  diminishing  ds  indefinitely. 

Similarly  ^^(r  j|)  +  ,«r=  0.  (2) 

These  are  the  general  equations  of  equilibrium  of  the  string. 
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The  value  of  T  may  be  deduced  in  various  ways  from  these 
equations.     Thus,  performing  the  differentiations, 

^  d'-x       (IT    dx         ,,      ^  ,„^ 

^(Py      (IT   (ly         „      „  ,., 

Multiply   (3)  and  (4)  by  y- and  -y ,  respectively,  and  add; 

then,  remembering  that,  since  (-7-)+(t.  )    =1,  we  have  by 

.    .  dx  (Px      dy  (Py 

differentiation  _  _  +  -  ^^  =  0, 

(IT  f  tr'l^  -trdUs  ,.s 

it  follows  that       ^  +  m  {Xj-^  +  3  -^)  =  0  ;  (5) 

.-.     T=  C-fm  {Xdx  +  Ydy),  (6) 

which  is  precisely  the  same  as  (1)  of  last  Article. 

Another  expression  for  T  can  be  deduced  from  (l)  and  (2). 

They  give  by  integration 

dr 
T^  =  A-/mXds,  (Z) 

(IS 

T'^=B-/mY(h.  (8) 

Squaring  and  adding,  we  have 

J2  ^  (^  _y,„  xd.,f  +  [B  -fm  r./sf,  (9) 

A  and  B  being  the  constants  of  integration,  which  must  be  deter- 
mined by  a  knowledge  of  the  tension  at  some  particular  points. 

Again,  by  multiplying  (3)  and  (4)  by  -7^  and  y^  >  respect- 
ively, and  adding,  we  obtain 

T  f^d^x      ,.(Pv.       „ 

which  is  the  same  as  (2)  of  Art.  189,  since  the       ection-cosines 

d^x  (Py 

of  the  radius  of  curvature  are  —pj^>  — />yV  ■ 

The  curve  formed  by  the  string  is  found  by  eliminating  T  from 
(7)  and  (8) ;  hence  its  equation  is 
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If  the  external  force  at  every  point  of  the  string  is  normal  to 
its  direction,   the  tension   is  constant  throughout,   as  at  once 

appears  from  (5) ;  for  j'-,-  +7-^  is  the  tangential  component 

of  the  external  force  per  unit  mass.  This  is  the  case  when, 
for  example,  the  string  is  stretched  over  any  smooth  curve,  and 
acted  on  by  no  force  except  the  reaction  of  the  curve  and  two 
terminal  tensions  (which  must  be  equal).  Thus  we  have  proved 
the  truth  of  our  assumption  in  Art.  33. 

191.]  Catenary  of  Uniform  Strength  in  General.  The  force 
per  unit  mass  at  any  point  of  a  string  having  any  components  X, 
Y,  if  the  area  of  the  normal  section,  cr,  at  this  point  is  propor- 
tional to  T,  the  tension  at  the  point,  the  catenary  will  be  of 
uniform  strength.  If  then  f:  is  the  mass  of  the  substance 
of  the  string  per  unit  volume  at  any  point,  m  =z  ka  in  the 
previous  equations,  and  if  we  put  a  =  jiT,  where  fi  is  a,  constant 

(of  the  nature;^ ■)  >  into  (3)  and  (4)  of  Art.  190,  we  have 

^  lorce'' 

for  the  catenary  of  uniform  strength,  whose  equation  is  found 
by  eliminating  T  from  these  equations.  This  is  done  by  simple 
division,  and  we  have 

l^Ts'l^d^"    ^"^     d^~     Ts^ 

Remembering  that,  if  ^  is  the  angle  made  by  the  tangent  with 
the  axis  of  x,  we  have 

dx  dy        .     ,  ds 

-=cos<^,    ^  =  sin,^,     p  =  ^. 

this  equation  is  =  i'u-iV, 

P 

where  -A"  is  the  normal  force  per  unit  mass  measured  along  the 

normal  in  the  sense  of  p  ;   and  this  equation  could  have  been 

at  once  obtained  from  (2)  of  Art.  189. 

Consider  the  particular  case  in  which  the  applied   force  has 
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a  constant  direction  at  all  points  in  the  string ;  and  take  this 
direction  as  that  of  the  axis  of  j/.     Hence 

„         (h  (I  .diJs.        ,,.,(lii 

where  1"  is  the  force  per  unit  mass  at  the  point  [x,  y).  Com- 
paring these  with  the  equations  for  a  string  of  constant  section 
acted  on  by  parallel  forces  whose  intensity  is  Y  at  the  point 
{.V,  y),  we  see  that  the  two  curv-es  will  be  the  same  provided  that 

y,_    1    J-'^. 

/x      (h 

(Ix 
Thus,  if  J"' =  ^ -— ,    for  whieli  law   (see  Art.  187)  a  uniform 

catenary  would  hang  in  a  parabola,  the  catenaiy  of  uniform 
strength  is  the  common  catenary. 

192.]  String  acted  on  by  a  Central  Force.  When  the 
lines  of  action  of  the  forces  applied  to  the  various  elements  of  the 
string  pass  all  through  the  same  point,  the  force  acting  on  the 
string  is  said  to  be  ceutral,  and  this  point  is  called  the  centre  of 
force.  It  is  easy  to  prove  that  in  this  case  the  string  must  lie  in 
a  plane  passing  through  the  centre  offeree.  For  (Art.  189)  the 
plane  of  the  tangents  at  P  and  Q  must  contain  the  centre  offeree  ; 
and  since  two  consecutive  osculating  planes  have  a  tangent  line 
to  the  string  common,  these  two  planes,  having  in  addition  a 
point  (the  centre  of  force)  common,  must  be  identical.     Hence 

the  osculating  plane  is  the  same  at 

all  points  ;    or  the  string  must  lie 

wholly  in  one  plane. 

To  fnd   tlie  form  asmmed  hy  a 

string  acted  on  hy  a  given  central 

force. 

Let  0  (Fig.  235)  be  the  centre 

of  force   (supposed  repulsive),  PQ 
Pig.  23..  an   element   of  the    string   whose 

equilibrium  is  considered  apart,  r 
the  radius  vector  OT,  $  the  angle  POA  between  OP  and  a  fixed 
initial  line,  *  the  length  of  the  arc  AP,  and  p  the  perpendicular 
from  0  on  the  tangent  at  P.  Then,  for  the  equilibrium  of  the 
element  PQ,  taking  moments  about  0,  we  have 

moment  of  tension  at  P  =  moment  of  tension  at  Q ; 


mFds{--j-  +€), 
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or  Tp=Tp  +  d{Tj^),  ■        , 

where  ft  is  a  constant*. 

Denote  the  tensions  at  P  and  Q  by  7"  and  T+clT  respectively. 

Eesolve  the  forces  acting  on  PQ  along  the  tangent  at  P,  let 
m  =  mass  per  unit  length  at  P,  and  let  the  central  force  he  m  Fds. 
Then  this  force  passes  through  the  point  of  intersection  of 
tangents  at  P  and   Q,  and  the  cosine  of  the  angle  between  its 

direction  and  the  tangent  at  P  is ; — he,  where  <  is  indefinitely 

"  ci-i 

small.     In  the  equation  of  resolution  the  component  of  m  Fds  is 

dr 

ds 

so  that  e  may  be  neglected,  and  we  have 

dT=  -mFdr.  (2) 

Equations  (l)  and  (2)  determine  the  form  of  the  curve. 

If   the   central    force  is  attractive,  the  sign  of  F  must  be 

changed  in  (2),  and  the   curve   of  equilibrium  will  be  convex 

towards  0. 

It  is  usual  in  the  discussion  of  central  forces  to  denote  —  bv  n. 

r     ■ 

Making  this  substitution,  and  eliminatiiig  T  from  the  above 

equations,  we  ha ve      ,„jr  . 

— -  du  =  udt-)-  (•3) 

But  (Williamson's  Differential  Calculus,  Chap.  XII), 

Hence,  denoting -g- by  (^  («),  and  /(p{7i)dii  by  (pii'i),  an 
arbitrary  constant  being  implied  in  (p^  {11),  we  have  from  (3) 

It  is  often  more  convenient  to  retain  a  differential  equation  of 
the  second  order  for  wf.     DifiFerentiating  (4)  we  have,  dividing 


*  Of  course  this  proof  holds  whether  the  portion  PQ  is  an  element  of  length 
or  a  portion  of  any  length,  however  great. 

+  This  method  of  treating  the  equilibrium  of  a  string  acted  on  by  a  central 
force  is  taken  from  a  paper  by  Professor  Townsend  in  the  Quarterly  Journal  oj 
Pure  and  Applied  Mathematics,  1S74. 
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du 


out  by  J- ,  and  remembering  that  <^i'(«)  =  <l>  (11) 


cl-u  1         ,   \        /   \  /    V 

^2 +  "  =  ^<^iW  •*(«)•  (5) 

Now,  since  the  integration  of  (4)  gives  u  in  terms  of  6,  and 
introduces  an  arbitrary  constant  in  addition  to  that  already 
involved  in  <f>i{i'),  we  see  that  the  solution  of  the  problem 
involves  only  tiro  arbitrary  constants.  But  (5)  will  require 
two  integrations  to  express  11,  and  each  integration  will  intro- 
duce an  arbitrary  constant.  Hence  it  appears  that  in  this  way 
we  get  t/iree  arbitraiy  constants,  instead  of  two.     These  three 

are,  however,  easily  connected,  since  the  values  of  it  and  (j^) 

given  by  the  complete  integral  of  (5)  must  satisfy  (4)  for  all 
values  of  ji. 

As  an  example,  let  it  be  required  to  discuss  the  form  of  a  string 
of  uniform  section  and  density  when  the  central  repulsive  force  varies 
inversely  as  the  square  of  the  distance.  In  this  case  m  is  constant, 
and  F  =z  fj-'u",  j/  being  a  constant  which  obviously  denotes  the  magni- 
tude of  the  force  per  unit  mass  of  matter  at  the  unit  distance  from 
the  centre  of  force. 

Hence  we  have,  putting  mix'  =  /x, 

T=C+iJ.u, 
C  being  a  constant.     If  T^  denote  the  tension  at  a  point  A  of  the 

string  whose  distance  from  the  centre  is  -  >  we  have,  evidently, 

T=T,-iJ.a  +  iJiu 
=  fx{u  +  c),  suppose. 

Hence,  (pj +  u^- ^'^^{u  +  cf,  (6) 

which  gives,  by  differentiation, 

2  ■» 

U  UL" 

First,    suppose  that  y^<  1,   and   denote   1  — y^by   A.-,      Then   this 
equation  becomes         (Pu     ,«.        1  — A.^  ^ 

the  integral  of  which  is 

1-A- 

u  =  — -^—c  +  A  cos  A((?— a). 


1-y- 
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.(  and  a  being  the  constants  of  integration.     Substituting  this  value 
of  M  in  (6),  we  have  A  = -7, —  c,  and  therefore 

The  value  of  a   is   found  by   putting    u  =  a   and   0  =  the   angle 
belonging  to  the  point  A. 

When  d  =  a,-r^  =  0,  and  there  is  an  apse.     If  the  initial  line  be 
do 

taken  through  the  apse,  and  T^  and  a  belong  to  this  point,  we  have 

T                  h 
c  =  ——a  —  ( l)rt,  and  (8)  assumes  the  simple  form 

u  =  -^{'r  +  ooak6),  (9) 

■-r: " 

which  differs  from  the  focal  polar  equation  of  a  conic  in  having  the 
angle  multiplied  by  a  number.  A,  less  than  unity. 

„2  m2 

If  £L>  1^  we   must    put  j^— 1  =  X^    and    putting  iJ.a-T„  =  fJ-c, 
h  '<■ 

equation  (6)  becomes      ,<^  '     ^2  _  f^(,j_c)2, 

which  gives  u^l±fc  +  Ae^'  +  Be-'\  (10) 

the  constants  A  and  B  being  connected  by  the  equation 

Equation  (10)  can  obviously  be  written 

u  =  i^c  jl  +        } [eM^-.)  +  e-M^-»)]l.  (11) 

When  e  =  a,   there   is  an   apse,  and   if  the  initial   line  be  taken 
through  the  apse,  we  have,  in  the  same  manner  as  before, 

h 

If  ^=  1,  both   (9)  aud   (12)   give   u  =  a,    a.    constant;     and  the 
h 
figure  of  equilibrium  is  a  circle. 


or 
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Equation  (8)  can  be  written  in  the  form 

-  =  1  +ecosA(^— a), 

e'— 1 
where  A-  =  — -—  ,  and  (11)  can  be  written 

=  1  +  e  cosh  \{d  —  a), 


where  A'-*  = 


r 
1-e^ 


For  the  remarkable  analogy  between  the  curve  of  equilibrium 
of  a  flexible  string  and  the  orbit  of  a  particle  under  a  given 
force,  see  Professor  Townsend's  Paper,  and  Thomson  and  Tait's 
NaL  Phil. 

193.]  Apsidal  Angle.  To  find  the  angle  between  the  apsides 
in  a  string  whicli,  under  the  action  of  a  central  force,  assumes  a 
form  nearly  circular. 

Def.  An  apse  is  a  point  on  a  curve  at  which  the  radius  vector 
is  at  right  angles  to  the  tangent. 

Since  the  form  of  the  string  is  nearly  circular,  u  will  differ  from  a 
constant  value,  a,  by  a  small  variable  quantity,  x. 

Let,  then,  u=.a  +  x.  In  this  case  0,  (?t)  =  (/)j  (a)  +  a:<^(a), 
neglecting  higher  powers  of  x\  and  <^  (?<)  =  f/)  (ra)  +  .'):'f^'(a).  For 
shortness,  denote  </'i("),  <!>(«),  find  <^'{a)  by  <^j,  <^,  and  <p'  respectively. 
Then  (5)  of  last  Axt.  becomes 

^^  +  a+x=^,{^<^,  +  {<i>,<i>'  +  <i>-)x}.  (1) 

(Px 
But  if  the  string  were  exactly  circular,  x  and  -j^  would  always 


dep 


=  0  ;  therefore  a  =  -—  ,  or 


1  _    a 
Hence  (1)  becomes 

The  constant  a  may  be  chosen  as  the  reciprocal  of  the  radius  of 
any  circle  which  nearly  coincides  with  the  figure  of  the  string ;  but 
simplicity  is  gained  by  taking  it  equal  to  the  reciprocal  of  the  radius 
of  that  circle  in  which  the  tension  at  each  point  is  equal  to  the  mean 
tension  in  the  string. 

Now  in  a  circle  of  radius  -  the  tension  (see  (2),  Art.  189)  is  (kJ); 
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and  (2)  of  last  Art.  gives  T  in  the  curve  equal  to  <f>i{u),  and  there- 
fore the  mean  tension  =  </),.     Hence 

a4>  =  ((>,, 

and  (3)  finally  becomes       <Px      acj)'    _ 

If  — ^  be  positive,  the  value  of  x  in  terms  of  0  will  be  exponential, 

and  the  nearly  circular  form  becomes  impossible,  since  the  value  of  u 
increases  indefinitely  with  0. 

For  the  possibility  of  a  nearly  circular  form  — ^  must  be  negative, 

and  we  have  'P 

/  -aS'         ^ 
x=zAcos{/^/  — — — 0  —  a)- 

Kence,  since  at  an  apse  y^  =  0,  or  3—  ==  0,  we  shall  arrive  at  an  apse 
whenever  ^'^  '^'^ 

and  the  difference  between  two  successive  values  of  0  which  satisfy 
this  equation  is 

-atj)'' 


which  is,  therefore,  the  angle  between  the  apsides*. 

194.]  Diagram  of  Tensions.  When  a  string  is  in  equilibrium 
under  the  action  of  an}"  specified  distribution  of  force  on  its 
various  elements  of  length,  we  may,  of  course,  construct  a  force- 
polygon,  such  as  that  in  Fig.  30,  p.  42,  whose  sides  are  propor- 
tional and  parallel  to  the  resultant  forces  acting  on  the  successive 
infinitesimal  elements  of  arc  of  the  string.  Of  course  the  sides 
of  this  force-polygon  will  not  be  of  finite  length,  as  they  are  in 
Fig.  30  ;  they  will,  in  fact,  form  a  continuous  curve — let  us  say, 
the  force-curve.  And  again,  there  will  be  a  pole,  0  (Fig.  30), 
from  which  if  radii  vectores  are  drawn  to  the  force-curve,  these 
radii  vectores  will  be  parallel  and  proportional  to  the  tensions  of 
the  string  at  the  corresponding  points.  Hence  if  T  denotes  the 
tension  of  the  string  at  any  point  P,  and  i|f  is  the  angle  which 
the   tangent  at  P  makes  with  any  fixed  line   through   0,  the 

*  This  investigation  is  taken  from  the  paper  by  Professor  Townsend  pre- 
viously referred  to. 
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polar  co-ordinates  of  the  point,  11,  on  the  force-curve  corre- 
sponding to  P  can  be  taken  as 

and  the  rectangular  co-ordinates  of  IT  are  (7" cos  \}/,  Tsin  yf/) ;  so 
that  if  we  denote  these  co-ordinates  by  (^,  i]),  equations  (7)  and 
(8)  of  Art.  190  can  be  written 

i=A-/mIds,  (1) 

7/  =  B-fmlds,  (2) 

and  if  we  can  express  each  variable  at  the  right-hand  sides  of 
these  equations  as  a  function  of  *  alone,  the  equation  of  the 
force-curve,  and  therefore  the  diagram  of  tensions,  will  be 
obtained  by  eliminating  s  from  these  equations. 

For  any  string,  uniform  or  not,  under  the  action  of  gravity 
or  of  any  system  of  parallel  forces,  the  force-curve  is  a  right  line 
parallel  to  the  common  direction,  and  the  perpendicular  from  the 
pole  0  on  this  line  represents  r,  the  constant  component  which 
the  tension  at  ever}'  point  has  perpendicular  to  the  direction  of 
the  parallel  system. 

In  the  case  of  a  string  acted  upon  by  a  central  force,  as  in 
Fig.  235,  the  equations  of  equilibrium  obtained  by  resohang  along 
the  tangent  and  normal  for  an  element  PQ  are 

dT+  7)1  Fch  =  0,  (3) 

Tdy\i—viFrde  =  0,  (4) 

where  OP  =  r,  APOA  =  6,  \lf  =  the  angle  made  with  OA  by 
the  tangent  at  P,  measured  in  the  same  sense  as  0. 

"We  have  obviously  cot(v/f—  6)  =  —^ ; 

so  that  the  relation  between  T  and  \j/,  i.  e.,  the  equation  of  the 
force-curve,  is  obtained  by  expressing  d  in  terms  of  x/^  (from  the 
equation  of  the  curve  of  the  string)  and  substituting  in  the 
right-hand  side  of  (S),  which  then  becomes  a  function  of  i//  alone. 
As  an  example,  take  the  case  of  a  uniform  string  acted  upon  by  a 

central  force  -^  .      From  (3)  we  have 

T-  ""^  ^r 
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where  C  is  some  constant.  If  for  simplicit_y  we  consider  C  =  0 
— or,  in  other  words,  if  we  imagine  that  at  one  end.  A,  of  the 
string,  distant  c  from  the  centre  of  force,  the  tension  is  by  any 

external  means  made  equal  to   -^^  — we  have  T  =   — 5  >   and  the 

equation  2}j  =  ^  (p.  363)  gives 

p  _2h 

1^  m  fj. 
which  shows  the  curve  of  the  string  to  be  a  circle  passing  through 
the  centre  of  force.  If  the  string  followed  the  circle  all  round, 
the  tension  would  V)e  infinite  at  the  centre  of  force,  but  we  may 
suppose  the  string  to  have  two  fixed  ends,  A  and  £,  at  any  points 
of  its  length. 

TT 

Hence  \j/  =  26—  ~>  and  (5)  gives 


1  —  sm  \/f 

where  k\s&  constant.     This  is  the  equation  of  the  force-curve, 
which  is,  therefore,  a  parabola  whose  focus  is  the  centre  of  force. 

195.]  String  on  Smooth  Plane  Curve.  Consider  the  case 
of  an  inextensible  string  resting  on  a  smooth  plane  curve  under 
the  action  of  any  forces  in  the  plane  of  the  curve,  and  let  Fig.  234 
reisresent  this  case.  Then  into  the  equations  of  Art.  189  we 
have  merely  to  introduce  the  normal  reaction,  Bds*,  acting  on 
the  element  PQ  in  the  dii-ection  tiP. 

Resolving  tangentially,  we  obtain 
dT 


+  mFcos(f)  =  0.  (1) 

(IS 


Resolving  normally. 


T 

?nFsincj>-E  =  0.  (2) 

P 

*  The  student  will  observe  that  in  considering  the  equilibrium  of  an 
element  of  length  ds  we  represent  the  reaction  of  a  curve  on  it  by  Eds,  and 
the  applied  force  by  m  Fds,  while  we  represent  the  tension  by  T,  and  not  by 
Tds.  The  reason  of  this  is  that  the  tension  depends  merely  on  the  cross 
section  of  the  element  and  not  on  its  length,  while  the  magnitude  of  the 
reaction  depends  evidently  on  the  length  of  the  element  in  contact  with  the 
curve. 

VOL.  I.  B  b 
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These  are  the  most  useful  resolutions  in  the  case  of  a  string 
resting  on  a  curve.  Equations  of  resolution  along  arbitrary 
axes  may,  of  course,  be  obtained  bj-  introducing  the  eomj)onents 
of  ^  into  the  general  equations  of  Art.  190. 

From  ( 1 )  we  obtain  T  —  C — fm  Fcos  <p  ds,  C  being  a  constant ; 
and  if  we  denote  the  general  integral  J" niF cos  <pch  by   V,  its 
value  when  the  co-ordinates  of  A  are  substituted  in    V  being 
Fq,  while  Ty  is  the  tension  at  A,  we  have 
T=T,-{r-V,). 
We  shall  refer  to  F  as  the  jmfeidial  of  the  external  forces  at  P. 

196.]  String  on  Rough  Plane  Curve.  If  the  curve  in  the 
preceding  Article  is  rough,  and  the  string  in  limiting  equi- 
librium, slipping  being  about  to  take  place  in  the  direction  QP, 
we  have  merely  to  include  among  the  forces  acting  on  the 
element  PQ  a  tangential  force  ^Rds,  the  coefBcient  of  friction 
being  fx  and  the  normal  reaction  Bdii,  as  before. 

Equations  (1)  and  (2)  of  last  Article  now  become 

(IT 

■j-+mFcos<f>  +  iJiR=  0,  (1) 


wFsin  (j)- 

P 


■li=  0. 


(2) 


It  will  be  observed  that  the  components  of  reaction,  Rds  and 
jxRds,  are  in  the  figure  represented  as  acting  at  P.     In  strictness, 

of  course,  they  do  not  act 
at  P ;  but  in  the  limit  the 
same  equations  will  be  ob- 
tained, no  matter  at  what 
point  between  P  and  Q  we 
represent  them  as  acting. 

Consider  the  simple  case 
in  which  there  is  no  external 
force    continuously    applied 
throughout  the  string,  01  F—  0.    Then  these  equations  become 
dT+ij.Rds  =  o,  (3) 

Td6-Rds=0.  (4) 

dT 
Hence  ~=  +Lxd6  =  0,     .-.  T=  Ce-i^\ 


C  being  the  constant  of  integration,  and  6  the  angle  between  the 
tangent  at  the  point  P  and  the  tangent  at  some  origin  point.  A, 
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on  the  string'.  If  T^is  the  tension  at  A,  we  have  T  =  T^  when 
0=0;  therefore  T  =  T  e"*"*  (5] 

Hence,  as  the  angle  through  which  the  string  turns  increases  in 
arithmetical  progression,  the  tension  decreases  in  geometrical 
progression. 

Suppose  that  (the  weight  of  the  string  being  neglected)  two 
masses,  P  and  Q,  are  suspended  from  the  extremities  of  a  string 
which  passes  over  a  fixed  rough  cylinder  whose  axis  is  hori- 
zontal, the  string  lying  in  a  plane  perpendicular  to  this  axis  ;  it 
is  required  to  find  the  relation  between  P  and  Q  when  the 
equilibrium  is  limiting. 

Let  A  (I'ig-  236)  be  the  point  at  which  the  jwrtion  of  the 
string  next  P  leaves  the  cylinder,  and  P  the  point  at  which  the 
portion  next  Q  leaves  it. 

Then  from  (5),  by  putting  T^  =  weight  of  P  and  6  =  v,  we 
have  q  ^  p^-^^^  ^(j^ 

when  P  is  about  to  overcome  Q.  If  P  is  on  the  point  of 
ascending,  the  sign  of  /x  in  this  equation  is  to  be  changed. 

If  the  string  makes  a  complete  revolution  and  a  half  round 
the  cylinder,  the  value  of  6  corresponding  to  Q  is  3  it,  and  we 
have  in  this  case  Q  =  Pe~^i^'.  The  factor  e"***  diminishes  very 
rapidly  as  the  angle  increases,  and  thus  we  see  how  it  is  that 
a  small  force  applied  at  one  extremity  of  a  rope  coiled  several 
times  round  a  fixed  rough  cylinder  can  overcome  a  large  force 
applied  at  the  other  extremity — a  practical  example  of  which 
occurs  when  the  small  motion  of  a  ship  in  harbour  is  stopped  by 
a  small  force  applied  at  the  extremity  of  a  rope  coiled  round  a 

P 

fixed  post.     For  example,  if  fx  =  i,  c'^"  =  4.8,  and  Q  =  - — -• 


Examples. 

1.  A  uniform  inextensible  string,  acted  on  by  gravity  and  by  two 
terminal  tensions,  rests  in  contact  with  a  smooth  curve  in  a  vertical 
plane ;  find  the  form  of  this  curve  so  that  the  pressure  which  it  exerts 
on  the  string  may  at  every  point  be  inversely  proportional  to  the 
radius  of  curvatiu-e. 

Let  vertical  and  horizontal  lines  in  the  plane  of  the  curve  be  taken 
as  axes  of  y  and  x,  respectively,  and  let  the  concavity  of  the  curve  be 
upwards. 

B  b  2 
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Then,  K  being  the  pressure  per  unit  of  length  at  any  point,  and  T 
the  tension  at  this  point,  we  have,  bj  resolving  along  the  tangent, 

dT  ■=■  mgdy, 

tng  being  the  weight  of  a  unit  of  length  of  the  string.     Hence 

T=T,-^mg{y-y,),  (1) 

T^  and  y,  belonging  to  one  end  of  the  string. 
Again,  resolving  normally, 

Tdd—mgdx=Rds, 

(dd  being  the  angle  between  two  consecutive  tangents),  or 

^-mg'£  =  E.  (2) 

Let  E  =  -,  k  being  a  constant.     Then  from  (1)  and  (2) 

T^—k  +  mg{y  —  y^)  dx 

p  as 


y  —  \      dx 


(3) 


p         ds 

denoting  the  numerator  of  the  left-hand  side  of  the  previous  equation 
by  mg{y—\),  for  simplicity.     To  integrate  (3),  put 

dx  1  ,  (1+/)^     .  _dy 

—-  =     .  >  and  p  = = —  where  »  =  -^• 

ds       Vl+p^  dp  ^       dx 

^  dy 

_  .        ,        ,  pdv  dy 

The  equation  then  becomes        -  •^    — 


1+;/       y-k 

.:      \+p^  =  p?{y-\f, 

H  being  the  constant  introduced  by  integration. 
From  this  equation  we  have 

dy 


iy-^y-^. 


.p.dx, 


which  gives  by  integration 


y-^+/\/(2/-^)-^  =  *^'". 

where  b  is  an  arbitrary  constant.     This  equation  can  easily  be  put 
into  the  form 

Now,  any  expression  of  the  form  ^e'^'^  +  Se"'"  can  be  put  into  the 
form  (7{«''(^+''^  +  e-''^'"*'''^}; 
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for,  identifying  the  two  expressions,  we  have 
C  =  VJB,  and  e'"'  = 


Hence  we  have         y— A  =  ^r-  l^ue^^H e  "'^t 

iiJ-l  bfx         ) 

where  e''"  =  by.. 

This  is,  of  course,  the  equation  of  a  common  catenary  whose  para- 
meter is  -)  and  whose  origin  is  the  point  (A,  —a). 

2.  A  uniform  inestensible  string,  acted  on  by  two  terminal  ten- 
sions, and  any  system  of  conservative  forces  in  one  plane,  rests  in 
contact  with  a  smooth  curve  in  this  piano ;  if  at  every  point  the 
pressure  against  the  curve  is  inversely  proportional  to  the  radius  of 
curvature,  then,  without  any  change  in  the  forces,  the  tension  at  one 
extremity  can  be  so  varied  that  the  constraining  curve  may  be  removed, 
and  the  string  will  rest  in  free  equilibrium. 

For,  if  r  denote  the  potential  of  the  applied  forces  at  any  point,  we 
have  (Art.  195)  yr  ^  T,-{V-  F„).  (1) 

Again,  if  N  denote  the  normal  component  of  applied  forces  at 
any  point  measured  towards  the  convex  side  of  the  curve,  and  R  the 
pressure  per  unit  of  length  at  this  point, 

-=R  +  N.  (2) 

P 
k 
Suppose  that  B=  -•      Then,  from  (1)  and  (2)  we  have 


P 

-.¥=0.  (3) 


T,-k-{V-V,) 


P 

Let  us  now  change  the  terminal  tension  T^  into  T^  —  k,  and  in- 
vestigate the  pressure  of  the  curve  at  the  point  considered  above. 
Denoting  the  new  pres&iire  by  A",  and  the  new  tension  by  2",  there 
being  no  change  in  any  of  the  applied  forces,  we  have 

r=T,-k-(r-v,), 

T' 

~  =  R'  +  N, 

P 

from  which  R'  =  ^'~'^— (^-^0)  _  ^^ . 

P 
but  the  right-hand  side  of  this  equation  is  zero  by  (3).     Hence  there 
is  no  pressure  at  any  point,  and  the  curve  is  one  of  free  equilibrium. 
It  is  obvious  that  the  last  example  is  a  particular  case  of  this. 

3.  A  string  is  kept  in  equilibrium  in  the  form  of  a  closed  curve  by 
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the  action  of  a  repulsive  force  tending  from  a  fixed  point,  and  the  area 
of  the  cross-section  at  each  point  is  proportional  to  the  tension ;  prove 
that  the  repulsive  force  at  any  point  is  inversely  proportional  to  the 
chord  of  curvature  thi-ough  the  centre  of  force.  (Wolstenholme's  Book 
of  Math.  Prob.)     The  equations  are  (Art.  192), 

Tj,  =  h,  (1) 

dT=-mFJr.  (2) 

Now,  m  =  Iff,  and  by  hj-pothesis  a-(xT,  and  k  is  constant;  there- 
fore we  have  m  =  jxT.  n  being  a  constant.     Hence  from  (2) 

'^-l=-i.Fdr.  (3) 

But  from   (1),    dT= jrf/^,    therefore --^  =  —  — .  and    we   have 

from  (3)  „       1    dp       2 

p   ar       y 

where  y  is  the  chord  of  curvature  passing  through  the  pole  (see 
Williamson's  T)iff.  Cal.,  p.  296,  .sixth  ed.). 

As  a  particular  case,  we  may  notice  that  the  vertical  chord  of 
curvature  at  any  point  of  the  catenary  of  uniform  strength  (under 
gravity)  is  constant,  as  the  student  can  easily  prove  otherwise. 

4.  A  heavy  inextensible  string  rests,  in  limiting  equilibrium,  on  a 
rough  curve  in  a  vertical  plane  ;  find  the  tension  at  any  point. 

Let  Fig.  236  represent  the  string  lying  on  the  curve  ;  let  a  hori- 
zontal line  above  the  curve  .45  be  the  axis  of  x,  and  let  the  axis 
of  y  be  drawn  vertically  downwards. 

Then,  if  6  be  the  angle  made  by  the  tangent  at  any  point,  P,  with 
the  axis  of  x,  ing  the  weight  of  a  unit  length  of  the  string  at  P,  and 
X,  y  the  co-ordinates  of  P,  we  get  by  a  tangential  resolution  (slipping 
being  on  the  point  of  taking  place  from  P  to  Q), 

dT—ii.Rds  +  mgdy  =  0; 
and  by  a  normal  resolution 

Tde  —  Rds  +  mgdx  =  0. 

Eliminating  R,  we  obtain 

dd    '^         ^^'^d9    de> 

=  mg(fj.  cos  6— sin  6)  p,  (1) 

where  p  is  the  radius  of  curvature  at  P. 

Tliis  is  a  linear  differential  equation  of  the  first  order,  the  solution 
of  which  is  (Boole's  Differential  Equations,  p.  39), 

T  =  e''^{C'+/mgp{ixcos6-smd)e-''U0},  (2) 

G  being  a  constant. 

"When  the  curve  of  constraint  is  given,  p  is  known  in  terms  of  0, 
and  the  integration  may  then  be  performed. 
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For  example,  let  the  string  rest  on  a  circle  of  radius  «,  one  ex- 
tremity being  at  the  highest  point,  and  free  from  tension. 
It  will  be  easilj'  found  that 

fiix  cos  e-sin  9) €-"^(16  =  -^ {2Msin  9-|-(l -k)cos0}. 


therefore  T  =  Ce'^+  i^  {2  ju  sin  5  +  ( 1  -  fx'^)  cos  (J } . 

At  the  highest  point  6=0  and  T  =  0  ;  therefore  C  =  —mga 


Hence        T=  ^^  {2,xsine+(l -M")  cos0-(l -M')e''*}. 

If  the  length  of  the  string  is  that  of  a  quadrant,  we  have  T'  =  0 

TT 

when  0  =z  -i  and  then  /x  is  determined  from  the  equation 


1-^^ 


5.  A,  B,  C  are  three  unequally  rough  pegs  in  a  vertical  plane ;  P 
is  the  greatest  mass  that  can  be  supported  by  a  mass  W  when 
both  are  connected  by  a  string  (whose  weight  is  neglected)  passing 
over  A,  B,  and  C;  Q  is  the  greatest  mass  that  IT  can  support  when 
the  string  passes  over  A  and  B ;  and  R  is  the  greatest  that  W  can 
support  when  the  string  passes  over  B  and  C.  Find  the  coefficients 
of  friction  for  the  pegs. 

Employ  a  gravitation  measure  of  force,  and  let  the  same  sjTnbol 
express  the  weight  and  the  mass  of  a  body,  as  explained  in  Art.  188. 
Let  the  inclinations  o(  AB  and  BC  to  the  vertical  (measured  in  the 
same  sense)  be  a  and  (3,  respectively ;  fx,  fJ-',  m"  the  coefficients  of 
friction  of  A,  B,  C.  Then,  if  the  string  passes  over  all  the  pegs 
and  TI' hangs  from  A,  it  follows  from  equation  (5)  of  Art.  196,  that 
the  tension,  T,  in  the  portion  AB  is  We'^'  ;  and  by  the  same  equation, 
the  tension,  T',  in  BC  is  re"'*^""' ;  and,  finally,  P=  T'e""*'-^'.    Hence 

and  the  equations  are  obviouslv 

p 
IJ.a  +  IJ.'{^  -a)  +  ix"{tt  -  ,3)  =  log  — , 

lxa  +  ix'{iT-a)  =log-^. 

/^  +  /'(7r-/3)  =  l0g|:, 

1  ^  P 

from  which  jx,  jx',  fx."  can  be  found.     The  value  of  /x'  is  —  lo~ 


■K   ^  PW 
6.  A  heavy  uniform  chain  rests  in  limiting  equilibrium  on  a  rough 
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cycloidal  arc,  whose  axis  is  vertical  and  vertex  upwards,  one  extremitv 
being  at  the  vertex  and  the  other  at  the  cusp ;  prove  that 


(Wolstenholme's  Book  of  Math.  Prob.) 

7.  A  uniform  inextensible  stiing  whose  length  is  I  hangs  in  limit- 
ing equilibrium  over  a  fixed  rough  cylinder  of  radius  a  whose  axis  is 
horizontal ;  find  the  lengths  of  the  portions  which  hang  vertically. 

,         l—Tia         2y.a  ,     •     ,  ,        , 

Ans. 1--; T)  and  a  value  obtained  by  chanffins  the 

1  +«"""■        1+/^  J  o     b 

sign  of  ij.  in  this  expression. 

8.  Two  equal  masses  are  attached  each  to  the  extremity  of  a 
string  which  hangs  over  a  rough  cylinder  whose  axis  is  horizontal ; 
find  how  much  either  mass  must  be  increased  in  order  that  it  may 
begin  to  descend,  the  weight  of  the  string  being  neglected. 

Ans.  The  increase  of  mass  =  P  (e""—  1),  wliere  P  is  the  common 
value  of  the  suspended  masses. 

9.  A  string,  wliose  weight  is  neglected,  passes  over  any  number  of 
equally  rough  fixed  circular  pulleys  in  a  vertical  plane  ;  show  that  the 
ratio  of  two  masses,  suspended  from  the  extremities  of  the  string,  which 
just  sustain  each  other,  is  the  same  as  if  only  one  pulley  were  used. 

10.  A  heavy  uniform  bar  is  moveable  in  a  vertical  plane  round  a 
smooth  hinge  at  one  extremity,  and  has  the  other  extremity  attached 
to  a  cord  which  passes  over  a  small  rough  peg  placed  vertically  over 
the  hinge,  and  sustains  a  given  weight  ;  find  the  position  of  limiting 
equilibrium,  and  the  tension  of  the  cord. 

Ans.  If  IT  =  weight  of  bar,  P  =  weight  of  suspended  mass,  T 
the  tension,  2a  =  length  of  bar,  2c  =  distance  of  peg  from  hinge, 
6  =  inclination  of  beam  to  vertical,  and  (^  =  inclination  of  cord  to 
vertical,  the  position  in  which  the  bar  is  about  to  descend  is  given 
by  the  equations  c  sin  </>  =  a  sin  ((J  -  (|,), 

T  =  Pe"'"-*', 
Wa  sin  0  =  2  Tc  sin  <^. 

11.  A  uniform  inextensible  string  assumes  the  form  of  a  circle 
under  the  influence  of  a  repulsive  force  emanating  from  a  point  on  its 
circumference  ;  find  the  law  of  force. 

Ans.  It  varies  inversely  as  the  cube  of  the  distance. 

12.  A  uniform  inextensible  string  is  in  equilibrium  under  the 
action  of  a  central  repulsive  force ;  prove  that  at  each  point  of  the 

string  this  force  oc  —  j  where  p  is  the  perpendicular  from  the  centre 

of  force  on  the  tangent,  and  y  the  chord  of  curvature  passing  through 
the  centre  of  force. 
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13.  If  the  curve  of  equilibrium  is  au  ellipse  whose  focus  is  the 

centre  of  force,  the  force  at  any  point  oc  —rj '  where  V  is  the  semi- 

■>•& 

conjugate  diameter  corresponding  to  the  point,  and  r  the  focal  distance 

of  the  point. 

14.  If  the  string  assume  the  fonn  of  an  ellipse  under  the  influence 
of  a  repulsive  force  emanating  from  the  centre,  find  the  law  of  force. 

Ans.  The   force   is   directly  proportional    to    the    distance,    and 
inversely  proportional  to  the  conjugate  diameter. 

15.  If  an  inextensible  string  can  assume  the  same  plane  figure  of 
equilibrium  under  the  separate  action  of  any  number  of  forces,  it  can 
assume  this  figure  under  their  combined  action. 

(To  prove  this,  suppose  the  string  under  the  combined  action  of  the 
forces  to  be  constrained  to  a  smooth  curve  of  the  given  figure,  and  it 
will  follow  that  the  pressure  at  every  point  of  this  curve  varies 
inversel}'  as  the  radius  of  curvature.  The  theorem  follows,  then,  from 
example  2.) 

16.  A  uniform  inextensible  string  rests  against  the  inner  side  of  a 
smooth  ellipse,  and  is   repelled   from  the  foci  and   the   centre   by 

the  following  forces :    -^  and  -yj-,  emanating  from  the  foci,  and  -^7— 

from  the  centre,  the  distances  of  a  point  on  the  string  from  the  foci 
being  r  and  r',  respectively,  its  distance  from  the  centre  being  a',  and 
the  semi-conjugate  diameter  corresponding  to  the  point  being  b'.  Find 
the  pressure  on  the  curve  at  any  point. 

Ans.  If  T^  is  the  tension  of  the  string  at  the  extremity  of  the 

minor  axis,  R  =  pressure  per  unit  length  = 

(The  student  will  easily  see  from  Examples  2  and  15,  that  if  the 
curve  of  constraint  ol'  a  string  is  a  possible  curve  of  free  equilibrium 

under  the  action  of  the  given  forces,  the  pressure  will,  at  every  point,  be 

(y 

— ,  where  C  is  a  constant.     The  result,  in  this  examisle,  might,  there- 

''  .  .... 

fore,  be  at  once  obtained  by  this  principle. 

By  direct  calculation,  however,  the  result  is  obtained  with  little 

trouble.     The  equations  of  equilibrium  are 

and  the  first  gives,  by  integration, 

y-^./^-'^A/^-.n-conBt.) 

The  student  ^vill  do  well  to  apply  the  principle  explained  here  to 
the  kinetical  examples  in  "Walton,  pp.  295  and  299,  second  edition. 
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Section  II. 
Flexible  Extensible  Strhigs. 

197.]  Experimental  Law  of  Extension.  The  strings  which 
we  now  proceed  to  consider  are  extendible,  i.e.  such  as  have  their 
lengths  increased  when  they  are  in  a  state  of  tension.  For  such 
strings  we  sliall  still  assume  the  property  of  complete  flexibility 
as  defined  in  Art.  181. 

The  law  of  extension  which  we  proceed  to  enunciate  applies 
not  only  to  flexible  strings  but  also  to  straight  bars  of  iron, 
steel,  &c. 

Let  /q  denote   the   length  of  any  string  or  straight  bar  of 

uniform   section  when  it  is  not  subject  to  the  action  of  any 

external  force.     This  is  called  the  natural  lenytli  of  the  string  or 

bar.     Let  o-  be  the  area  of  the  normal  section,  F  the  magnitude 

of  the  force  applied  at  one  extremity  in  the  direction 

AB,  of  the  string  or  bar.    Then,  supposing  the  extremity 

A  to  be  fixed,  the  force  F  will  produce  an  extension,  BC^ 

of  the  body.     Denote  this  extension  by  x.     Then  ex- 

periment  proves  that_/or  small  values  of  the  ratio  j  in  the 

case  of  solid  bars  there  is  for  the  same  bar  a  constant 

F 

ratio  between  this  fraction  and  the  quantity  — ;    and 

there  is  the  same  constancy  of  ratio  in  the  case  of  strings, 

X 

but  for  some  of  these  latter  bodies  the  value  of  j  may 

be  very  much  greater  than  for  bars. 
We  have,  then, 

F  being  a  constant  quantity  which  is  called  Ymings  modulus  of 
elasticity  of  the  matter  of  which  the  string  or  bar  is  formed. 

X 

Since  -^  is  a  number,  it  follows  that  E  i^  a  force  per  unit  of  sec- 


L 
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E 
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tional  area,  and  it  is  evidently  a  measure  of  the  longitudinal 

rigidity  of  the  substance. 

If  the  law  expressed  hy  equation  (1)  be  supposed  to  hold  for 

an  extension  x  equal  to  Z^,  and  if  the  force  applied  to  the  body 

P 
to  produce  this  extension  be  called  P,  we  have  E  =  —;  and  if  <r 

is  a  section  of  unit  area,  E  =  P.  Young's  modulus  of  elasticity 
of  anv  substance  might  then  be  defined  as  that  force  which,  if 
applied  at  the  extremity  of  a  bar  of  the  material  of  unit  section, 
would  double  its  length — this  force  being  fictitious  in  the  case  of 
bars  or  strings  for  which  (1)  holds  only  within  extremely  nan-ow 
limits. 

For  bars  of  iron  and  steel  this  equation  is  true  only  within 
narrow  limits — called  (Ae  limits  of  eladicity — while  for  flexible 
strings  of  such  substances  as  India-rubber  its  range  is  much 
wider.  If  the  limiting  amount  of  extension  has  not  been 
surpassed,  the  body  will,  after  a  time  varying  with  the  sub- 
stance, return  to  its  original  state  when  the  stretching  force  F 
is  removed.  The  law  expressed  by  equation  (1)  is  also  true 
within  narrow  limits  in  the  case  of  a  straight  bar  which  is 
compressed  without  bending. 

A  notion  of  the  magnitude  of  the  modulus  of  elasticity  of  a 
solid  body  may  be  formed  from  the  fact  that  in  the  case  of  iron, 
the  unit  of  force  being  a  kilogramme  weight  and  the  unit  of 
area  a  square  centimetre,  E  is  about  2,000,000.  For  what  are 
commonly  called  elastic  strings,  E  is  of  course  very  much  smaller 
than  for  bars  of  iron  or  steel. 

In  the  case  of  an  elastic  string  it  is  usual  to  put  equation  (1) 
into  another  form.  If  I  is  the  length  which  the  string  assumes 
under  a  tension  T,  we  have  x  =  I—Iq,  and 

a-  /g 

or        ^    ^  ^=ai  +  #J' 

or,  as  it  is  usually  written, 

^=^o(l  +  f)'  (2) 

the  quantity  A.  being  called  the  modulus  of  elasticity   of  the 
string. 
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This  quantity  is  obviously  the  force  which  must  be  applied  to 
the  string  to  double  its  length. 

The  law  expressed  by  (1)  or  (2)  is  known  as  Hooke's  Laiv,  from 
the  name  of  its  discoverer,  and  is  sometimes  expressed  in  the 
form — the  tension  of  any  elastic  string  is  proportional  to  its  exten- 
sion heyond  its  natvral  Ivngtli. 

198.]  Work  done  in  slowly  extending  a  String  or  Bar. 
If  at  each  instant  dming  the  extension  of  a  string  or  bar  the 
stretching  force  applied  at  the  extremity  is  exactl}-  equal  to  that 
which  would  keep  the  body  in  its  state  of  deformation  at  this 
instant,  there  is  continuous  equilibrium  between  the  (gradually 
increasing)  applied  force  and  the  ela.^tic  force  of  the  body,  and 
therefore  the  total  amount  of  work  done  by  the  applied  force  is 
equal  to  the  work  done  against  the  internal  force. 

If  the  bar  or  string  is  not  slowly  extended,  its  tension  will 
not  at  each  instant  be  equal  to  the  applied  force  ;  but  it  is  still 
true  that  its  tension  and  extension  are  connected  by  equation 
(2),  so  that  the  expression  for  work  done  which  we  are  about 
to  investigate  will  be  that  which,  ^vith  a  negative  sign  prefixed, 
gives  the  work  done  by  the  varpng  tension.  The  work  of  the 
external  force  will  be  numerically  greater,  the  excess  producing 
kinetic  energ}-. 

Now  if  X  is  the  extension  of  the  body  at  any  instant,  the 
•p 
corresponding  force  is  -y-  x,  and  the  work  done  by  this  force  in 

XT 

a  further  extension  dx  \s,-r-xdx.     Let  a  be  the  final  extension ; 

'0 
then  the  total  work  done  is 


X 


•«  EcT     ,  E<Ta^ 

j-xdx,     or  — y-  , 

0^0  0 


the  extension  being,  of  course,  confined  within  the  limits  of 
elasticity.  The  applied  force  which  is  required  to  keep  the 
body  in  its  final  state  of  extension  is,   by  (1)  of  last  Article, 

— ^  ■    Hence  if  the  force  applied  in  the  final  state  be  denoted 

'0 
by  P,  the  whole  amount  of  work  done  is 

or  half  the  work  which  would  be  done  by  the  fnal  force   of 
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extension  in  moving  its  point  of  application  through  a  space 
equal  to  the  final  extension. 

199.]  Equations  of  Equilibrium  of  an  Extensible  String. 
Suppose  the  string  to  have  assumed  its  figure  of  equilibrium 
under  the  action  of  the  given  forces.  At  any  point  of  the  string 
let  (h  be  the  stretched  length  of  an  element  whose  natural 
length  was  ds^ ;  and  at  this  point  let  m  be  the  mass  per  unit 
length,  the  mass  per  unit  length  at  the  same  point  in  the 
natural  state  of  the  string  being  m^. 

Then,  since  the  mass  of  the  element  ds  is  the  same  after  as 
before  stretching, 

mds  =  ni^ds^.  (1) 

Also  by  Hooke's  law 

ds  =  {\  +-)di>,.  (2) 

But,  the  string  having  assumed  its  form  of  equilibrium,  we  have, 
as  for  the  inextensible  string, 

d  ,„dx^        ^  s 

ds^'^ds)^^'^-'')  .3. 

Also  ds  =  -/dx^  +  dy"- ;  (4) 

and  since  the  nature  of  the  string  in  its  original  state  is  supposed 
to  be  specified,  we  shall  have  Wg  given  as  a  function  of  the 
position  of  the  element  ds^^  in  the  natural  state  ;  or 

»'o  =/(-'o).  (5) 

where  s^  is  the  length  of  the  arc  of  the  original  string  measured 
from  some  origin  point  on  it. 

Kow  the  general  problem  of  extensible  strings  may  be  stated 
as  follows : — An  extensible  string,  the  law  of  variation  of  whose 
density  in  its  natural  state  is  given,  is,  under  given  eirciimstances, 
submitted  to  the  action  of  given  forces  j  find  the  form  which  it  will 
assnme. 

To  solve  this  problem,  it  is  necessary  to  find  an  equation 
between  x  and  y,  the  co-ordinates  of  any  point  in  the  stretched 
string ;  and  as  the  equations  just  given  contain,  in  addition 
to  these  co-ordinates,  the  quantities  m,  m^,  s,  s^,  and  T,  these 
must  be  eliminated.  But  from  the  six  equations  above,  these 
five  quantities  may  theoretically  be  eliminated,  by  differentiation 
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or  otherwise,  and  there  will  result  a  single  equation  between 
X  and  y,  which  is  that  of  the  curve  of  equilibrium. 

The  problem  in  its  general  form  is  one  which  it  would  often 
be  practically  impossible  to  solve.  We  shall  therefore  in  the 
sequel  consider  only  two  cases — ■\'iz.  that  in  which  »«g  is  the 
same  throughout  the  string,  and  that  in  which  the  external 
forces  are  constant.     Consider  w/^,  constant. 

Multiplying  the  left-hand  sides  of  equations  (3)  by  y-  and  -j-  > 
and  adding,  ^^y  ,  ,  '*  * 

^  +  .(Z-^  +  7/j  =  0;  (6) 

while  from  (1)  and  (2)  we  have 

««  = -J,- 

Hence  (6)  becomes  X 

( 1  +  ^)  dT-^m^{Xdx  +  Tdy)  =  0.  (7) 

Integrating, 

-  ( 1  +  -  )  +  m^/{Xdx  +  Tdy)  =  const.  =  A. 

Denoting,  as  in  Art.  195,  the  general  integi'al  by  F, 

di  /2 

or  by  (2),  ^jZTF  "  V  A  • ''"»'  (^^ 

from  which  the  relation  between  s  and  «g  is  found,  and  hence 
the  extension  of  the  string.  Equation  (8)  is  the  analogue  of 
that  of  Art.  195.  If  V  is  the  potential  of  the  external  forces  at 
a  point  at  which  the  tension  is  T',  we  have 

(r_r)(i+^')  =  r-r.  (lo) 

The  equation  of  the  curve  of  equilibrium  is  obtained  by  sub- 
stituting the  value  of  T  given  by  (8)  in  either  of  the  equations 
(3) — suppose  in  the  equation 
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Secondly,  suppose  that  the  af)plied  forces  X,  Y  are  constant. 

Then  from  (3)  T^  =  A-X/mJs^,  (11) 

(Is 

A  being  a  constant  of  integration.     Similarly 

r|  =  7^-r/.v-*o-  (12) 

Hence         T'  =  {A-X/m,cls^f-^{B-  Yfm,(\y-,  (13) 

which  gives  T  as  a  function  of  s^,  i.e.  the  tension  at  any  point 
in  the  stretched  string  in  terms  of  the  length  of  the  arc  of 
the  unstretched  string  measured  up  to  the  coiTCsponding  point. 
In  other  words,  y  =  <^  (*„).  (11) 

Therefore  from  (2) 

which  gives  the  relation  between  the  stretched  and  unstretched 
lengths  of  any  portion.  The  equation  of  the  curve  of  equi- 
librium is  obtained  from  (11)  and  (12)  thus: 

(Ix  =  {A-X/m^(h^)jj 

Similarly  di/  =  {B-  Y/mQ(h^)>^^  +  ^^^K ' 

Integrating  these  equations  and  eliminating  «„  between  them, 
we  obtain  the  equation  of  the  curve. 

As  an  example,  let  it  be  proposed  to  investigate  the  form  of  an 
elastic  string  suspended  from  two  tixed  points  and  acted  on  by  gravity, 
the  string  being  unifonn  in  its  natural  state.  Taking  axes  as  in 
Art.  184,  we  have, 

Hence  T  ^r-  =  t  =  m^gc,  suijpose  ;    and   T  -j-  =  B+m^gs^.     But 

"*  .       dy  ''* 

if  s„  be  measured  from  the  lowest  point,  ■—-  —  0  and  s^  =  0  at  the 

CIS 
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same  time.     Hence  5  =  0,  and  we  have 


ds 


^jz  =  ^o9^; 


from  whchi  T  =  m^ffVc'  +  s^^ ;  therefore 

,m„qc  c        .   , 

^  V  c'  +  V 

Hence,  putting  \  =  m^ga,  we  have 


a  c 

y='l  +  yJTJ^.  (16) 

In  the  hyperbolic  notation,  put  s„:=^c  sinh  to,  Art.  184;  then  we  have 

X  :=  CO)  +  —  sinh  o),  (a) 

a  ^ 

y  =  c  cosh  o)  +  ---  sinh'oj 
2a 

C  C" 

=  ccoshoj  H cosh^tt)—  ~-  1 

2a  2a 

and  by  taking  the  axis  of  x  at  a  distance  —  below  the  lowest  point  of 


the  curve,  this  last  equation  becomes 


2a 


y  =■  c  cosh  CO  H cosh'co.  (/3) 


9 


The  relation  between  x  and  y  is  obtained  by  eliminating  s^  or  w 
from  these  equations. 

An  approximate  relation  between  them  may  be  obtained  when  the 
string  is  only  slightly  extensible,  i.e.,  when  A  (or  a)  is  very  great. 
In  this  case  (16)  gives 

V=(r-c')(i-f  +  ^^),  (17) 

to  the  second  order  of  the  small  quantity  -  • 
Now,  writing  (15)  and  (16)  in  the  forms 

X=^°+£        y-^+7,, 

a  2a 

e     ^       -^- 
we  know  that  ?/=:— (e'^  +  e   '^)- 
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"  ,    ~      ~~ —         ^~      — 


Hence  y --?-=- (e^  e    "  +  8   <^  .e«) 


2vs„  .  vs'- 


=  u -"  + 


,2 


a         2d- 

bj'  expanding  e"  and  e    "  as  for  as  —  and  denoting  by  u  and  v  the 

quantities  c  cosh  —  and  e  sinh  —  • 
c  c 

Substituting  in  tliis  equation  the  value  of  s„  given  by  (17) — in 
which  it  is  evident  that  the  tenn  of  the  second  order  may  be  rejected 
if  we  desire  to  obtain  y  to  this  order  only  in  terms  of  x — we  obtain 

an  equation  of  the  form  p       n 

y=u+—+—>  (18) 

in  which  J'  and  Q  are  both  functions  of  x  and  y. 

Now  assume  y  =  u-\ \-  -■;>  where  A  and  fx  are  functions  of  x 

a       a' 
alone,  and  substitute  this  value  of  y  in  every  term  of  (18).     This  will 
give  us,  with  a  little  trouble, 

K  —  -  -r-,  and   fJ.  =  -uv: 

Hence,  finally,       2/  =  "  —  ^t  +  ^ ' 

1 


to  the  second  order  of  the  small  quantity 


a 


200.]  Extensible  String  on  Smooth  Curve.  It  is  clear 
that  the  eciuations  (1)  and  (2)  of  Art.  193  are  applicable  to  an 
extensible  string,  as  are  also  those  of  Article  196  for  a  rough 
cui-ve.  The  result  arrived  at  by  integration,  which  expresses 
the  tension  in  terms  of  the  potential,  is  to  be  replaced  by  equa- 
tion (10)  of  Art.  199;  and  from  this  equation  it  follows  that 
if  an  extensible  string,  uniform  in  its  natural  state,  rest  on 
any  smooth  sm-face  under  the  action  of  gravity,  the  free  ex- 
tremities are  in  the  same  horizontal  plane. 


Examples. 

1.  An  elastic  string,  uniform  in  its  natural  state,  is  suspended  from 
one  extremity,  which  is  fixed,  and  has  a  given  mass  attached  to  the 
other  ;  find  the  extension  of  tlie  string,  taking  its  own  weight  into 
account. 

Let  W  be  the  weight  of  the  string,  P  the  weight  of  the  suspended 

VOL.  I.  C  C 
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mass,  A.  the  modulus  of  elasticity,  and  m„  the  mass  of  a  unit  length  of 
the  unstretched  string.     Then  the  equation  of  equilibrium  is 

dT+m„gds^  =  0. 

If  Z„  is  the  natural  length  of  the  string,  m^gl^  =  W ;  therefore  this 
equation  gives  by  integration 

W 


y  +  y-  s„  =  const. 
"Wlien  8^=0,  T  is  evidently  W+P;  therefore 

'0 
T 
Again,  since  (/«  =(1  +  — )  cfe,,  we  have 
A 

no  constant  being  added  because  s  =  0  when  s„  =  0. 

If  «j  =  /^,  and  I  is  the  wliole  length  of  the  stretched  string,  we  have 

2.  A  heavy  uniform  elastic  ring  is  placed  round  a  smooth  vertical 
cone ;  find  how  far  it  will  descend. 

Let  IT  be  the  weight  of  the  ring,  2i!a  its  natural  length,  A.  its 
modulus  of  elasticity,  y  the  distance  of  the  plane  of  the  ring  from  the 
vertex  of  the  cone  in  the  position  of  equilibrium,  and  I  the  stretched 
length  in  this  position.  Then  if  the  ring  be  moved  down  through  an 
indefinitely  small  vertical  distance,  6y,  the  equation  of  work  is 

-ThlJr'Why=(i, 

T  being  the  tension  of  the  ring.     If  a  is  the  semi-vertical  angle  of 

the  cone,  I  =  2  Try  tan  a  ;  hence  hi  =  2t7  tan  a  .  6y,  and 

2T7rtana=  IT'. 

But,  by  Hooke's  Law, 

T 
ytana  =  a(l  +  — ); 

W 

.•.    y  ■=■  a  cot  a  (1  +   - — -  cot  a). 

3.  An  elastic  string,  uniform  in  its  original  state,  is  placed  on  any 
smooth  curve  and  acted  on  by  given  forces  ;  find  its  extension. 

The  tension  at  any  point  is  determined  by  the  equation 

(1  +  j)  rfr+m,  (Xdx  +  Ydy)  =  0, 

T  , 
or  A  ( 1  +  -)-  +  2  OT,  f{Xdx  +  Tdy)  =  const.  (1) 
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Let  m^/{Xdx+  Ydy)  be  denoted  by  V.  Now  take  auy  point, 
0,  iu  the  string  as  the  point  from  which  s  and  s^  are  measured, 
and  let  A  be  the°value  of  Y  at  a  free  extremity  of  the  string.  If  one 
extremity  is  fixed,  it  will  be  well  to  measure  s  and  «„  from  it.    Putting 

T       ds 
T=  0,  V  =  A.  and  also  1  +  —  =  -j^ . 
'  A       a^j 

(1)  gives  (-gf=l  +  ?p(l-F).  (2) 

Supiwse  the  cuitc  of  constraint  to  be  given  by  the  two  equations 

x=Ms),    y=A{s). 
Then  (2)  gives  ds  __  ^^ 

i  +  ^oi-n 

or,  by  integration,         <}>  {s,  A)  =  s^  + <l>  (0,  A ),  (3) 

s  and  s  being  both  measured  from  0.  Let  I  and  I,  be  the  stretched 
and  original  lengths  of  the  portion  between  0  and  the  free  extremity 
considered.     Then  we  have 

<}>{l,A)  =  l,+<f>{0,A)-  (4) 

But  A  is  evidently  a  function  of  the  co-ordinates  of  the  extremity, 
and  these  co-ordiuates  are,  by  supposition,  /,  {l),Ml)  ;  I'ence  A  is  a 
kno^ra  function  of  I,  and  by  substituting  its  value  in  (4)  we  deduce 
the  value  of  I. 

4.  One  extremity  of  an  elastic  string,  originally  uniform,  is  fixed  at 
the  highest  point  of  a  smooth  cycloid  in  a  vertical  plane,  the  string 
lying  along  the  convex  side  of  the  cui-ve ;  find  the  extension  produced 
by  gravity.  .  .  ,  ., 

If  the  tangent  at  the  highest  point  is  taken  as  axis  ol  x,  and  it 


\ 


is  denoted  by  c,  we  find  easily,  for  any  curve  of  constraint, 


ds  _    OSo 

-/c  +  h—y       vc 

h  being  the  ordinate  of  the  free  extremity. 

In  the   cycloid  4*  =  Say.     Substituting   this  value  of  y   lu  the 
equation,  and  integrating,  we  have 

s  =  2  V'2a{c  +  h)  sin  (— -|=-  )' 
2v2ac 

If  I  be  the  lengtli  from  the  fixed  to  the  free  extremity,  and  l^  the 
natural  length  of  the  string, 

1=  2-/2a(c+A)sia(       "      )• 

Also  '""  =  8  a  A. 

C  c  2 
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These  equations  combined  give 

, ,      Z„ 

Z  =  2  V  2  ac  tan  ( — rL=)  ■ 
2V2ac 

5.  A  heavy  particle  is  attached  to  one  end  of  an  elastic  string 
■whose  unstretched  length  is  indefinitelj-  small  ;  the  particle  rosts  on  a 
smooth  curve  in  a  vertical  plane,  and  the  fixed  end  of  the  string  is 
attached  to  a  point  in  this  curve  ;  find  tlie  nature  of  the  curve  so  that 
the  particle  may  rest  in  all  positions.  Ans.  A  cycloid. 

6.  A  heavy  elastic  string  is  laid  upon  a  smooth  double  inclined 
plane  in  such  a  manner  as  to  remain  at  rest ;  find  how  much  the 
string  is  stretched.     (Walton,  p.  140.) 

Ans.  If  IP"  is  the  weight,  X  the  modulus  of  elasticity,  and  c  the 
natural  length  of  the  string,  and  a,  a  the  inclinations  of  the  planes  to 
the  horizon,  the  e.\tension  is 

W    sin  a  sin  a 
2  A  sin  a  +  sin  a' 

[For  the  portion  on  the  plane  a  let  s  and  s^  be  measured  from  the 
free  extremity.     Then 

„       Tl'sino  ,    ,         ,,        y,  ,  ,  TTsina     .   , 

Hence  if  Z  is  the  length  of  the  portion  on  the  plane  a,  we  have 

,  .         TTsina  , . 

A  similar  equation  holds  for  the  portion  on  the  plane  a.  Now  the 
extension  =  Z  + ?'—?„—?'„ ;  and  equating  the  tensions  at  the  common 
summit  of  the  planes,  we  have  l^  sin  a  =  l\  sin  a, 

,  csina'  ^    , 

.-.      lo  =  -. —. 7.  &c.] 

sin  a  +  sin  a 

7.  If  the  cone  in  example  2  is  replaced  by  a  smooth  paraboloid  of 
revolution,  find  how  far  the  ring  will  descend.     [By  Virtual  Work.] 

Ans.  V  =  -rr-  >   where   4  m  =  latus  rectum  of  generating 

•^  aW  °  ° 

parabola.  ~  47rmX 

8.  An  elastic  string,  uniform  in  its  original  state,  rests  on  a  rough 
inclined  plane  with  its  upper  extremity  fixed ;  prove  that  its  extension 
will  lie  between  the  limits 

P      sin(i  +  «) 

2  c         cos  e 

where  i  =:  inclination  of  plane,  «  =  angle  of  friction,  I  ■=■  natural 
length  of  string,  and  c  =  length  of  a  portion  of  the  string  in  its 
natural  state  whose  weight  is  the  modulus  of  elasticity.  (Wolsten- 
holrae's  Math.  Proh.) 
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9.  A  mass  of  weight  P  just  supports  anotlier  of  weight  Q  by  means 
of  a  fine  elastic  string  passing  over  a  rough  circular  cj-linder  whose 
axis  is  horizontal ;  \  is  the  modulus  of  elasticity,  and  a  the  radius  of 
the  cylinder  ;  prove  that  the  extension  of  the  part  of  the  string  in 
contact  with  the  cylinder  is 

-  log  ^ •     (Wolstenholme,  ibid.) 

10.  Two  uniform  ladders,  connected  by  a  smooth  axis  at  a  C(minion 
extremity,  rest  In  a  vertical  plane  with  their  other  extremities,  which 
are  connected  by  an  elastic  rope,  on  a  rough  horizontal  plane  ;  find 
the  greatest  angle  between  tliem  consistent  with  equilibrium. 

Ans.  If  a  is  the  length  of  each  la<Mer,  2a  sin  a  the  natural 
length  of  the  rope,  2d  the  greatest  angle  between  the  ladders,  and  A 
the  modulus  of  elasticity  of  the  rope, 

A  (sin  (J  — sin  a)  =  IF  sin  a{}i.  +  \  tan  ff). 

1 1.  A  heavy  uniform  elastic  ring  is  placed  horizontally  round  a  right 
cone  whose  axis  is  vertical  and  vertex  upwards,  the  stretched  ring 
being  also  unifonu  ;  find  its  extreme  positions  of  enuilibriuni. 

Ans.  y=acoia\\^ r- cot (a+  f)> ,  with  notation  of  Ex.  2. 

(  277A  ) 

12.  A  heavy  elastic  string,  uniform  in  its  natural  state,  is  placed 
round  a  smooth  fixed  circular  cylinder  whose  axis  is  horizontal,  and 
is  just  out  of  contact  with  the  lowest  point  of  the  cylinder ;  deter- 
mine the  tension  at  any  point. 

Ans.  Let  r  ^  radius  of  cylinder,  ^)  =  weight  per  unit  length  of 
string  in  its  natural  state,  A  =  moduhis  of  elasticity,  and  6=  inclina- 
tion of  any  radius  to  the  vertical ;  then  the  tension  at  the  end  of  this 
radius  is  given  by  the  equation 

,,        r^,      2rp         .      A-|-6rp-)-V'A--l-4Ar« 
^'+   a)=-A-*=°^^  + 2A 

13.  A  naturally  uniform  heavy  elastic  string  is  hung  up  by  one  end. 
Prove  that  if  the  modulus  of  elasticity  is  equal  to  half  the  weight  of 
the  string,  the  string  will  stretch  to  double  its  natural  length. 

If  a  uniform  string  fixed  at  one  end  be  acted  on  by  a  force  in  the 
direction  of  its  length,  find  the  law  of  force  in  order  that  the  tension 
at  any  point  may  vary  as  the  square  of  the  distance  from  the  free 
end.     (College  Examinations,  Cambridge,  1887.) 

Alls.  At  a  distance  s  from  the  fixed  end  the  force  per  unit  mass  is 

2M(«-«)|n-^(i-sy|, 

where  I  is  the  stretched  length  of  the  string,  viz., 


^^tan(a^0, 


a  being  the  natural  length,  and  the  tension  at  any  point  is  represented 
hy  fi.  {I- sf. 
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Action  and  reaction,  222. 
Anti-friction  curve,  271. 
Anti-friction  pivot,  272. 
Apsides  of  nearly  circular  string,  under 

central  force,  366. 
Astatic  centre,  150. 
Astatic  equilibrium,  1 48. 
A:domatic  law  of  friction,  258. 

Balance,  214. 

Balance,  Quintenz'a,  219. 

Balance,  Roberval's,  21 8. 

Bending  moment  of  horizontal  beam, 

145- 

C.G.S.  system  of  units,  5. 
Carriage,  equilibrium  of,  on  rough  in- 
cline, 278. 
Cartesian  Oval,  normal  to,  93. 
Catenary,  conmion,  343. 
Catenary  of  uniform  strength,  350,  361. 
Centre  of  parallel  forces,  1 26. 

of  mean  position,  127. 

of  mass,  and  gravity,  130. 

of  mass,  uniqueness  of,  295. 

of  mass,  co-ordinates  of,  294. 

of  mass  of  curved  wire,  307. 

of  mass  of  sulid  of  revolution,  32^- 

of  mass  of  any  solid,  331. 

of  mass  of  any  solid  in  polar  co-ordi- 
nates, 335. 
Centroidof  system  of  points,  21. 

of  triangle  collinear  with  orthocentre 
and  circumcentre,  134. 

of  plane  area,  310. 

of  plane  area  found  by  Tntegrometer, 

315- 
of  surface  of  revolution,  322. 
of  spherical  surface,  323,  326. 


Centroid  of  any  curved  surface,  324. 
Circles,  inscriljed  and  circumscribed,  of 

a  triangle,  303. 
Circumscril)ed   circle,   feet   of  perpen- 
diculars collinear,  1 33. 
Components  of  forcci^,  14,  28. 
Cone  of  friction,  257. 

on  rough  incline,  283. 

frustum  of,  on  rough  incline,  290. 

centre  of  mass  of,  301. 
Cotangent  formula,  33. 
Counter-efficiency  of  a  machine,  204. 
Couple  and  force,  equivalent  to  a  force, 

III. 
Couples,  definition  of,  107. 
Couples,  transformation  of,  loS,  &c. 

Density,  definition  of,  29S. 
Differential  wheel  and  axle,  209. 
Displacement  of  a  rigid  body,  187. 
Dyne,  absolute  force  unit,  6. 

Efficiency  of  a  ra.achine,  204. 
Effort,  definition  of,  303. 
Equilibrium,  of  a  particle,  equations  of, 

30- 
of  a  rigid  body,  analytical  conditions 

of,  119. 
of  a   rigid    body   and    a  deformable 

system  compared,  1 20. 
graphic  conditions  of,  138. 
of  three  forces,  153. 
comparative  safety  of,  264. 

Force,  measure  of,  3,  4,  10,  357. 
Force  Diagram,  definition  of,  43. 
in  case  of  flexible  string,  367. 
Forces  in  equilibrium  displaced  by  ro- 
tation, equivalent  to  couple,  152. 
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Framework,  polygonal,  2jg. 
Framework,  triangular,  235. 
Friction,  laws  of,  &c.,  67. 

angle  of,  70. 

in  non-limiting  equilibrinm,  73. 

criterion  of  existence  of,  256. 

cone  of,  257. 
Funicular  polygon,  41. 

general  definition  of,  135. 

Buccessire  deduction  of,  for  parallel 
forces,  50. 

given  one  to  find  all,  137. 

to  draw  one  through  three  points,  144. 

Geometrico-slatical  problems,  162. 
Geometry,  application  of  Statics  to,  145. 
Graphic  representation  of  resultant  by 
Leibnitz,  20. 
representation  of  resultant  by  force 

polygon,  23. 
solution  of  equations,  54. 

Hinge,  action  of,  on  a  body,  158. 
Homogeneity,  attention  to,  38. 
Hooke's  Law  for  extension,  378. 

Inclined  Plane  Diagram,  75. 
Instantaneous  centre,  185. 
Instantaneous  centre,  use  of,  192,  195. 
Intern.il  forces  of  a  system,  121. 
Isogonal  conjugates,  124,  133. 

Joint,  rough,  159,  &c. 
Joint,  smooth,  action  of,  15S. 

Laplace's    proof    of    parallelogram    of 

forces,  24. 
Lever,  equilibrium  of,  205. 
Limiting  equilibrium,  definition  of,  73. 


Moments  of  maas,  theorem  of,  131,  294. 
Momentum,  5. 

Morin's  determination  of  coefScient  of 
friction,  71. 

Normals  to  curves,  91. 

Tschirnhausen's  theorem  on,  94. 
another  theorem  on,  95. 

Pappus,  theorems  of,  337. 

Pappus,  theorems  of,  extension  of,  338. 

Parallel  forces,  composition  of,  103. 

construction  for  resultant  of,  106. 

centre  of,  1 26. 

equilibrium  of,  122. 
Parallelogram  of  forces,  8. 
Pascal's  Theorem,  147. 
Passive  resistances,  75,  256. 
Peaucellier's  Cell,  198. 
Perspective  triangles,  property  of,  141, 

147- 
Pivot,  friction  of,  270. 
Pole  of  a  funicular  polygon,  135. 
Pole  of  a  funicular  polygon,  locus  of  in 

particular  case,  139,  237. 
Polygon  offerees,  23,  134. 
Polygon  indeformable,  equilibrium  of. 

Polygon  of  jointed  bars,  equilibrium  of, 

236. 
Potential  of  forces,  370. 
Prism,  equilibrium  of,  on  rough  incline, 

287. 
Projection,  orthogonal,  84. 
Prony's  differential  screw,  213. 
Ptolemy's  Theorem,  19. 
Pulleys,  systems  of,  207. 
Pyramid,  centre  of  mass  of,  300. 
PjTamid,  frustum  of,  centre  of  mass  of, 

SOS- 


Magnetic  curve,  51. 

Magnetic  curve,  normal  to,  93. 

Mass  and  Weight,  n,  130. 

Masses,  equality  of,  6. 

Moment  of  a  force,  106. 

Moment  of  a  force,  geometrical  repre- 
sentation of,  112,  140. 

Moment,  resultant  for  coplanar  forces, 
140. 

Moments,  Vsuignon's  theorem  of,  113. 


Quadrilateral  area,  centroid  of,  304,  306. 
complete,    mid-points    of    diagonals 
collinear,  145. 

Keaction  of  a  smooth  surface,  52. 
of  a  rough  surface,  69. 
of  jointed  bars,  232. 
of  jointed  bars,  analytical  calculation 

of,  243-  245- 
centre  of  system  of  jointed  bars,  248. 
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Resistance,   total,  of  a  rough  surface, 
69. 
line  of,  at  a  joint,  229. 
line  of,  between  two  blocks,  231. 
Resultant    of    coplanar    forces,    deter- 
mination of,  1 1 4. 
equation  of,  123. 
constructed    by    funicular    polygon, 

137- 
of  translation  vanishing  in  particular 
case,  115. 
Rough    bodies    on    horizontal    plane, 
point  of  initial  rotation  of,   2S3, 
284,  293. 

Screw,  equilibrium  of,  210. 
Screw,  Prony  's  differential ,  213. 
Separate  equilibrium,  principle  of,  32, 

223. 
Spherical  triangle,  centroid  of,  326. 
Stable  and  unstable  equilibrium,  199. 
Stresses  in  bars  of  franieworl<,  232,  &c. 

calculation  of  by  disjointing,  245. 
String,  flexible,  definition  of,  342. 

equations  of  eciuililjrium  of,  359. 

under  central  force,  362. 

diagram  of  tensions  of,  367. 
String,  flexible,  on  curves   rough  and 
smooth,  370. 

extensible,  equilibrium  of,  381. 
Suspension  Bridge,  45. 
Suspension  Bridge,  parabola  of,  352. 
Symmedian  point,  124,  133,  148. 

Tension  of  a  string,  nature  of,  3 1 . 
Toothed  wheels,  220. 
Tore,  definition  of,  340. 


Total  resistance  of  a  rough  surface,  69. 
limitation  of,  7*- 
virtual  work  of,  267. 
Traction,  best  direction   of,   up  rougli 

incline,  79. 
'I"ractory,  or,  anti-friction  curve,  271. 
Tractory,  relation  of  to  catenary,  347. 
Transniissibility  of  force,  16,  119. 
Trapdoor,  equilibrium  of,  166. 
Triangle  of  forces,  16. 
Triangular  lamina,  centre  of  mass  of, 

299. 
Truncated  cylinder  or  prism,    volume 

of,  339- 

Uniplanar  displacement  of  a  rigid  body, 
183. 

Varignon's  theorem  of  moments,  112. 
Velocities,  composition  of,  7. 
Virial,  151. 
Virtual  Work,  definition  of,  8,i. 

of  resultant  and  components,  86. 

equation  of,  for  a  particle,  87. 

vanishing  of,  89. 

of  tension  of  inelastic  string.  96. 

typical  expression  for,  97. 

equation  of,  for  system  of  particles, 
181. 

for  rigid  body,  189. 

Wedge,  213. 

Weighing,  methods  of,  217. 
Wheel  and  Axle,  209. 
Work  done  in  extension,  3S0. 

Young's  Modulus,  378. 
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Litt.  D.    Crown  8vo.  half  roan,  7*.  bd. 

Skeat.     AnEtj-mological  Dictionary  of  the  English  Language, 

arranged   on  an  Historical  Basis.      By  W.  W.  Skeat,  Litt.D.      Second 
Edition.    4to.  2I.  4s. 
A  Supplement  to  the  First  Edition  of  the  above.    4to.  2s.  6d. 

A  Concise  Etymological   Dictionary  of  the  English 

Language.     Third  Edition.     Crown  8vo.  5s.  6d. 

Principles  of  English  Etymology.     First  Series.     The 


Native  Element.     Crown  8vo.  9*. 

Principles    of    English    Etymology.      Second    Series. 

Nearly  reculy. 

Stratmann.    A  Middle-English  Dictionary,  containing  Words 

used  by  English  Writers  from  the  Twelfth  to  the  Fifteenth  Century.  By 
Francis  Henbt  Stbatmann.  A  New  Klition,  Re-arranged,  Revised, 
and  Enlarged  by  Henbt  Bbadlet.  Small  4to.   ll.  lJ8.6d.  Nearly  Ready. 

Sweet.     An  Anglo-Saxon  Primer,  with  Grammar,  Notes  and 
Glossary.  By  Henbt  Sweet,  M.A.    2nd  Edition.    Extra  fcap.  8vo.  2».  6(i. 

An  Anglo-Saxon  Reader.     In  Prose  and  Verse.     With 

Grammatical  Introduction,  Notes,  and  Glossary.  Sixth  Edition,  Revised 
and  Enlarged.     Extra  fcap.  Svo.  8s.  6d. 

A  Second  Anglo-Saxon  Reader.   Extra  fcap.  8vo.  41. 6d. 

Old  English  Reading  Primers  : 

I.  Selected  Homilies  of  ^Ifric.     Stiff  covers,  i«.  6rf. 

II.  Extracts  from  Alfred's  Orosius.     Stiff  covers,  i«.  6d. 

First  Middle  English  Primer,  with  Grammar  and  Glos- 
sary.   Extra  fcap.  Svo.  28. 

Second  Middle  English  Primer.    Extracts  from  Chaucer, 

with  Grammar  and  Glossary.     Extra  fcap.  Svo.  28. 

History  of  English   Sounds  from  the  Earliest   Period. 

With  full  Word-Lists.     Svo.  14*. 

A  Primer  of  Spoken  English.     Extra  fcap.  Svo.     3*.  6d. 

A  Primer  of  Phonetics.     Extra  fcap.  Svo.  3.$.  6d. 

ElementarbuchdesGesprochenenEnglisch.    Grammatik, 

Texte  und  Glossar.    Second  Edition.   Extra  fcap.  Svo,  stiff  covers,  2*.  6d. 
London:  Hejjey  Frowpe,  Axaen  Comer,  E.G. 
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Tancock.     An  Elementary  English   Grammar  and    Exercise 

Book.  By  O.W.  Taxcock,  m"a.   !i<.co»d Edition.    Extra  fcap.  8vo.  l«.  M. 

An  English  Grammar  and   Reading  Book,  for  Lower 

Forms  in  Classical  Schools.    Fourth  Edition.    Extra  fcap.  8to.  l>.  6i. 


Saxon  Chronicles.     Two  of  the   Saxon   Chronicles  parallel 

(7S7-I001  A.D.i.  A  Revised  Text.  E<iited,  with  IntroJuction,  Critical 
Notes,  and  Glossary,  liy  Chahleb  Plijimeb,  M.A..  on  the  basis  of  an 
Edition  by  JoHS  EaRLE,  M.A.     Crown  8vo,  stiff  covers,  3*. 

Specimens  of  Early  English.     A  New  and  Revised  Edition. 

With  Introduction,  Notes,  and  Glossarial  Index. 

Part  I.  From  Old  Enplish  Homilies  to  King  Horn  (a.d.  1150  to  a.d. 
1300}.     By  R.  M0KRI8,  LL.D.    Ed.  t.    Extra  fcap.  8vo.     9*. 

Part  11.  From  Robert  of  Gloucester  to  Gower  (a.D.  1298  to  A.D.  1393). 
By  R.  Morris,  LL.D.,  and  W.  W.  Skeat,  Litt.  D.  Third  Edition. 
Extra  fcap.  8vo.  7».  6d. 

Specimens   of  English  Literatixre,  from  the  'Ploughmans 

Ciede'  to  the  '  Shtphe.irdes  Calender'  (a.D.  1394  to  A.D.  1579)-  ^^'•"' 
IntriKluction,  Note-i.  and  Glossarial  Index.  By  W.  W.  Skeat,  Litt.  D. 
Fourth  Edition.    Extra  fcap.  8vo.  7».  6d. 

Typical   Selections   from    the   best   English   Writers,    with 

Introductory  Notices.     In  2  vols.     Extra  fcap.  8vo.  3».  6d.  each. 
Vol.  I.  Latimer  to  Berkeley.  Vol.  II.  Pope  to  Macaulay. 


A  SERIES  OF  EXGLISU  CLASSICS. 

{CBROSOLOGICALLT  ARRAVGED.) 

Ormnlum,  The,  with  the  Notes  and  Glossary  of  Dr.  R.  M. 

White.     Edited  by  K.  Hoti,  M.A.     2  toIs.     Extra  fcap.  8to.  si.  1$. 

CHAtrCER. 

I.  The  Prologue,  the  Knightes  Tale,  The  Nonne  Preestes 

Talc;  from  the  Canterbury  Tales.  Edited  by  R.  Morris,  LL.D.  A 
New  Edition,  with  Collations  and  Additional  Notes  by  W.  W.  Skeat, 
Litt.D.     Extra  fcap.  8to.   2«.  6d. 


Oxford :  Claresdon  Pteas. 
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CHAUCER  {coHtinueil). 

II.  The  Prioresses  Tale ;  SirThopas;  Tlie  Moukcs  T:ile; 

The  Clerkee  Tale  :  The  Squicres  Tale,  Jtc.    E<iited  by  W.  W.  Skeat, 
LiitD.     Third  EdilioH.     Extra  fcap.  8vo.   4^1.  6rf. 

III.  The   Tale  of  the  Man  of  Lawe ;    The  Pardoneres 

Tale ;    The   Second  Nonnes  Tale  ;    The  Chanouna   Vemannes  Tale. 
By  W.  W.  Skeat,  Litt.D.     Sew  Edition.     Extra  fcap.  Svo.    +«.  6rf. 

IV.  Minor  Poems.     Edited   by  W.  W.  Skeat,  Litt.D. 
Crown  Svo.  10*.  6d. 

V.  The  Legend  of  Good  Women.      By  W.  W.  Skeat, 

LittD.     Crown  Svo.  6t. 

Langland.  W.    The  Vision  of  William  eonccrnin<>  Piers  the 

riowuian,  in  three  Parallel  Texts;  together  with  Richard  the  Redelefls. 
By  William  Langland  (about  1363-1399  a.d.).  Edited  fmin  numeroiis 
Manuscripts,  with  Preface,  Notes,  and  a  Glossary,  by  \V.  \V.  Skkat, 
Litt.D.     1  vols.     Svo.   I  /.  I  It.  6d. 

The  Vision  of  William  concerning'  Piers  the  Plowman,  by 


William   Langland.     Edited,  with  Notes,  by  W.  W.  .Skeat,  Litt.D. 
Fuurth  Edition.     Extra  fcap.  Svo.  4*.  6d. 

Gamelyn.  the  Tale  of.     Edited,  with  Notes,  Glossary,  &c.,  by 

W.  \V  8KEAT,  Litt.D.     Extra  fcap.  Svo.     Stiflf  covers,  is.  6d. 

WYCLIFFE. 

I.  The  Books  of  Job,  Psalms,  Proverbs,  Ecclesiastes,  and 

the  Sfing  of  Solomon :  according  to  the  WycliflBte  Version  made  by 
K1CHOLA8  DE  Hebefobo,  about  A.D.  13S1,  and  Revised  by  John 
PcBVET,  about  A.D.  1388.  With  Introduction  and  Glossary  by 
W.  W.  Skeat,  Litt.D.     Extra  fcap.  Svo.  3.?.  6d. 

II.  The  New  Testament  in  English,  according  to  the 
Version  by  John  Wycliffe,  about  a.d.  1380,  and  Revised  by  John 
PcRVET,  about  A.D.  1388.  With  Introduction  and  Glossary  by 
W.  W.  Skeat,  Litt.D.    Extra  fcap.  Svo.  6s. 

Minot  (Laurence).     Poems.     Edited,  with  Introduction  and 

Notes,  by  Joseph  Hall,  SLA.,  Head  Master  of  the  Hulme  Grammar 
School,  Manchester.     Extra  fcap.  Svo.    4«.  6d. 

Spenser's  Faer}-  Queene.     Books  I  and  II.     Designed  chiefly 

for  the  use  of  .Schools.     With  Introduction  and  Notes  by  G.  W.  Kitchin, 
D.D.,  and  Glossary  by  A.  L.  Mathew,  M.A.    Extra  fcap.  Svo.  2s.  6d.  each. 

Hooker.     Ecclesiastical  Polity,  Book  I.    Edited  by  R.  W. 
Chdbch,  M.A.    Second  Edition.    Extra  fcap.  Svo.  3j.     [See  also  p.  48.] 


London :  Hesbt  Fbowoe,  Amen  Comer,  E.C. 
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OLD  ENGLISH  DEAMA. 

I.  York  Plays. — The  Plays  performed  by  the  Crafts  or 

Mysteries  of  York,  on  the  day  of  Corpus  Christi,  in  the  14th,  15th, 
and  i6th  centuries;  now  first  printed  from  the  unique  manuscript 
in  the  library  of  Lord  Ashbunjiam.  Edited,  with  Introdnction  and 
Glossary,  by  LccT  TouLUDf  Smith.    8to.  il.it. 

II.  English  iliracle  Plays,  Moralities,  and  Interludes. 

Specimens  of  ibe  Pre- Elizabethan  Drama.  Edited,  with  an  Introduc- 
tion, Notes,  and  Glossary,  by  AlfBED  VT.  Pollabd,  H.A.  Crown 
8to.  7«.  6d. 

III.  The  Pilgrimage  to  Parnassus,  with  the  Two  Parts  of 

the  Return  from  Parnassus.  Three  Comedies  performed  in  St.  John's 
College,  Cambridge,  a.d.  JtDXCvn-MDCi.  Edited  bom  MSS.  by 
W.  iS.  MiCKiT,  M.A.,  F.S_4,  Medium  8vo.  Bevelled  Boards,  Gilt 
top,  8*.  W. 

IV.  Marlowe's  Edward  II.  With  Introduction,  Notes,  &c. 
By  O.  W.  Tascock,  MA.  Extra  fcap.  8vo.  Paper  covers,  2*. ; 
cloth,  3». 

V.  Marlowe  and  Greene.     Marlowe's   Tragical  History 

of  Dr.  Fanstos,  and  Greene's  Honourable  History  of  Friar  Bacon  and 
Friar  Bungay.  Edited  by  A.  W.  Wabd,  litt.  D.  A'eic  and  enlarged 
Editwn.    Eitra  fcap.  8vo.  6».  6d. 

SHASESPEAEE.    Select  Plays.    Extra  fcap.  8  vo.  stiff  covers. 

Edited  by  W.  G.  Clabk,  M.A.,  and  W.  Aldis  TVright,  D.C.L. 
The  Merchant  of  Venice,    is.  Macbeth,    is.td. 

Hichard  the  Second.    is.6d.  Hamlet.    28. 

Edited  by  W.  Aldis  Weight,  D.CL. 
The  Tempest,    is.  6d.  Midsmmner  Xight's  Dream,  is.  6d. 

As  You  Like  It.    is.  6d.        Coriolanns.    28.  6d. 
Jtdius  Caesar.    2s.  Henry  the  Fifth.    28. 

Richard  the  Third.  2S.  6i.      Twelfth  Night,    is.  6<i. 
King  Lear.    is.  6d.  King  John.    is.  6d. 

Shakespeare  as  a  Dramatic  Artist ;    a  popular  Illustration 

of  the  Principles  of  .Scientific   Criticism.      By  E.  G.   MoULlox,   M.A. 
Second  Edition,  Enlarged.     Crown  Svo.  6«. 

Bacon. 

I.  Advancement  of  Learning.  Edited  by  "W.  AxDis 
Weight,  D.C.L.     Third  Edition.    Extra  fcap.  Svo.  4*.  6rf. 

II.  The  Essays.  Edited,  with  Introduction  and  Illustrative 
Notes.     By  S.  H.   Retsoliw,  M.A.    Demy  8vo.    Half  Bound, 

1 2s.  6d. 

Oxford:  Claiendon  Press. 


A  Series  of  English  Classics. 


MILTON. 

I.  Areopagitica.     With   Introduction   and   Notes.     By 
John  W.  Hai,es,  M.A,     Third  Edition.    Extra  fcap.  8vo.  38. 

II.  Poems.    Edited  by  R.  C.  Browne,  M.A.     In  two 

Volumes.    Fifth  Edition.    Extra  fcap.  8vo.  Cis.  6d. 
Sold  separately,  Vol.  I.  4s. ;  Vol.  II.  3». 

In  paper  covers  : 
Lycidas,  zd.      L' Allegro,  id.       II  Penseroso,  ^d.       Comus,  6d. 

III.  Paradise  Lost.    Book  I.    Edited  by  H.  C.  Beeching, 

B.A.     Extra  fcap.  8vo,  stiff  covers,  is.  6d. ;  in  Parcliment,  3».  6d. 

IV.  Samson  Agonistes.     Edited,  with  Introduction  and 
Notes,  by  J.  Chubton  Collixs,  M.A.  Extra  fcap.  8vo,  stiff  covers,  is. 

Bunyan. 

I.  The  Pilgrim's  Progress,   Grace  Abounding,  Relation 

of  the  Imprisonment  of  Mr.  John  Buntan.  Edited,  with  Bio- 
graphical Introduction  and  Notes,  by  E.  VenaBles,  M.A.  Extra 
fcap.  8vo.  5«.     In  Parchment,  6s. 

II.  Holy  War,  &C.      In  the  Press. 

Clarendon. 

I.  History  of  the  Rebellion.     Book  VI,     Edited  by  T. 

Aexold,  M.A.     Extra  fcap.  8vo.  t\s.  6d. 

II.  Characters   and   Episodes   of  the    Great    Rebellion. 

Selections  from  Clarendon.  Edited  by  G.  Boyle,  M.A.,  Dean  of 
Salisbury.     Crown  8 vo,  gilt  top,  7*.  6d.     [See  also  p.  5 1 .] 

Dryden.     Select  Poems.     (Stanzas  on  the  Death  of  Oliver 

Cromwell ;  Astrsea  Eedux ;  Annus  Mirabilis  ;  Absalom  and  Achitophel ; 
Keligio  Laici ;  The  Hind  and  the  Panther.)  Edited  by  W.  D.  Chbisiie, 
M.A.     Second  Edition.     Extra  fcap.  8vo.  3s.  6d. 

An  Essay  of  Dramatic  Poesy.     Edited,  with  Notes,  by 


TnoMAS  Aknold,  M.A.    Extra  fcap.  8vo.  3«.  6d. 

Locke.  Conduct  of  the  Understanding.  Edited,  with  Intro- 
duction, Notes,  &c.,  by  T.  FowLEB,  D.D.  Third  Edition.  Extra  fcap. 
8vo.  2s.  6d. 

Addison.     Selections  from  Papers  in  the  Spectator.     With 

Notes.    By  T.  Abxold,  M.A.    Extra  fcap.  8vo.  4*.  6d.    In  Parchment,  6s. 

Steele.  Selections  from  the  Tatler,  Spectator,  and  Guardian. 
Edited  by  Austin  Dobson.     Extra  fcap.  8vo.  5*.     In  Parchment,  78.  6d. 


Loudon:  Hesrt  Fbowde,  Amen  Comer,  E.G. 
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Pope.     Select  Works.     With  Introduction  and  Notes.     By 
Mark  Pattisos,  B.D. 

I.  Essay  on  Man.     Extra  fcap.  8vo.  is.  6</. 

n.  Satires  and  Epistles.     Extra  fcap.  8vo.  zs. 

Parnell.     The  Hermit.     Paper  covers,  7,d. 

Gray.     Selected  Poems.     Edited  by  Edmund    Gosse,  M.A. 

Extra  fcap.  Svo.     In  Parchment,  3s. 

The   same,    together    with    Supplementary    Notes    for 


Schools  by  Fosteb  Watson,  M.A.    Stiff  covers,  is.  6d. 
—  Elegy,  and  Ode  on  Eton  College.    Paper  covers,  2c?. 


Goldsmith. 

I.  Selected  Poems.  Edited  with  Introduction  and  Notes,  by 
Austin  Dobson.    Extra  fcap.  Svo.  3s.  6d.    In  Parchment,  4*.  6d. 

n.  The  Traveller.  Edited  by  G.  Birkbeck  Hixl,  D.C.L. 
Stiff  covers,  i*. 

in.  The  Deserted  Village.     Paper  covers,  2  J. 

JOHNSON. 

I.  Rasselas.  Edited,  with  Introduction  and  Notes,  by 
G.  BiRKBKCK  Hill,  D.C.L.  Extra  fcap.  8to.  Bevelled  boards,  3*.  6rf. 
In  Parchment,  4s.  6d. 

II.  Rasselas ;    Lives   of  Dryden  and  Pope.     Edited  by 

Alfred  Milxes,  M.A.  vLondon).     Extra  fcap.  Svo.  4*.  6rf.,  or  Lives 
of  Drtdex  and  Pope  only,  stiff  covers,  28.  6d. 

III.  Life  of  Milton.     By  C.  H.   Firth,  M.A.     Extra 

fcap.  Svo,  cloth,  2*.  6d.     Stiff  covers,  i*.  6d. 

IV.  Wit  and  Wisdom  of  Samuel  Johnson.  Edited  by 
G.  Blbkbeck  Hill,  D.C.L.     Crown  Svo.  7s.  6d. 

V.  Vanity  of  Human  Wishes.     With  Notes,  by  E.  J. 

Patne,  M.A.     Paper  covers,  ^d. 

BOSWELL. 

Boswell's  Life  of  Johnson.  With  the  Journal  of  a 
Tour  to  the  Hebrides.  Edited  by  G.  Birkbeck  Hill,  D.C.L.,  Pem- 
broke College.     6  vols.     Medium  Svo.     Half  bound,  3J.  3». 

Oxford:  Clarendon  Press. 


A  Series  of  English  Classics.  il 

Cowper.     Edited,  with    Life,  Introductions,  and    Notes,  by 
H.  T.  Griffith,  B.A. 

I.  The  Didactic  Poems  of  1782,  with  Selections  from 

the  Minor  Pieces,  A.D.  1 779-1 783.     Extra  fcap.  8vo.  3*. 

II.  The  Task,  with  Tirocinium,  and  Selections  from  the 

MinorPoema,  A.D.  1784-1799.     Second  Edition.     Extra  fcap.  8vo.  3*. 

Burke.      Select    Works.      Edited,    with    Introduction    and 

Notes,  by  E.  J.  Pat.ne,  M.A. 

I.  Thoughts    on    the    Present    Discontents;     the    two 

Speeches  on  America.     Second  Edition.     Extra  fcap.  8vo.  4*.  6d. 

II.  Reflections    on    the    French    Revolution.      Second 

Edition.     Extra  fcap.  8vo.  5^. 

III.  Four  Letters  on  the  Proposals  for  Peace  with  the 

Kegicide  Directory  of  France.    Second  Edition.    Extra  fcap.  8vo.  5«. 

Burns.     Selected  Poems.     Edited,  with  Introduction,  Notes, 

and  a  Ghissary,  by  J.  LoGlE  KoBERTSON,  M.A.     Crown  Svo.  6j. 

Keats.     Hyperion,  Book  I,     With  Notes  by  W.  T.  Arnold, 

B.A.     Paper  covers,  4^. 

Byron.     Childe  Harold.     With  Introduction  and  Notes,  by 

H.  F.  TozER,  M.A.     Extra  fcap.  Svo.  3*.  6d.      In  Parchment,  5*. 

Scott.     Lay  of  the  Last  Minstrel.  Edited  by  W.  Minto,  M.A. 

With  Map.    Extra  fcap.  Svo.  2s.     Parchment,  3*.  6d. 

Lay  of  the  Last  Minstrel.     Introduction  and  Canto  I, 

with  Preface  and  Kotes,  by  the  same  Editor.     6d. 

Marmion.     Edited,  with  Introduction  and    Notes,   by 

T.  Bayne.     Extra  fcap.  Svo.  3s.  6d. 

Campbell.    Gertrude  of  Wyoming.    Edited,  with  Introduction 
and  Notes,  by  H.  Maoadlat  FitzGibbon,  M.A.   Extra  fcap.  Svo.  2*. 

Shairp.     Aspects  of  Poetry ;    being  Lectures    delivered    at 

Oxford,  by  J.  C.  Shairp,  LL.D.     Crown  Svo.  10s.  6d. 

Palgrave.     The  Treasury  of  Sacred  Song.     With  Notes  Ex- 

plan.'itory  and  Biographical.     By.  F.  T.  Palgkave,  M.A.    iiew  Edition. 
Extra  fcap.  Svo,  4s.  6rf. 


London;  Henry  Frowde,  Amen  Comer,  E.G. 
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SECTION  nx 

EUROPEAN  LANGUAGES.     MEDIAEVAL  AND 
MODERN. 

(1)  TRENCH  AND  ITALIAN. 
Brachet's  Etymological  Dictionary  of  the  French  Language. 

Translated  by  G.  W.  Kitchin,  D.D.    Third  Edition.    Crown  8vo.  •;!.  6d. 

Historical  Grammar  of  the  French  Language.     Trans- 


lated by  G.  W.  Kitchin,  D.D.   Fourth  Edition.    Extra  fcap.  8vo.  3X.  6d. 

Saintsbury.     Primer    of    French    Literature.     By    Georgb 
Sai.ntsbdrt,  M.A.    Extra  fcap.  Svo.  as. 

Short  History  of  French  Literature.    Crown  Svo.  10s.  6d. 

Specimens  of  French  Literature,  from  Villon  to  Hugo. 

Crown  Svo.  9*. 

Toynbeo.    Specimens  of  Old  French.    By  Paget  J.  Toynbee. 
Crown  Svo.    Nearly  ready. 


Beaumarchais'  Le  Barbier  de  Seville.     Edited,  with  Intro- 
duction and  Notes,  by  Austin  Dobson.    Extra  fcap.  Svo.  2s.  6d. 

Corneille's  Horace.     Edited,  with  Introduction  and  Notes, 
by  George  Saixtsbubt,  M.A.     Extra  fcap.  Svo.  2s.  6d. 

Moliere's  Les  Precieuses  Ridicules.   Edited,  with  Introduction 
and  Notes,  by  Andrew  Lang,  M.A.    Extra  fcap.  Svo.  is.  6d. 

Mussets  On  ne  badine  pas  avec  I'Amour,  andFantasio.    Edited, 

with  Prolegomena,  Notes,  etc.,  by  W.  H.  Pollock.    Extra  fcap.  Svo.  2s. 

Racine's  Esther.     Edited,  with  Introduction  and  Notes,  by 
George  Saintsbury,  M.A.    Extra  fcap.  Svo.  2s. 

Voltaire's  Merope.     Edited,  with  Introduction    and    Notes, 
by  George  Saixtsbubt,  M.A.     Extra  fcap.  Svo.  2s. 

*»*  The  above  sijr  Plays  may  be  had  in  ornamental  case,  and  bound 
in  Imitation  Parchment, price  12s.  6d. 


Oxford;  Clarendon  Preit. 
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MASSON'S  FREXCn  CLASSICS. 

Edited  hy  Gustave  Masson,  B.A. 

Corneille's  Cinna.     With  Notes,  Glossary,  etc.     Extra  fcap. 

Svo.  2S.     Stiff covera,  is.  6d. 

Louis  XIV  and  his  Contemporaries ;  as  described  in  Extracts 

from  the  best  Jlemoirs  of  the  Seventeeuth  Century.    With  English  Notes, 
Genealogical  Tables,  &c.     Extra  fcap.  Svo.  is.  6d. 

Maistre,  Xavier  de,  &c.  Voyage  autour  de  ma  Ciiambre, 
by  Xavier  de  Maistre.  Ourika,  by  Mad.uie  de  Dibas  ;  Le  Vieux 
Tailleur,  by  MM.  Eeckman.v-Chatbian  ;  La  Veillc'e  de  Vincennes,  by 
Alfked  de  Vigny  ;  Les  Jumeaui  de  l'H6tel  Corneille,  by  Edmond 
About;  Mt'saventures  d'un  foolier,  by  EoDOLPBE  TOPffeb.  Third 
Edition,  Revised.     Extra  fcap.  Svo.  2*.  dd. 

Voyage  autour  de  ma  Chambre.     Limp.  i*.  6^/. 

Molidre's  Les  Fourberies  de  Seapin,  and  Racine's  Athalie. 

With  Voltaire's  Life  of  Molifere.     Extra  fcap.  Svo.  2s.  6d. 


—  Les   Fourberies  de   Seapin.     With   Voltaire's   Life    of 

Molifere.     Extra  fcap.  Svo.  stiff  covers,  is.  6d. 

Les   Femmes   Savantes.     With    Notes,    Glossary,   etc. 


Extra  fcap.  Svo.  cloth,  2s.     Stiff  covers,  I*.  6d. 

Racine's  Andromaque,  and  Corneille's  Le  Menteur.     With 

Loiis  Racine's  Life  of  his  Father.     Extra  fcap.  Svo.  is.  6d. 

Regnard's  Le  Joueur,  and  Brueys  and  Palaprat's  Le  Gron- 

deur.     Extra  fcap.  Svo.  is.  6d. 

Sevigni,  Madame  de,  and  her  chief  Contemporaries,  Selections 

from  their  Correspondence.     Intended  more  especially  for  Girls'  Schools. 
Extra  fcap.  Svo.  3». 

Blouet.     L'Eloquence  de  la  Chaire  et  de  la  Tribune  Fran^aises. 

Edited  by  Paol  Blouet,  B.A.  Vol.  I.  Sacred  Oratory.  Extra  fcap.  Svo.  is.  6d. 

Gautier.  Theophile.     Scenes  of  Travel.     Selected  and  Edited 

by  Geobge  Saintsbuet,  M.A.     Extra  fcap.  Svo.  is. 

Perrault's  Popular  Tales.    Edited  from  the  Original  Editions, 

with   Introduction,   etc.,   by   Ajjdbew   Lang,   M.A.     Extra  fcap.   Svo, 
paper  boards,  5s.  6d. 

London ;  Hej^ry  Fbowbe,  Amen  Comer,  E.C. 
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Quinet's  Lettres  a  sa  Mere.     Selected  and  Edited  by  George 

Saixtsbcbt,  M.A.     Extra  fcap.  8vo.  2«. 

Sainte-Beuve.     Selections    from    the   Causeries   du     Lundi. 
Edited  by  Geobge  Saintsbubt,  M.A.    Extra  fcap.  8vo.  2«. 

Dante.     Selections    from   the  Inferno.     With    Introduction 

and  Notes.     By  H.  B.  C'otterill,  B.A.     Extra  fcap.  8vo.  4*.  dd. 

Tasso.     La  Gerusalemme  Liberata.     Cantos  i,  ii.     With  In- 
troduction and  Notes.     By  the  same  Editor.     Extra  fcap.  8vo.  28.  dd. 

(2)    GERMAN  AND   GOTHIC. 
Max  Miiller.     The  German  Classics,  from  the  Fourth  to  the 

Nineteenth  Century.  With  Biographical  Notices,  Translations  into 
Modem  German,  and  Notes.  By  F.  Max  Mulleb,  M.A.  A  New 
Edition,  Revised,  Enlarged,  and  Adapted  to  Wilhelm  vSchereb's 
'  History  of  German  Literature,'  by  F.  Lichtesstkik.  3  vols.  Crown 
8vo.  2i». 

Soberer.     A  History  of  German   Literature  by   Wilhelm 

ScHEBEB.  Translated  from  the  Third  German  Edition  by  Mrs.  F. 
C.  CosTBEABE.     Edited  by  F.  M AX  MuLLEE.     2  vols.    8to.  2  is. 

Skeat.     The   Gospel  of   St.   Mark  in    Gothic.     By  W.  W. 

Skeat,  Litt.  D.     Extra  fcap.  Svo.  cloth,  4s. 

Wright.     An  Old  High  German  Primer.     With  Grammar, 
Notes,  and  Glossary.   By  Joseph  Weight,  Ph.D.  Extra  fcap.  8vo.  3J.  td. 

A    Middle    High    German   Primer.      With    Grammar, 

Notes,  and  Glossary.  By  Joseph  Weight,  Ph.D.  Extra  fcap.  8to.  3s.  6d. 


LANGE'S  GERMAN  COURSE. 

Bi/  Hermann  Lanr/e,  Lecturer  on  French  and   German  at  the  JIanchesfer 
Technical  School,  and  Lecturer  on  German  at  the  Manchester  Athenaum. 

I.  Germans  at  Home ;  a  Practical  Introduction  to  German 

Conversation,  with  an  Appendix  containing  the  Essentials  of  German 
Grammar.     Third  Edition.     Svo.  2^.  6d. 

I.  German.  Manual :  a  German  Grammar,  Reading  Book, 

and  a  Handbook  of  German  Conversation.     Svo.   'js.  6d. 

III.  Grammar  of  the  German  Iianguage.     8s'o.  3*.  6d. 

Oxford :  Clarendon  Press. 
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IV.  German  Composition ;  A  Theoretical  and  Practical  Guide 

to  the  Art  of  Translating  English  Prose  into  German.     Second  Edition. 
8vo.  48.  6d. 

[A  Keq  to  the  above,  price  5k.     Just  Pnhlislied.'] 

German  Spelling ;    A    Synopsis  of  the    Changes  which    it 

has  undergone  through  the  Government  Regulations  of  1880.     6d. 

BUCHIIEIM'S  GERMAN  CLASSICS. 

Edited,  with  Biographical,  Ilisiirrical,  and  Critical  Introductions,  Arguments 
(to  the  Dramas),  and  Complete  Commentaries,  by  C.  A.  Buchheim,  Phil. 
Voc,  Professor  in  King's  College,  London. 

Becker  (the  Historian).     Friedrich  der  Grosse.     Edited,  with 

Notes,  an  Historical  Introduction,  and  a  Map.     3«.  dd. 

Goethe : 

(ft)  Egmont.     A  Tragedy.     3.5. 

(6)  Iphigenie  auf  Tauris.    A  Drama.     3s. 

Heine : 

(a)  Piosa  :  1)eiug  Selections  from  his  Prose  Writings.     4*.  (>d. 
(i)  Harzreise.     Cloth,  2s.  6c?. ;  paper  covers,  is.  6d. 

Lessing : 

(«)  Nathan  der  Weise.     A  Dramatic  Poem.     4.?.  6d. 
{b)  Minna  von  Barnhelm.     A  Comedy.     3s.  6d. 

Schiller : 

(rt)  WilhelmTell.  A  Drama.  Large  Edition.  With  Map.  3s.  6f/. 
(5)  Wilhelm  Tell.     School  Edition.    With  :Map.     2s. 
(f)  Histoi-ische  Skizzen.     With  Map.     2S.  6d. 
[d)  Jungfrau  von  Orleans.     4*.  6d. 

Modern  German  Reader.  A  Graduated  Collection  of  Ex- 
tracts from  Modern  Geniiau  Authors  : — 

Part   I.     Prose    Extracts.     With    English   Notes,    a    Grammatical 
Appendix,  and  a  complete  Vocabulary.     Fourth  Edition.     2s.  6d. 

Part  II.     Extracts   in   Prose   and   Poetry.     With  English   Notes 
and  an  Index.     Second  Edition.     2s.  6d. 

German  Poetry  for  Beginners.     Edited  with  Eng-lish  Notes 

and  a  comiilete  Yocabular) ,  by  Emma  .S.  BL'ciiHEni.     Extra  fcap.  Svo.  2s. 

Chamisso.      Peter     Schlemihl's     "Wnndersame     Geschichte. 

Edited  with  Notes  and  a  complete  Vocabulary,  by  EjniA  S.  BnCHHEIM. 
Extra  fcap.  Svo.  2S. 

London :  Hsnry  Fkowde,  Amen  Corner,  E.G. 
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Lessing.     The  Laokoon,  with  Introduction,  English  Notes, 
etc.     By  A.  Hamank,  Phil.  Doc.,  M.A.     Extra  fcap.  8vo.  4s.  dd. 

Niebuhr:  Griechische  Heroen-Geschichten  (Tales  of  Greek 

Heroes\  With  English  Notes  and  Vocabulary,  by  Emsia  S.  Bochheim. 
Second,  Revised  Edition.     Extra  fcap.  8vo.  cloth,  2s.,  stiff  covers,  is.  6d. 

Edition  A.     T*xt  in  German  Type. 

Edition  B.     Text  in  Roman  Type. 

Schiller's  Wilhelm  Tell.     Translated  into  English  Verse  by 
E.  Massie,  M.A.    Extra  fcap.  8vo.  5s. 

(3)  SCANDINAVIAN. 
Cleasby  and  Vigfdsson.     An  Icelandic-English  Dictionary, 

based  on  the  M.S.  collections  of  the  late  Richard  Cleasby.  Enlarged 
and  completed  by  G.  Vigfus-SON,  M.A.  With  an  Introduction,  and  Life 
of  Richard  Cleasby,  by  G.  Webbe  Dasent,  D.C.L.     4to.  ji.  7*. 

Sweet.       Icelandic    Primer,    with     Grammar,    Notes,    and 
Glossary.    By  Henry  Sweet,  M.A.     Extra  fcap.  8vo.  3s.  6d. 

Vigfiisson.     Sturlunga  Saga,  including  the  Islendinga  Saga 

of  Lawman  Stubla  Thordsson  and  other  works.  Edited  by  Dr 
GUDBRAND  VlGFUSSON.      In  2  vols.  8vo.    2I.  2.1. 

Vigfiisson  and  Powell.     Icelandic  Prose  Reader,  with  Notes, 

Grammar,  and  Glossary.  By  G.  VlGFUSSON,  M.A.,  and  F.  YoBK 
Powell,  M.A.     Extra  fcap.  8vo.  los.  6d. 

^—  Corpvs   Poeticvm    Boreale.      The    Poetry    of   the    Old 

Northern  Tongue,  from  the  Earliest  Times  to  the  Thirteenth  Century. 
Edited,  classified,  and  translated,  with  Introduction,  Excursus,  and  Notes, 
by  Gddbuand  Viqfusson,  M.A.,  and  F.  York  Powell,  M.A.  2  vols. 
8vo.  2J.  2». 

The   Landnama-B6k.     Edited  and   translated  by   the 


same.    In  the  Press. 

SECTION  rv. 
CLASSICAL    LANGUAGES. 

(1)  LATIN. 

STANDARD    WORKS  AND   EDITIONS. 

King  and  Cookson.     The  Principles  of  Sound  and  Inflexion, 

as  illustrated  in  the  Greek  and  Latin  Languages.     By  J.  E.  King,  M.A., 
and  Christopher  Cookson,  M.A.  Svo.  i8s. 

Oxford:  Clarendon  Press. 
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Lewis  and  Short.     A  Latin  Dictionary,  founded  on  Andrews' 

edition  of  Freund'e  Latin  Dictionary,  revised,  enlarged,  and  in  great 
part  rewritten  by  Chablton  T.  Lewis,  Ph.D.,  and  Charles  Short, 
LL.D.     4to.  \\.  js. 

Nettleship.      Contributions    to    Latin    Lesicograpliy.      By 

Henuy  Neiti.eship,  M.A.     8vo.  2Ik. 

Lectures    and    Essays    on    Subjects    connected    wit 

Latin  Scholarship  and  Literature.  By  Hesbt  Nettleship,  M.A. 
Crown  8vo.  7*.  dd. 

Tbe  Roman  Satura.     8vo.  sewed,  is. 

Ancient  Lives  of  Vergil.     Svo.  sewed,  2j. 


Papillon.     ^fanual   of   Comparative    Philology.     By  T.   L. 

P.iPii.LON",  M.A.     Third.  Edition.     Crown  8vo.  6.!. 

Pinder.     Selections  from  the  less  known  Latin  Poets.     By 

North  Pi.vder,  M.A.    8vo.     I5<. 
Sellar.     Roman  Poets  of  tbe  Augustan  Age.     Virgil.     By 

W.  Y.  Skllar,  M..\.     New  Edition.     Crown  8vo.  9s. 

Roman  Poets  of  the  Republic.     T/iinl  Edition.     Crown 

8vo.   I  OS. 

Wordsworth.     Fragments   and  Specimens  of  Early  Latin. 

W  ith  Introductions  and  Notes.     By  J.  Wordsworth,  D.D.     8to.  i8s. 


Avianus.  The  Fables.  Edited,  with  Prolegomena,  Critical 
Apparatus,  Commentary,  etc.,  by  Kobinson  Ellis,  M.A.,  LL.D.  Svo. 
S.S.  (,d. 

Catulli  Veronensis    Liber.     It^rum    recognovit,  apparatiim 

criticum  prolegomena  appendices  addidit,  Robinson  Ellis,  A.M.  8vo.  1 6». 

Catullus,  a   Commentary    on.     By   Robinson    Ellis,    M.A. 

^'«■o/i(/  Edition.     8vo.  i8s. 

Cicero.  De  Oratore.  With  Introduction  and  Notes.  By  A. 
S.  Wilkins,  Litt.D. 

Bock  I.     Second  Edition.     8to.  7*.  (>d.         Book  II.     Second  Edition. 
8vo.  5.9. 

Philiiipic  Orations.    With  Notes.    By  J.  R.  King,  M.A. 

Second  Edition.     8vo.  los.  6d. 

Select  Letters.     With  English  Introductions,  Notes,  and 


Appendices.     By  Albert  Watson,  M.A.     Third  Edition.     8vo.  iS 

Horace.     Witb  a  Commentary.     Vol.  I.  The  Odes,  Carmen 

Seculare,  and  Epodes.  By  E.C.  WlcKHAM,M.A.  Second  Edition.  8vo.i2i. 

Vol.  II.  The  Satires,  Epistles,  and  De  Arte  Poetica. 

By  the  same  Editor.     Inimcdiatehj. 


London :  Hekby  Fbowde,  Amen  Comer,  E.C. 
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Livy,  Book  I.     With  Introduction,  Historical  EsaminatioD, 

and  Not€s.     By  J.  R.  Seeley..  M.A.     Second  Edition.     8vo.  6». 

ITomus  Marcellus,  de  Compendiosa  Doctrina  (Harleian  MS. 

2719).     Collated  by  J.  H.  Onions,  M.A.     (Anecdota  Oxon.)     3*.  6(i. 

Ovid.     P.  Ovidii  Nasonis  Ibis.     Ex  Novis  Codieibus  edidit, 

.Scholia   Vetera   Coinmentarium   cum    Prolegomenis   Appendice   Indice 
addidit,  K.  Ellis,  A.M.     8vo.  los.  6<t 

P.  Ovidi  Nasonis  Tristium  Libri  V.     Recensuit  S.  G. 

Owen,  A.M.    8vo.  i6«. 

Persius.  The  Satires.  With  a  Translation  and  Commen- 
tary. By  .ToHx  CoNiNGTOx,  M.A.  Edited  by  Henry  Nettleshlp, 
M.A.     Second  Edition.     Svo.  7s.  dd. 

Flautus.  Bentlcy's  Piautine  Emendations.  From  his  copy 
of  Gronovius.    By  E.  A.  Sonnenschein,  M.A.   (Anecdota  Oxon.)   2s.  6d. 

Scriptores  Latini  rei  Metricae.     Edidit  T.  Gaisfokd,  S.T.P. 

Sv,..   5,,-. 

Tacitus.  The  Annals.  Boolcs  I- VI.  Edited,  with  Intro- 
duction and  Notes,  by  H.  Fiknealx,  M.A.     Svo.  i8s. 


LATIN  EDUCATIONAL    WORKS. 

Grammars,  Exercise  Books,  &c. 
ALLEN. 

Rudiinenta  Latina.    Comprisinw  Accidence,  and  Exercises 

of  a  very  Elenient-iry  Character,  for  the  use  of  Beginners.     By  JOHN 
Bakrow  Allen,  JI.A.     Extra  fc^p.  Svo.  2s. 

An  Elementary  Latin  Grammar.     By  the  same  Author. 

FiftySevenih  Thousand.     Extra  fcap.  Svo.  2*.  6d. 

A    First   Latin  Exercise   Book.     By  the  same  Author. 

Fourth  Edition.    Extra  fcap.  Svo.  2S.  6rf. 

A  Second  Latin  Exercise  Book.     By  the  same  Author. 

Extra  fcap.  Svo.  35.  6d. 
*,*  A  Key  to  First  and  .Second  Latin  Exercise  Books,  in  one  volume, 
price  5s.     Supplied  to  Teachers  only  on  application  to  the  Secretary 
of  the  Clarendon  Press. 

An  Introduction  to  Latin  Syntax.     By  W.  S.  Gibsox,  ]\I.A. 

Extra  fcap.  Svo.     2s. 

Oxford :  Clarendon  Press, 
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First  Latin  Reader.     By  T.  J.  Nunns,  M.A.     Third  Edition. 

Extra  fcap.  8vo.  2S. 

A  Latin  Prose  Primer.     By  J.  Y.  Sargent,  M.A.     Extra 

fcap.  Svo.     2s.  6d. 

Passagfes  for  Translation  into  Latin.     For  the  use  of  Passmen 

and    others.      Selected    by   J.  Y.   Sarge.nt,   M.A.      Seventh    Edition. 
Extra  fcap.  Svo.  2g.  6d. 

*,*  A  Key  to  the  above,  price  5.5.     Supplied  to  Teachers  only  on  appli- 
cation to  the  Secretary  of  the  Clarendon  Press. 

Exercises  in   Latin  Prose  Composition ;    with  Introduction, 

Notes,  and  Passages  of  Graduated  Difficulty  for  Translation  into  Latin. 
By  G.  G.  Ramsat,  M.A.,  LL.D.  Second  Edition.  Extra  fcap.  Svo.  4-'.  6rf. 

Hints  and  Helps  for  Latin  Elegiacs.     By  H.  Lee- Warner, 

M.A.     Extra  fcap.  Svo.  33.  6rf. 

*,*  A  Key  to  the  above,  price  41'.  6rf.     Supplied  to  Teachers  only  on 
application  to  the  Secretary  of  the  Clarendon  Press. 

Reddeuda  Minora,  or  Easy  Passages,  Latin  and  Greek,  for 

Unseen   Translation.     For  the   use   of  Lower   Forms.     Compo.'<ed   and 
selected  by  C.  S.  Jerkam,  M.A.     Extra  fcap.  Svo.   i«.  6d. 

Angliee    Reddenda,    or    Extracts,     Latin    and    Greek,    for 

Unseen  Translation.      By  C.  S.  Jerram,  M.A.     Third  Edition,  Revised 
and  Enlunjcd.     Extra  fcap.  Svo.  2S.  6d. 

Angliee    Reddenda.     Second   Series.     By   the    same  Author. 

Extra  fcap.  Svo.  3.S'. 

Models  and  Exercises  in  Unseen  Translation.     By  H.  F.  Fox, 

M.A.,  and  T.  M.  Bromley,  M.A.     Extra  fcap.  Svo.  5».  6d. 

A  School  Latin  Dictionary.    By  Charlton  T.  Lewis,  Ph.D. 

Small  4to.  iS^. 

An  Introduction  to  the  Comparative  Grammar  of  Greek  and 

Latin.     By  J.    E.   KiXG,   M.A.,   and  C.  Cookson,  M.A.     Extra  fcap. 
Svo.  js.  (>d. 

Latin  Classics  for  Schools. 
Caesar.     The  Commentaries  (for  Schools).     With  Notes  and 

Maps.     By  C'harle3  E.  Moberly,  M.A. 

The  Gallic  War.    Second  Edition.    Extra  fcap.  Svo.    4«.  6d. 

Books  I  and  II.     Extra  fcap.  Svo.    2S. 

Books  III,  IV,  V.     Extra  fcap.  Svo.    2s.  6d. 

Books  VI,  YU,  Vni.    Extra  fcap.  Svo.    3s.  6d. 

The  Civil  War.     Extra  fcap.  Svo.     3s.  6d. 
Book  I.     Extra  fcap.  Svo.    2S. 

London:  Henry  Frowde,  Amen  Comer,  E.C. 
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Catolli  Veronensis  Carmina  Selecta,  secundum  recognitionem 
Robinson  Ellis,  A.M.     Extra  fcap.  8vo.  3*.  6d. 

CICERO.    Selection  of  Interesting'  and  Descriptive  Passages. 

With  Xote?.  By  Henry  Walfokd,  M.A.  In  three  Parts.  Third 
Edition.     Extra  fcap.  8vo.  4s.  6(h 

Each  Part  separately,  limp,  i*.  6d. 

Part  I.       Anecdotes  from  Grecian  and  Roman  History. 

Part  II.      Omens  and  Dreams  :  Beauties  of  Nature. 

Part  III.   Rome's  Rule  of  her  Provinces. 

De   Senectute.     Edited,  with  Introduction  and  Notes, 

by  L.  Huxley,  M.A.     Extra  fcap.  Svo.  2*. 

pro  Cluentio.     "With  Introduction  and  Notes.     By  W. 

Ramsay,  M.A.  Edited  by  G.  G.  Kamsat,  M.A.  Second  Edition. 
Extra  fcap.  Svo.    3».  6d. 

pro  Roscio.    "With  Notes.     By  St.  George  Stock,  M.A. 

Extra  fcap.  Svo.     3s.  6d. 

Select  Orations  (for  Schools).     In  Verrem  Actio  Prima. 

De  Imperio  Gn.  Pompeii.  Pro  Archia.  Philippica  IX.  With  Introduc- 
tion and  Notes  by  J.  R.  King,  M.A.  Seco»d  Edition.  Extra  fcap.  Svo. 
2».    d. 

In  Q.  Caecilium    Divinatio,  and  In  C.  A'errem  Actio 

Prima.  W'ith  Introduction  and  Notes,  by  J.  R.  King,  M.A.  Extra 
fcap.  Svo.  limp,  is.  6d. 

Speeches   against    Catilina.      With    Introduction    and 

Notes,  by  E.  A.  Upcott,  M.A.     Extra  fcap.  Svo.  2».  6d. 

Selected  Letters  (for  Schools).     With  Notes.     By  the 

late  C.  E.  Pbichard,  M.A.,  and  E.  R.  Beenabd,  M.A.  Second  Edition. 
Extra  fcap.  Svo.  3*". 

Select   Letters.      Test.      By   Albert   "Watson,   M.A. 

Second  Edition.     Extra  fcap.  Svo.  4s. 

Cornelius  Tfepos.    "^'ith  Notes.     By  Oscar  Browning,  M.A. 

Third  Edition.     Revised  by  W.  R.  Inge,  M.A.     Extra  fcap.  Svo.  3s. 

Horace.     With  a  Commentary.     (In  a  size  suitable  for  the 

use  of  Schools.)  Vol.  I.  The  Odes,  Carmen  Seculare,  and  Epodes.  By 
E.  C.  WiCKHAM,  M.A.     Second  Edition.     Extra  fcap.  Svo.  6s. 

Selected   Odes.     With   Notes  for  the  use  of   a    Fifth 


Form.     By  E.  C.  WiCKiiAM,  M.A.     Extra  fcap.  Svo.    2s. 
Oxford:  Clarendon  Press. 
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Juvenal.  Thirteen  Satires.  Edited,  with  Introduction  and 
Notes,  by  C.  H.  Peabson,  M.A.,  and  Hebbebt  A.  Strong,  M.A.,  LL.D. 
Crown  8vo.  6s. 

Also  separately  :— 
Part  I.     Introduction,  Text,  etc.,  3«.         Part  II.     Notes,  3s.  M. 

Livy.  Books  V— VII.  With  Introduction  and  Notes.  By 
A.  R.  Clceb,  B.A.  Second  Edition.  Kevised  by  P.  E.  Matheson, 
M.A.     Extra  fcap.  8vo.  js. 

Book  V.     By  the  same  Editors.    Extra  fcap.  8vo.  js.  6d. 

Books  XXI-XXIII.      With    Introduction   and  Note.^i. 

By  M.  T.  Tatham,  M.A.  Second  Edition,  enlarged.  Extra  fcap.  8vo.  5*. 

Book  XXI.    Bv  the  same  Editor.    Extra  fcap.  8vo.  3«.  6rf. 


Book  XXII.    With  Introduction,  Notes,  and  Maps.     By 

the  same  Editor.     Extra  fcap.  8vo.     2s.  6d. 

Livy.    Selections  (for  Schools).     With  Notes  and  Maps.     By 

H.  Lee-Warxeb,  M.A.     Extra  fcap.  8vo.     In  Parts,  limp,  each  i«.  6d. 
Part  I.       The  Caudine  Disaster. 
Part  II.      Hannibal's  Campaign  in  Italy. 
Part  III.    The  ilacedonian  War. 

Ovid.  Selections  for  the  use  of  Schools.  With  Introduc- 
tions and  Notes,  and  an  Appendix  on  the  Roman  Calendar.  By  W. 
Ramsay,  M.A.  Edited  by  G.  G.  Ramsay,  M.A.  Third  Edition. 
Extra  fcap.  8vo.  5s.  6d. 

Tristia.  Book  I.  The  Text  revised,  with  an  Intro- 
duction and  Notes.     By  S.  G.  Owen,  B.A.     Extra  fcap.  8vo.  3«.  6d. 

Tristia.     Book    III.     With    Introduction    and   Notes. 


By  the  same  Editor.     Extra  fcap.  8vo.  2«. 

Plautus.     Captivi.     Edited  by  Wallace  M.  Lindsay,  M.A. 

Extra  fcap.  8vo.  2s.  6d. 

Plautus.  Trinummus.  With  Notes  and  Introductions.  (In- 
tended for  the  Higher  Forms  of  Public  Schools.)  By  C.  E.  Fbeeman, 
M.A.,  and  A.  Sloman,  M.A.     Extra  fcap.  8vo.  3». 

Pliny.  Selected  Letters  (for  Schools).  With  Notes.  By 
C.  E.  Peichabd,  M.A.,  and  E.  R.  Bebnakd,  M.A.    Extra  fcap.  8vo.  31. 

Sallust.     With  Introduction  and  Notes.     By  W.  W,  Capes, 

M.A.     Extra  fcap.  8vo.  4*.  6d. 

London :  Hesbt  Fbowce,  Amen  Comer,  E.C. 
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Tacitus.  The  Annals.  Books  I-IV.  Edited,  with  Intro- 
duction and  Notes  (for  the  use  of  Schools  and  Junior  Students),  by 
H.  FCRNEAUX,  M.A.     Extra  fcap.  8vo.  js. 

The  Annals.     Book  I.     With  Introduction  and  Notes, 

by  the  same  Editor.     Extra  fcap.  8vo.  limp.   2s. 

Terence.  Andria.  With  Notes  and  Introductions.  By 
C.  E.  Fbeemak,  M.A.,  and  A.  Slomak,  M.A.     Extra  fcap.  8vo.  3*. 

Adelphi.     With  Notes  and    Introductions.     (Intended 

for  the  Higher  Forms  of  Public  Schools.)     By  A.  Slomax,  M.A.     Extra 
fcap.  Svo.  3*. 

Phormio.     With    Notes    and    Introductions.     By    A. 

Slohak,  M.A.     Extra  fcap.  Svo.  3«. 

Tibullus    and    Propertius.     Selections.     Edited    by  G.    G. 

Kamsat,  M.A.     (In  one  or  two  parts.)     Extra  fcap.  Svo.  ds. 

Virgil.    Text,  with  Introduction.     By  T.  L.  Papillon,  M.A. 

(_'ro\vn  Svo.  J^.  dd. 

Aeneid  I-III,  and  IV-VI.     Text  and  Notes.     Edited 

bj  T.  L.  Papillon,  M.A.,  and  A.  E.  Haigh,  M.A.     2  vols.    Crown  Svo. 
3*.  each. 

Aeneid  VII-IX,  X-XII.     Immediately. 

Bucolics.     Edited  by  C.  S.  Jerram,  M.A.     In  one  or 

two  Parts.     Extra  fcap.  Svo.  2*.  dd. 

Georgics.     By  the  same  Editor.     In  the  Press. 

Aeneid  I.     With  Introduction  and  Notes,  by  the  same 

Editor.     Extra  fcap.  Svo,  limp,  is.  (>d. 

Aeneid  IX.     Edited,  with  Introduction  and  Notes,  by 

A.  E.  Haigh,  M.A.     Extra  fcap.  Svo.  limp,  is.  6rf.     In  two  Parts,  J«. 
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STANDARD    WORKS  AND   EDITIONS. 

Allen.     Notes  on  Abbreviations  in  Greek  Manuscripts.     By 

T.  W.  Allen,  Queen's  College,  Oxford.     Iloy.-»l  Svo,  5*. 

Chandler.     A  Practical  Introduction  to  Greek  Accentuation, 
by  H.  W.  Chandler,  M.A.    Second  Edition.     los.  6d. 

Oxford :  Clarendon  Press. 
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Haigh.     The  Attic  Theatre.    A  Description  of  the  Stage  and 

Theatre  of  the  Athenians,  and  of  the  Dramatic  Performances  at  Athens. 
By  A.  E.  Haigh,  M.A.     8vo.  i2«.  6rf. 

Head.    HistoriaNiimorum  :  A  Manual  of  Greek  Numismatics. 

By  Barclay  V.  Head.     Royal  8vo,  half-bound,  2/.  2S. 

Hicks.     A  Manual    of   Greek    Historical   Inscriptions.     By 
E.  L.  Hicks,  M.A.   Svo.  los.  6d. 

King  and  Cookson.     The  Prinoiples  of  Sound  and  Inflexion, 

as  illustrated  in  the  Greek  and  Latin  Languages.     By  J.  E.  King, M.A. , 
and  Christophkr  Cookson,  M.A.     Svo.  i8s. 

Liddell  and   Scott.     A    Greek-English  Lexicon,  by   H.   G. 

LiiiDELi,,  D.D.,  and  RoBKRT  ScoTT,  D.D.     Seventh  ]Sdition,  Revised  and 
Aufimtnted  throughout,     410.  ll.l^s, 

Papillon.      Manual    of  Comparative    Philology.     By  T.  L. 

Papillon,  M.A.     Third  Edition.     Crown  Svo.  6*. 

Veitch.    Greek  Verbs,  Irregular  and  Dofoctivc.  By  W.Veitch, 

LL.D.     Fourth  Edition.     Crown  Svo.  105.  6(/. 

Vocabulary,  a  copious  Greek-English,  compiled  from  the  best 

authorities.     241U0.  3^. 


Aeschinem    et    Isocratem,     Scholia     Graeca    in.      Edidit 

G.DlNDOHFIDS.      1852.    Svo.  4s. 

Aeschines.     See  under  Oratores  Attici,  and  Demosthenes. 
Aeschyli  quae  supersunt  in  Codice  Laurentiano  quoad  efRci 

potuit    et    ad   cognitionem   necesse   est    visum    typia    descripta    edidit 
K.  Mebkel.     Small  folio,  il.  is. 

Aeschylus :    Tragoediae  et  Fragmenta,  ex  recensione  GuiL. 

DiNDORFil.     Second  Edition,  1851.  Svo.  c,s.  6d. 

Annotationes  GuiL.  DiNDOEFii.  Partes  II.   1 841.  Svo.  10*. 

Aneedota  Graeca  Oxonieusia.     Edidit  J.  A.  Cramer,  S.T.P. 

Tomi  IV.     1835.  Svo.  il.  2s. 

Graeca  e  Codd.   mss.  Bibliothecae   Regiae   Parisiensis. 


Edidit  J.  A.  Cramer,  S.T.P.     Tomi  IV.     1839.  Svo.  i?.  2«. 


London:  Hexrv  Frowde,  Amen  Corner,  E.C. 
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Apsinis  et  Longini  Rhetorica.     E  Codicibus  mss.   recensuit 
JoH.  Bakils.     1^49-    8vo.  3*. 

Aristophanes.     A   Complete   Concordance   to  the   Comedies 

and  Fragnienw.     By  Hbxbt  Dcsbab,  M.D.     4to.  \l.\s. 

J.  Caravellae  Index  in  Aristophanem.     8vo.  3*. 

Comoediaeet  Fragmenta,  ex  recensione  Guil.  Dixdorfii. 


Tomi  II.     1835.  8vo.  ii«. 
—  Annotationes  Guil.  DiNDOKFii.     Partes  II.     8vo.  ii*. 


Scholia  Graeca  ex  Codicibus  aucta  et  emendata  a  Guil. 

DiNDOKFio.     Partes  III.     1838.  Svo.  li. 

ARISTOTLE. 

Ex  recensione  Immanuelis  Bekkeei.     Accedunt  Indices 

Sylburgiani.     Tomi  XI.     1837.  8vo.  2?.  io». 

The  Tolames  (except  vol.  IX)  may  be  had  separately,  price  58.  dd.  each. 

The  Politics,  with  Introductions,  Notes,  etc.,  by  W.  L. 

Kewmax,   il.A.,  Fellow   of  Balliol   College,  Oxford.     Vols.  I  and   II. 

Medium  8vo.  28;;. 


—  The  Politics,  translated  into  English,  with  Introduction, 

Marginal  Analysis,  Notes,  and  Indices,  by  B.  Jowett,  M.A.     Medium 

8vo.       2   vols.  218. 

—  Ethica   Nicomachea,  recognovit  brevique  Adnotatione 

C'ritica  Instrusit  I.  Eywater.     Svo.  6«. 


Aristotelian    Studies.     I.    On    the    Structure    of   the 

Seventh  Book  of  the  Nicomachean  Ethics.  By  J.  C.  Wilson,  M.A,    8to. 
Stiff  covers,  5*. 

The  English  Manuscripts  of  the  Nicomaehean  Ethics, 

described  in  relation  to  Bekker's  Manuscripts  and  other  Sources.     By 
J.  A.  Stewart,  M.A.     (Anecdota  Oxon.)     Small  4to.  3s.  (sd. 

■ On  the  History  of  the  process  by  which  the  Aristotelian 

"Writings  arrived  at  their  present  form.   By  R.  Shcte,  M.A.    Svo.  7*.  6<i. 

Physics.     Book  VII.    Collation    of  various  mss.  ;  with 

Introduction  by  K.  Shute,  M.A.     (Anecdota  Oxon.)     Small  4to.  2s. 

ChoerobosciDictatainTheodosii  Canones,  neenon  Epimerismi 

in  Psalmos.   E  CJodicibus  mss.  edidit  Thomas  (Iajsfobd,  S.T.P.   Tomi  III. 
1842.  8vo.  15*. 

Oxford ;  Clarendon  Press. 
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Demosthenes.     Ex  recensione  GuiL.  Dindoefii.     Tomi  IX. 

1846-1851.     8vo.  2I.  6s. 

Separately : — 

Textus.  1^  I*.  Annotations,  l^s.  Scholia.  lo*. 

Demosthenes  and  Aeschines.     The  Orations  of  Demosthenes 

and  Aeschines  on  the  Crown.    With  Introductory  Essays  and  Notes.    By 
O.  A.  SiMCox,  M.A.,  and  W.  H.  SiMCox,  M.A.     8vo.  12s. 

Euripides.     Tragoediae  et  Fiagmenta,  ex  recensione   GuiL. 
DiNDOBFU.    Tomi  II.     1833.  8vo.  los. 

AnnotationesGuiL. DiNDORFii.  PartesII.  1839.  8vo.  io«. 

Scholia  Graeca,  ex  Codicibus  aucta  et  emendata  a  Guil. 

DiJJroEFlo.    Tomi  IV.    1863.  8vo.  il.  16s. 

■  Alcestis,  ex  recensione  G.  Dindoefii.   1834.  8vo.  2*.  6d. 


Harpocrationis  Lexicon.    Ex  recensione  G.  Dindoefii.    Tomi 

II.      1S54.  Svo.  los.  6d. 

Hephaestionia  Enchiridion,  Tercntianiis  iraurus,  Proclus,  etc. 

Edidit  T.  Gaisfokd,  S.T.P.     Tomi  II.    1S55.     los. 

Heraeliti    Ephesii    Reliquiae.     Recensuit  I.  Bywatee,   M.A. 

Appendicis  loco  additae  sunt  Diogenis  Laertii  Vita  Heraeliti,  Particulae 
Hippocratei  De  Diaeta  Lib.  I.,  Epistolae  Heracliteae.     Syo.  6s. 

HOMER. 

A  Complete  Concordance  to  the  Odj-ssey  and  Hymns  of 

Homer  ;  to  which  is  added  a  Concordance  to  the  Parallel  Passajjes  in  the 
Iliad,  Odyssey,  and  Hymns.     P.y  Hexrt  Dunbar,  M.D.     4to.  il.  is. 

Seberi  Index  in  Homerum.     1780.    Svo.  6s.  6d. 

A  Grammar  of  the  Homeric  Dialect.     By  D.  B.  ]\Ioneo, 

M.A.     8vo.  io«.  6d. 

Ilias,  cum  brevi  Annotatione  C.  G.  Heynii.    Accedunt 

Scholia  minora.     Tomi  II.     1S34.    Svo.  15s. 

Ilias,  ex  rec.  GuiL.  Dindoefii.     1856.    8vo.   $s.6d. 

Scholia    Graeca  in  Iliadem.      Edited  by  W.  Dindoef, 

after  a  new   collation  of  the   Venetian  Mss.  by  D.  B.  Monro,  M.A., 
Provost  of  Oriel  College.     4  vols.  Svo.  2I.  los. 

Scholia    Graeca    in    Iliadem    Townleyana.       Recensuit 

Ebnestl's  Maass.     2  vols.  Svo.   iZ.  16s. 


London :  Henbv  Frowde,  Amen  Comer,  E.C. 
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HOMER  {continued). 

Odyssea,  ex  rec.  G.  Dixdorfii.    1855.    8vo.  5«.  6d. 


Scholia  Graeca  in  Odysseam.   Edidit  GrtL.  Dindorfius. 

Tomi  II.     1855.  Svo.  15s.  6rf. 

Odyssey.     Books  I-XII.     Edited  with  English  Notes, 

Appendices,  etc.     By  W.  W.  Merry,  D.D.,  and  the  late  jAJiEa  Kiddell, 
M.A.     Second  Edition.     8vo.  i6s. 

Oratores  Attici,  ex  reeensione  Bekkeri  : 

I.  Antifihon,  Andocide8,  et  Lysias.      1823.  Svo.  7j. 
II.  Isocrates.     1823.  Svo.  7^. 
m.  Isaeus,  Aeschines,  Lycurgus,  Dinarchus,  etc.     1823.  Svo.  7*. 

Paroemiographi    Graeci,    quorum    pars    nunc    primum    ex 

Codd.  ins3.  vulgatur.     Edidit  T.  GaISFOBD,  S.T.P.     1S36.  Svo.  5*.  fid. 
PLATO. 
Apology,  with  a  revised  Text  and  English  Notes,  and 

a   Digest  of  Platonic  Idioms,  by  J.\mes  Kiddell,  M.A.     Svo.  8«.  M. 

Philebus,  with  a  revised  Text  and  English  Notes,  by 

Edward  Poste,  M.A.     Svo.  7*.  ftd. 

Sophistes  and  Politicus,  with  a  revised  Text  and  Eng- 
lish Notes,  by  L.  Campbell,  M.A.     Svo.   i8s. 

Theaetetus,  with  a  revised  Text  and  English  Notes,  by 

L.  Campbell,  M.A.     Second  Edition.     Svo.  los.  6d. 


The  Dialogues,  translated  into  English,  with  Analyses 

and  Introductions,  by  B.  JowETT,  M.A.     5  vols,  medium  Svo.   3/.  10s. 

The  Republic,  translated  into  English,  with  Analysis  and 

Introduction,  by  B.  JowETT, M.A.  Medium  Svo.    I2«.6c?.;  half-ro.in,  14*. 

Index  to  Plato.    Compiled  for  Prof.  Jowett's  Translation 

of  the  Dialogues.     By  Evelyn  Abbott,  M.A.   Svo.  Paper  covers,  2s.  6d. 

Plotinus.    Edidit  F.  Creuzer.    Tomi  III.    1835.   4to.    1^.8*. 

Polybius.    Selections.    Edited  by  J.  L.  STRACHAN-DA■^^DSON, 

M.A.     With  Maps.    Medium  Svo.  bucki-am,  21s. 
SOPHOCLES. 

Tlie  Plays  and  Fragments.     With  English  Notes  and 

Introductions,  by  Lewis  Campbell,  M.A.     2  vols. 
Vol.  I.    Oedipus  Tyrannns.    Oedipus  Coloneus.    Antigone.    Svo.  16*. 
Vol.  II.  Ajax.  Electra.  Trachiniae.   Philoctetes.   Fragments.    Svo.  i6s. 

Oxford :  Clarendon  Preaa, 
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SOPHOCLES  [continued). 

Tragoediae  et  Fragmenta,  ex  recensione  et  cum  com- 

mentariis  GuiL.  Dindoefii.     Third  Edition.    2  vols.  Fcap.  Svo.  1 1.  i». 
Each  Play  separately,  limp,  2s.  M. 

The  Text  alone,  with  large  margin,  small  4to.    8#. 

The  Text  alone,  square  i6ino.    35.  6d. 

Each  Play  separately,  limp,  6d. 

Tragoediae  et   Fragrnenta   cum  Annotationibus   GuiL. 


DlNDOBPli.    Tomi  II.     1849.     Svo.   io«. 

The  Text,  Vol.  I.  s».  6d.     The  Notes,  Vol.  II.  4«.  (>d. 

Stobaei    Fiorilegiiim.      Ad   MSS.    fidem    emendavit   et    sup- 

plevit  T.  Gaisfobd.  S.T.P.     Tomi  IV.     1822.     8vo.   i/. 

Eclogarum   Physicarum   et  Ethicarum  libri  duo.     Ac- 

cedit  Hieroclis  Commentariua  in  anrea  carmina   Pythagoreorum.     Ad 
mss.  Codd.  recensuit  T.  Gaisfobd,  S.T.P.     Tomi  II.     1850.     8vo.  ii«. 

Thucydides.     Translated    into   English,  with    Introduction, 

Marj^'inal  Analysis,  Notes,  and  Indices.     By  B.  JowElT,  M.A.,  Kegiue 
Professor  of  (ireek.     3  vols.     Medium  Svo.   1/.  12s. 

XENOPHON.    Ex  rec.  et  cum  annotatt.  L.  Dindoefii. 

I.  Historia  Graeca.      Second  Edition.     1853.    Svo.  I08.  6rf. 

II.  Expeditio  Cyri.     Second  Edition.     1855.     Svo.  io«.  6rf. 

III.  Institutio  Cyri.    1857.    Svo.  io«.  td. 

IV.  Memorabilia  Socratis.    1862.    8vo.  is.  6d. 

V.  Opuscula  Politica  Equestria  et  Venatica  cum  Arriani 

LibeUo  de  Venatione.      1S66.     Svo.   los.  6d. 

GREEK  EDUCATIONAL    WOBKS. 

Grammaks,  Exercise  Books,  &c. 

Chandler.     The  Elements  of  Greek  Accentuation :  abridged 

from  his  larger  work  by  H.  W.  Chandler,   M.A.     Extra  fcap.  Svo.  2s.  6d. 

King  and  Cookson.     An  Introduction  to  the  Comparative 

Grammar  of  Greek  rnd  Latin.     By  J.  E.  KiNG,  M.A.,  and  C.  Cookson, 
M.A.     Extra  fcap.  Svo.  5s.  6d. 

Liddell     and     Scott.       An    Intermediate    Greek  -  English 

Lexicon,  abridged  from  LlDDELL  and  Scott's  Seventh  Edition.  Small  4to. 
I2s.  6d. 

Liddell   and  Scott.     A    Greek-English    Lexicon,   abridged 

from  Liddell  and  Scott's  4to.  edition.     Square  i2mo.  7*.  6d. 
London:  Hesry  Frowde.  Amen  Comer,  E.G. 
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Miller.     A  Greek  Testament  Primer.     An  Easy   Grammar 

and  ReadiDg  Book  for  the  use  of  Students  beginning  Greek.     By  the 
Kev.  E.  Miller,  M.A.     Extra  fcap.  Svo.  3s.  M. 

Moulton.    The  Ancient  Classical  Drama.    A  Study  in  Literary 

Evolution.     Intended  for  Readers  in  Englisli  and  in  the  Original.     By 
K.  G.  MocLTON,  M.A.    Crown  Svo.  8«.  dd. 

Wordsworth.  A  Greek  Primer,  for  the  use  of  beginners  in 
that  Language.  By  the  Eight  Rev.  Charles  Wordsworth,  D.C.L. 
Serentk  Edition.     Extra  fcap.  Svo.  is.  6d. 

Graecae  Grammaticae  Rudimenta  in  usum  Scliolarum. 

Auctore  Carolo  Wordsworth,  D.C.L.     Nineteenth  Edition.     i2mo.  ^^. 


Passages  for  Translation  into  Greek  Prose.     By  J.  Young 

Sakcjkxt,  M.A.     Extra  fcap.  Svo.     3s. 

Exemplaria  Graeca.     Being  Selections  from  "  Passages  for 

Translation  into  Greek  Prose."    By  the  same  author.    Extra  fcap.  Svo.  3«. 

Models  and  Materials  for  Greek  Iambic  Verse.     By  the 

tame  author.     Extra  fcap.  Svo.  4>'.  dd. 

Graece  Heddenda.     By  C.  S.  Jerram,  M.A.     Extra  fcap. 

Svo.   2s,  dd. 

Reddenda  Minora,  or  Easy  Passages,  Latin  and  Greek,  for 

Unseen  Translation.      By  C.  S.  Jerram,  M.A.     Extra  fcap.  Svo.  l«.  6d. 

Anglice  Reddenda,  or  Extracts,  Latin  and  Greek,  for  Unseen 

Translation.     liy  C.  S.  Jerram,  M.A.     Extra  fcap.  Svo.  2$.  6d. 

Anglice  Reddenda.      Second  Series.      By  the  same  Author. 

Extra  fcap,  Svo.  3s. 

Models  and  Exercises  in  Unseen  Translation.     By  H.  F. 
Fox,  M.A.,  and  T.  M.  Bromley,  M.A.     Extra  fcap.  Svo.  5s.  6d. 

Golden  Treasury  of  Ancient   Greek   Poetry.      By   R.  S. 

Wright,  M.A.  iSecojid  Edition.  Kevised  by  Etelyji  Abbott,  M.A., 
LL.D.     Extra  fcap.  Svo.  los.  6d. 

Golden  Treasury  of  Greek  Prose,  being  a  Collection  of  the 

finest  passages  in  the  principal  Greek  Prose  Writers,  with  Introductory 
Notices  and  Xotes.  By  E.  S.  Weight,  M.A.,  and  J.  E.  L.  Shadwell, 
M.A.     Extra  fcap.  Svo.  4*.  6d. 

Oxford:   Clarendon  Pre$£. 
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Greek  Readers. 
Easy  Greek  Reader.     By  Evelyx  Abbott,  l\\.k.     In  one  or 

two  Parts.     Extra  fcap.  8vo.  3*. 

First  Greek  Reader.     By  W.  G.  Rushbrooke,  M.L.     Second 

Edition.     Extra  fc:ip.  Svo.   2S.  6d. 

Second  Greek  Reader.     By  A.  M.  Bell,  M.A.     Extra  fcap. 

Svo.  7,.«.  6(/. 

Specimens  of  Greek  Dialects ;  bein »  a  Fourth  Greek  Reader. 

With  Introductions,  etc.  By  W.  W.  MuBRY,  D.D.  Extra  fcap.  Svo.  4*.  6d. 

Selections  from  Homer  and  the  Greek  Dramatists ;  beings 

a  Fifth  Greek  Reader.  With  Kxplanatory  Notes  and  Introductions 
to  the  Study  of  Greek  Epic  and  Dramatic  Poetry.  By  Evelyn  Abbott, 
M.A.     Extra  fcap.  Svo.  4«.  6d. 


Greek  Classics  for  Schools. 

Aeschylus.     In  Single  Plays.     Extra  fcap.  Svo. 

I.  Agamemnon.      "With    Introduction    and    Notes,    by 

Akthcr  Sidgwick,  M.A.     Third  Edition.     3«. 

II.  Choephoroi.  By  the  same  Editor.     3«. 

III.  Eumenides.   By  the  same  Editor.     3.?. 

IV.  Prometheus  Bound.  With  Introduction  and  Notes, 

by  A.  O.  Prickabd,  M.A.     Second  Edition.     2.'.-. 

Aristophanes.      In    Single   Plays.     Edited,   with    English 

Notes,  Introductions,  &c.,  by  W.  W.  Merry,  D.D.     Extra  fcap.  Svo. 

I.  The  Acharnians.    Third  Edition,  3*. 

II.  The  Clouds.     Third  Edition,  3s. 

III.  The  Frogs.     Semml  Edition,  y. 

IV.  The  Knights.     Second  Edition,  36. 

V.  The  Birds.    3*-  6f?. 

Cebes.     Tabula.     With  Introduction  and  Notes.     By  C.  S. 

JERBAM,  M.A.     Extra  fcap.  Svo.  2s.  6d. 


London :  Henry  Frowde,  Amen  Comer,  E.G. 
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Demosthenes.     Orations  against  Philip.     With  Introduction 
and  Notes,  by  Evelyn  Abbott,  M.A.,  and  P.  E.  Matheson,  M.A. 
Vol.  I.     Philippic  I.     Olynthiacs  I-III.     Extra  fcap.  8vo.  is. 
Vol.  II.     De  Pace,  Philippic  II,  De  Chersoneso,  Philippic  III.     Extra 
fcap.  8vo.  4».  6rf. 

Euripides.     In  Single  Plays.     Extra  fcap.  8vo. 

I.  Alcestis.    Edited  by  C.  S.  Jerram,  M.A.    2«.  6d. 

II.  Hecuba.     Edited  by  C.  H.  Russell,  M.A.     2*.  6d. 

III.  Helena.     Edited,  with  Introduction,  Notes,  etc.,  for 

Upper  and  Middle  Forms.     By  C.  S.  Jebram,  M.A.     3s. 

IV.  Heracleidae.     By  C.  S.  Jerram,  ]\I.A.     y. 

V.  Iphigenia  in  Tauris.     By  the  same  Editor.     3*. 

VI.  Medea.     By  C.  B.  Heberden,  M.A.     2*. 

Herodotus.     Book  IX.     Edited,   with    Notes,   by  Evelyn 
Abbott,  M.A.    Extra  fcap.  8vo.  3s. 

Selections.     Edited,  with   Introduction  and  Notes,  by 


W.  W.  Mbrbv,  D.D.    Extra  fcap.  8vo.  is.  6d 

Homer. 

I.  Iliad.  Books  I-XII.     With  an  Introduction   and    a 

brief   Homeric    Grammar,   and    Notes.     By   D.  B.  Monro,  M.A. 
Second  Edition.     Extra  fcap.  8vo.  6s. 

II.  Iliad,  Books  XIII-XXIV.     With  Notes.     By  the 

same  Editor.     Extra  fcap.  8vo.  6*. 

III.  Iliad,  Book  I.  By  D.  B.  Monro,  M.A.  Second  Edition. 

Extra  fcap.  8vo.  2s. 

IV.  Iliad,  Books  VI  and  XXI.     With  Introduction  and 

Notes.    By  Hebbeet  Hailstone,  M.A.    Extra  fcap.  Svo.  is.  6d.  each. 

V.  Odyssey,  Books  I-XII.     By  W.  W.  Merry,  D.D. 

Fortieth  Thougand.     Extra  fcap.  Svo.  5«. 

Books  I  and  II,  separately,  each  i«.  6d. 

VI.  Odyssey,  Books  XIII-XXIV.     By  the  same  Editor. 

Extra  fcap.  Svo.  5*. 

Lucian.     Vera    Historia.     By  C.  S.  Jeeeam,  M.A.     Second 

Edition.     Extra  fcap.  Svo.  is.  6d. 

Oxford :  Clarendon  Press. 
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Lysias.     Epitaph ios.     Edited,  v?ith  Introduction  and  Notes, 
by  F.  J.  Snell,  B.A.    Extra  fcap.  8vo.  2». 

Plato.     Meno.     "Witli    Introduction    and    Notes.      By    St. 
George  Stock,  M.A.    Extra  fcap.  8vo.  2«.  6rf. 

The  Apology.     With  Introduction  and  Notes.     By  St. 


George  Stock,  M.A.    Extra  fcap.  Svo.  a*,  dd. 
Sophocles.     For  the  use  of  Schools.     Edited  with  Introdue- 

tiiiiirf  ;uul  English  Notes.  By  Lewis  Campbell,  M.A.,  .and  Evelyn 
Abbott,  M.A.  New  and  Revised  Hdition.  i  vols.  Extra  fcap.  Svo. 
10s.  6d. 

Sold  separately :  Vol.  I,  Text,  4s.  6d. ;  Vol.  II,  Explanatory  Notes,  6s. 

Or  in  single  Plays : — 

Oedipus  Coloneus,  Antigone,  is.  <)d.  each;  Oedipus  Tyrannus, 

Ajax,  Electra,  Trachiniae,  Philoctetes,  2S,  each. 

Sophocles.    Ofdi])us  Rex  :  Dindorfs  Text,  with  Notes  by  the 

present  Bishop  of  St.  David's.     Extra  fcap.  Svo.  limp,  \s.  6d. 

Theocritus    (for    Schools).      With  English    Notes.     By   H. 
Ktnaston,  D.D.  (late  Snow).    Fourth  Edition.  Extra  fcap.  Svo.  4s.  6d. 

XENOPHON.     Easy  Selections  (for  Junior  Ola.sses).   With  a 

Vocabulary,  Notes,  and  Map.  By  .1.  S.  Phillpotts,  B.C.L.,  and  C.  S. 
Jerbam,  M.A.     Third  Edition.     Extra  fcap.  Svo.  3s.  M. 

Selections  (for  Schools).     With  Notes  and  Maps.     By 

J.  S.  Phillpotts,  B.C.L.     Fourth  Edition.     Extra  fcap.  Svo.  3s.  dd. 

Anabasis,  Book  I.     Edited  for  the  use  of  Junior  Classes 

and  Private  Students.  With  Introduction,  Notes,  etc.  By  J.  Marshall, 
M.A.     Extra  fcap.  Svo.  2s.  6d. 

Anabasis,  Book  II.     With  Notes  and  Map.     By  C.  S. 

Jerbam,  M.A.     Extra  fcap.  Svo.  2s. 

. Anabasis,   Book    III.     With     Introduction,    Analysis, 

Notes,  etc.     By  J.  Marshall,  M.A.    Extra  fcap.  Svo.  2s.  6d. 

Vocabulary  to  the  Anabasis.      By  J.  Makshall,  M.A. 

Extra  fcap.  Svo.    is.  6d. 

Cyropacdia,  Book  I.    With  Introduction  and  Notes.     By 

C.  Bigg,  D.D.     Extra  fcap.  Svo.  as. 


London ;  Henry  Fbowde,  Amen  Comer,  E.C. 
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Xenophon  {continved). 

Cyropaedia,  Books  IV  and  V.     With  Introduction  and 

Notes.     By  C.  Bigg,  D.D.     Extra  fcap.  Svo.  2s.  6d. 

Hellenica,  Books  I,  II.     With  Introduction  and  Notes. 

By  G.  E.  Cnderhill,  M.A.     Extra  fcap.  Svo.  $«. 

Memorabilia.     Edited    for   the   use   of  Schools,    with 

Introduction  and  Notes,  etc.,  by  J.  Mabshali,,  M.A.     Extra  fcap.  Svo. 
4«.  6d. 


SECTION  V. 

ORIENTAL  LANGUAGES*. 

THE  SACRED   BOOKS  OF  THE  EAST. 

Teanslated  by  various  Oriental  Scholars,  asd  edited  by 
f.  m.ls  mulleb. 

First  Series,  Vols.  I— XXrV.    Demy  Svo.  cloth. 

Vol.  I.     The  Upaiiishads.     Translated  by  F.  Max  Muller. 

Part  I.  I  OS.  6d. 
Vol.  II.     The  Sacred  Laws  of  the  Aryas,  as  taught  in  the 

Schools  of  Apastamba,  Gautama,  Visish<Aa,  and  Baudhayana.     Trans- 
lated by  Prof.  Georg  Buhleb.     Part  I.     io».  6d. 

Vol.  III.  The  Sacred  Books  of  China.  The  Texts  of  Con- 
fucianism.   Translated  by  James  Legge.     Part  I.     12s.  6d. 

Vol.  IV.  The  Zend-Avesta.  Part  I.  Tlie  Vendidad.  Trans- 
lated by  James  Darmesteteb.     io*.  6d. 

Vol.  V.     The  Pahlavi  Texts.     Translated  by  E.  W.  West. 

Part  I.     I2S.  6d. 

Vols.    VI    and    IX.     The    Quran.      Translated    by   E.    H. 

Palmer.     21s. 
Vol.  VII.     The  Institutes  of  Vishwu.     Translated  by  JuLiu? 

Jolly.     io.s.  6d. 
Vol.  VIII.     The  Bhasavadgita,  with  The  Sanatsu^atiya.  and 

The  Anuglta.    Translated  by  Kashinath  Teimbak  Telaxg.     ios.  6d. 
*  See  also  Akecdota  Oxon.,  Series  II,  III,  pp.  36-38,  below. 


Oxford :  Clarendon  Pre». 
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The  Sacred  Books  of  the  Eaat  {continued). 

Vol.  X.     The  Dhammapadu,  translated  from  Pali  by  F.  Max 

Mi'LLEK;  and  The  Sntta-Nipata,  tran.^'lated  from  Pali  by  V.  Fadsboll  ; 
being  Canonical  Books  of  the  Buddhists,     los.  6d. 

Vol.  XI.     Buddhist  Suttas.     Translated  from  Pali  by  T.  W. 
Rhys  Davids,     ios.  6d. 

Vol.  XII.     The  iSatapatha-Brahmawa,  according'  to  the  Text 

of  the  Madhyandina  School.  Translated  by  J  uuus  Eggeling.  Parti. 
Books  I  and  II.     1 2s.  6d. 

Vol.   XIII.     Vinaya   Texts.     Translated    from   the  Piili   by 
T.  W.  Rhys  Davids  and  Hekmax.n  Oldenbebg.    Part  I.     los.  6d. 

Vol.  XIV.     The  Sacred  Laws  of  the  Aryas,  as  taught  in  the 

Schools  of  Apastamba,  Gautama,  ViisishMa  and  Baudbayaua.  Translated 
by  Geoeg  BUHLEK.     jPart  II.     zos  6d. 

Vol.  XV.    The  Upanishads.     Translated  by  F.  Max  Mullee. 

Part  II.     los.  6d. 

Vol.   XVI.     The    Sacred    Books   of  Cliina.     The  Texts    of 

Confucianism.     Translated  by  James  Legge.     Part  II.     los.  6d. 

Vol.  XVII.     Vinaya  Texts.      Translated  from   the  Pali  by 
T.  W.  Rhys  Davids  and  Hermanx  Oldexberg.     Part  II.     los.  6d. 

Vol.  XVIII.     Pahlavi  Texts.     Translated  by  E.  W.  West. 

Part  II.     1 2s.  6d. 

Vol.  XIX.     The  Fo-sho-hin<j-tsan-ldng.     A  Life  of  Buddha 

by  Aivagho'ha  Bodhisattva,  translated  from  Sanskrit  into  Chinese  by 
Dharmarakiha,  A.D.  420,  and  from  Chinese  into  English  by  Samuel 
Beal.     I  OS.  6d. 

Vol.  XX.    Vinnya  Texts.    Translated  from  the  Pali  l)y  T.  W. 

Rhys  Davids  and  Heemann  Oldenbekg.     Part  III.     10.5.  6d. 

Vol.  XXI.     The  Saddbarma-pn??r/arika  ;  or,  the  Lotus  of  the 

True  Law.     Translated  by  H.  KxBX.     12s.  6d. 

Vol.   XXII.      Gaina-Sutras.      Translated   from   Prakrit   by 
Hermann  Jacobi.    Part  I.     10s.  6d. 

Vol.  XXIII.  The  Zend-Avesta.    Part  IL  Translated  by  Jame.s 

Dabmesteteb.     I  OS.  6d. 

Vol.  XXIV.     Pahlavi  Texts.     Translated  by  E,  W.  West. 

Part  III.     los.  6d. 

London  :  Henry  Frowde,  Amen  Comer,  E.C. 
Q 
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THE  SACRED  BOOKS  OF  THE  EAST.    (Second  Series.) 

Vol.  XXV.     Manu.     Translated  by  Georg  Buhler.     21*. 

Vol.    XXVI.     The    5atapatha-Brahma?<a.       Translated    by 
JiLics  Eggeling.     Part  II.     \2s.()d. 

Vols.  XXVII  and  XXVIII.     The  Sacred  Books  of  China. 

The  Texts  of  Confucianism.    Translated  by  James  Legge.    Parts  III  and 
IV.     25*. 

Vols.  XXIX  and  XXX.     The  Grihya-Sutras,  Rules  of  Vedic 

Domestic  Ceremonies.     Translated  by  Hermann  Oldenberg. 
Part  I  (Vol.  XXIX).     1 2*.  6d. 
Part  II  (Vol.  XXX).     In  the  Press. 

Vol.  XXXI.     The  Zend-Avesta.     Part  III.     Translated  by 
L.  H.  Mills.     12s.  61I. 

Vol.    XXXIII.       Narada,    and    some    Minor     Law-books. 

Translated  by  JcLll'S  Jollt.       io*.  6d. 

Vol.   XXXIV.     The  Vedanta-Sutras,  with    5ankara's    Com- 

mentary.     Translated  by  G.  Thibaut.     i  2s.  6(7. 

Vol.  XXXV.     Milinda.     Translated  by  T.  W.  Rhys  Davids. 

\os.  (id. 

lu  the  Press  : — 

Vol.    XXXII.      Vedic    Hymns.       Translated    by    F.    Max 
MuLLEB.     Part  I. 

Vol.  XXXVII.     The  Nasks,  etc.     Vol.  I.     By  E.  W.  West. 

Vols.  XXXIX,  XL.     The  Tao  Teh  King,  etc.     By  James 

Legge. 


ARABIC.    A  Practical  Arabic  Grammar.    Part  I.    Compiled 

by  A.  O.  Green,   Brigade   Major,    Royal   Engineers.      Second  Edition, 
Enlargeil.     Crown  8to.  ys.  6d. 

CHINESE.     Catalogue  of  the   Chinese  Translation   of  the 

Buddhist  Tripi/aka,  the  Sacred  Canon  of  the  Buddhists  in  China  and 
Japan.     Compiled  by  EUNTIU  Nanjio.     4to.  il.  12s,  6d. 

Handbook  of  the  Chinese  Language.     Parts  I  and  II. 

Grammar  and  Chrestomathy.     By  James  Simmers.     8vo.  i?.  8s. 
Oxford :  Clarendon  Press. 
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CHINESE.  Record  of  Buddhistic  Kingdoms  ;  being  an  Ac- 
count by  the  Chinese  Monk  Fa-hiex  of  his  travels  in  India  and  Ceylon  (A.D. 
399-414";  in  search  of  the  Buddhist  Boolis  of  Discipline.  Translated  and 
annotated,  with  a  Corean  recension  of  the  Chinese  Text,  by  James  Lkgge, 
M.A.,  LL.D.    Crown  4to,  boards,  los.  6(/. 

CHALDEE.      Book    of  Tobit.      A    Chaldce   Text,    from    a 

unique  MS.  in  the  Bodleian  Library;  with  other  Rabbinical  Texts, 
English  Translations,  and  the  Itala.  Edited  by  Ad.  Neubaueb,  M.A. 
Crown  Svo.  6«. 

COPTIC.    Libri  Prophetarum  Majorum,  cum  Lamentationibus 

Jereiniae,  in  Dialeeto  Linguae  Aegyptiaoae  Memphitica  seu  Coptica. 
Edidit  cum  Versione  Latina  H.  Tattam,  S.T.P.  TomilL   1S52.  Svo.   17*. 

Libri  duodecim  Propbetarum  Minorum  in  Ling.  Aegypt. 


vulgo  Coptica.     Edidit  H.  Tattam,  A.M.     1S36.     Svo.  8b.  f>d. 

Novum  Testamentum  Coptice,  cura  D.  Wilkixs.     1716. 


4to.  I2S.  6rf. 

HEBREW.     Psalms  in  Hebrew  (without  points).   Cr.  8vo.  2.J. 
I>river.     Notes  on   the  Hebrew   Text  of  the  Books  of 

Samuel.     By  S.  R.  Driver,  D.D.     Svo.  14*. 

Treatise   on   the    use   of   the   Tenses  in   Hebrew. 

By  S.  R.  Driver,  D.D.     Second  Edition.    Extra  fcap.  Svo.  7«.  dd. 

Commentary  on  the  Book  of  Proverbs.    Attributed 


to  AViraham  Ibn  Ezra.     Edited  from  a  Manuscript  in  the  Bodleian 
Library  by  S.  II.  Driver,  D.D.     Crown  Svo,  paper  covers,  3*.  dd. 

Neubauer.     Book   of  Hebrew   Roots,  by  Abu  '1-Walid 

Marwun   ibn    Januh,    otherwise   called   Rabbi    Yonah.     Now   first 
edited,  with  an  Appendix,  by  Ad.  Neubauer.    4to.  2I.  ^s.  6d. 

Spurrell.     Notes  on  the  Hebrew  Text  of  the  Book  of 

Genesis.     By  G.  J.  SPIRRELL,  M.A.     Crown  Svo.   108.  6d. 

Wickes.     Hebrew  Accentuation  of  Psalms,  Proverbs,  and 

Job.     By  William  Wickes,  D.D.     Svo.  js. 
Hebrew  Prose  Accentuation.    Svo.    ios.id. 

SANSKRIT. — Sanskrit-English   Dictionary,  Etymologically 

and  Philologically  arranged,  with  special  reference  to  Greek,  Latin, 
German,  Anglo-Saxon,  English,  and  other  cognate  Indo-European 
Languages.     By  Sir  M.  Monier-Williams,  D.C.L.     4to.     4?.  14*.  6d. 

Practical  Grammar  of  the  Sanskrit  Language,  arranged 

with  reference  to  the  Classical  Languages  of  Europe,  by  Sir  M.  Mosleb- 
WiLLiAMS,  D.C.L.     Fourth  Edition.     Svo.  15s. 


London :  He>*ey  Fbowde,  Amen  Comer,  E.C. 

D  a 
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SANSKRIT  (confimied). 

Xalopiikhyaaam.    Story  of  Nala,  an  Episode  of  the  Mahii- 

bh^ata  :  ihe  Sanskrit  Text,  with  a  copious  Vocabulary,  and  an  im- 
proved version  of  Dean  Milman's  Translation,  by  Sir  M.  Monieb- 
WiLLiAMS,  D.CX.     Second  Edition,  Eeiised  and  Improred.     Svo.  15*. 

Sakuatala.     A  Sanskrit  Drama,  in  seven  Acts.     Edited 

by  Sib  M.  MoNiEB- Williams,  D.C.L.    Second  Edition.     S\o.  il.  is. 

SYB.IAC. — Thesanrus   Syriacus  :    collegernnt    Quatremere, 

Bernstein,  Lorsbach,  Arnold!,  Agrell,  Field,  Roediger :  edidit  E.  Patse 
Smith,  S.T.P.     Vol.  I.  containing  Fasc  I-V.     Sm.  fol.  5/.  5*. 
Fasc.  VI.  il.  i».    Fasc.  VII.  tl.  ii*.  6d.    Fasc.  VIII.  il.  i6«. 

The  Book  of  KalTlah  and  Dininah.     Translated   from 

Arabic  into  .Syriac.     Edited  by  W.  AV  right,  LL.D.     Sv.i.  li.  ig. 

Cyrilli  Arcliiepiscopi  Alexandrini  Commentarii  in  Lucae 

Evangclium  quae  snpersunt  Syriaee.  E  MSS.  apud  Mus.  Britan.  edidit 
R.  Payne  Smith,  A.M.    4to.  il.  2*. 

Translated  by  R.  Patxe  Smith,  M.A.    2  vols.   Svo.  I4«. 

Ephraemi  Syri,  Rabulae  Episcopi  Edesseni,  Salaei,  etc., 

Opera  Selecta.  E  C'odd.  SjTi.icis  mss.  in  Museo  Britannico  et  Bibliotheca 
Bodleiana  asservatis  primus  edidit  J.  J.  Overbeck.     Svo.  il.  is. 

John,  Bishop  of  Ephesus.  The  Third  Part  of  his  Eccle- 
siastical History.  [In  Syriac.]  Now  first  edited  by  William  CrSETox, 
M.A.     4to.  il.  128. 

Translated  by  K.  Payne  Smith,  M.A.     8vo.  km. 

SECTION  VI. 

ANECDOTA    OXONIENSIA. 

^Crown  4to,  stiff  covers.) 
I.     CLASSICAL     SEHIES. 

I.  The  Enijlish  Manuscripts  of  the  Xicomachean  Ethics. 

By  J.  A.  Stewart,  M.A.     3s.  6rf. 

II.  Nonius  Marcellus,  de  Compendiosa  Doetrina,  Harleian 

MS.  2719.     Collated  by  .T.  H.  Oxio.NS,  M.A.     3*.  6rf. 
Oxford ;  Clarendon  Pi-ess. 
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ANECDOTA  OXONIENSIA. — Classical  Series  (coniimed). 

III.  Aristotle's  Phjsics.     Book  YII.     "With  Introduction  by 

E.  Shcte,  5I.A.    2s. 

IV.  Bentley's   Plautine    Emendations.     From    his    copy   of 

Oronovius.     By  E.  A.  Soxxexscheix,  M.A.     2*.  6d. 

V.  Harleian  MS.  2610;   Ovid's  Metamorphoses  I,  II,  III. 

1-622  ;  XXr\'  Latin  Epigrams  from  Bodleian  or  other  MSS. ;  Latin 
Glosses  on  Apollinaris  Sidonius  from  MS.  Digby  172.  Collated  and 
Edited  by  Bobinsos  Ellis,  M.A.,  LL.D.    4*. 


II.     SEMITIC  SERIES. 

I.  Commentary    on    Ezra    and    Xehemiah.       By    Rabbi 

Saadiah.     Edited  by  H.  J.  Mathews,  M.A.     3*.  6d. 

II.  The  Book  of  the  Bee.     Edited  by  Ernkst  A.  Wai.lis 

BCDGE,  M.A.      21S. 

III.  A  Commentary  on  the  Boot  of  Daniel.     By  Japhet  Ibn 

All.     Edited  and  Translated  by  D.  S.  Mabgoliouth,  M.A.     2i(i. 

IV.  Mediaeval  Jewish  Chronicles  and  Chronological  Not^s. 

Edited  by  Ad.  Neubacer,  M.A.     14*. 


III.     AKXAN  SEEIES. 

I.  Buddhist  Texts  from  Japan,     i.  Va/^raK-^edika.     Edited 

by  F.  Mas  Mulleb.     3s.  6d. 

II.  Buddhist   Texts    from    Japan.       2.    Sukhavati   Vyuha. 

Edited  by  F.  Max  MiJLLEB,  M.A.,  and  Bcxtic  Naxjio.     7s.  6d. 

III.  Buddhist   Texts   from    Japan.     3.  The   Ancient  Palm- 

leaves  containing  the  Pra^ija-Paramita-Hridaya-Sfitra  and  the 
Ushnisha-Vigaya-Dharani,  edited  by  F.  Max  Mdlleb,  M.A.,  and 
Bnsno  Nanjio,  M.A.     With  an  Appendix  by  G.  Buhleb.     10*. 

IV.  Katyayana's   Sarvanukramawi   of    the    ff/gveda.      With 

Extracts  from  .Sharfgurusishya's  Commentary  entitled  Vedarthadipiki. 
Edited  by  A.  A.  Maodoxell,  M.A.,  Ph.D.     16s. 

V.  The  Dharma  Sa?//graha.     Edited  by  Kenjiu  Kasawaea, 

F.  Max  Mclleb,  and  H.  We.nzel.     js.  6d. 

London  :  H£NBY  Fbowi>e,  Amen  Corner,  E.G. 


o 
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ANECDOTA  OXONIENSIA  {continued). 

IV.     MEDIAEVAL  AND  MODEKN  SERIES. 

I.  Sinonoma  Bartholomei.     Edited    by  J.  L.   G.  !Mowat, 

M.A.     IS.  6d. 

II.  Alphita.     Edited  by  J.  L.  G.  MowAT,  M.A.     12s.  6fl. 

III.  The    Saltair   Na    Rann.     Edited   from    a    MS.    ia    the 

Bodleian  Library,  by  Whitlet  Stokes,  D.C.L.     7s.  6d. 

IV.  The  Cath  Finntraga,  or  Battle  of  Ventry.     Edited  by 

Kdno  Metes,  Ph.D.,  M.A.    6s. 

V.  Lives  of  Saints,  from   the  Book  of  Lismore.     Edited, 

with  Translation,  by  Whitlet  Stokes,  D.C.L.     1/.  iis.  6d. 


II.    THEOLOGY. 

A.     THE   HOLY   SCRIPTURES,   ETC. 
COPTIC.    Libri  Prophetarum  Majorum,  cum  Laraentationibus 

Jeremiad,  in    Dialecto  Linguae  Aegyptiacae    MempLitica  seu  Coptica. 
Edidit  cum  Versione  Latina  H.  Taitam,  S.T.P.   Tomi  U.    1852.   8vo.  17s. 

Libri  duodeeim  Prophetarum  Minorum  in  Linsf.  Aegypt. 

vulgo  Coptica.     Edidit  H.  Tattam,  A.M.     1836.     8vo.  Ss.  6d. 


Xovnm  Testamentum  Coptice,  cura  D.  Wilkins.    1716. 

4to.  I2».  6d. 

ENGLISH.  The  Holy  Bible  in  the  Earliest  English  Versions, 

made  from  the  Latin  Vulgate  by  John  Wtcliffe  and   his  followers  : 
edited  by  Forshall  and  Madden.     4  vols.     1S50.     Eoyal  4to.  3J.  js. 
Also  reprinted  from  the  above,  with  Introduction  and  Glossary 
by  W.  W.  Skeat,  Litt.D. 

I.  The  Boobs  of  Job,  Psalms,  Proverbs,  Ecclesiastes,  and 

the  Song  of  Solomon.    Extra  fcap.  8vo.    3s.  6d. 

II.  The  New  Testament.    Extra  fcap.  8vo.  6s. 

The  Holy  Bible  :  an  exact  reprint,  page  for  page,  of  the 

Authorised  Version   published   in   the  year  1611.     Demy  4to.  half 
bound,     it.  IS. 

Oxford :  Clarendon  Pi«83. 
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ENGLISH  {continited). 

The  Holy  Bible,  Revised  Version*. 

Cheap  editions  for  School  Use. 
Revised  Bible.     Pearl  l6mo.,  cloth  boards,  is.  6il. 
Kevised  New  Testament.     Nonpareil  32ino.,  6d.  ;  Brevier  iCmo.,  is.  ; 
Long  Primer  8vo.,  is.  6d. 

The  Oxford  Bible  for  Teachers,  contaiiiinn;'  supple- 
mentary. Hkli'S  to  tue  Study  of  the  Bible,  inehuling  sunmiaries  of  the 
several  Books,  with  copious  explanatory  notes  ;  and  Tables  illustrative  of 
Scripture  History  and  the  characteristics  of  Bible  Lands  with  a  complete 
Index  of  Subjects,  a  Concordance,  a  Dictionary  of  Proper  Names,  and  a 
series  of  Maps.     Prices  in  various  sizes  and  bindings  from  3s.  to  2I.  c,s. 

Helps  to   the    Study  of  the   Bible,  taken   from    the 

Oxford  Bible  fok  Teacueks.     Crown  Svo,  ^s.  61I. 

The  Psalter,  or  Psalms  of  David,  and  certain  Canticle.«, 

with  a  Translation  and  Exposition  in  English,  by  RiCHAHD  Eolle  of  Ham- 
pole.  Edited  by  H.  P.  Bramley,  M.A.,  Fellow  of  S.  M.  Magdalen  College, 
Oxford.    With  an  Introduction  and  Glossary.     Demy  Svo.      ll.  is. 

Studia  Biblica  et  Ecclesiastiea.     Essays    in  Biblical 

and  Pati  istic  Criticism,  and  kindred  sulijects.  By  Members  of  the  Uni- 
versity of  Oxford.     Svo.     Vol.  I.      los.  (yd. 

Vol.  II.      12s.  6-/.  Vol.  III.     In  the  Press. 

Lectures  on  the  Book  of  Job.   Delivered  in  Westminster 


Abbey  by  the  Very  Kev.  G.  G.  Buadiet,  D.D.    Crown  Svo.  'js.  6d. 

—  Lectures  on  Ecclesiastes.   Bj'thesameAutlior.  Cr.  8vo. 

4s.  (id. 

—  The  Book  of  Wisdom  :  (he  Greek  Text,  the  Latin  Vul- 
gate, and  the  Authorised  English  Version  ;  with  an  Introduction,  Critical 
Apparatus,  and  a  Commentary.     By  W.  J.  Deane,  M.A.    4to.  12s.  6d. 

—  The  Five  Books  of  Maccabees,  in  English,  with  Notes 

and  Illustrations  by  Henrt  Cotto.x,  D.C.L.      1832.    Svo.  los.  6d. 

—  List  of  Editions  of  the  Bible  in  English.     By  Henry 

Cotton,  D.C.L.   Second  Edition.    1852.   Svo.   8ji.  6rf. 

—  Rhemes  and  Doway.     An  attempt  to  shew  what  has 

been  done  by  Roman  Catholics  for  the  diffusion  of  the  Holy  Scriptures  in 
English.     By  Henry  Cotton,  D.C.L.     1S55.     8vo.     ^s. 

*  The  Revised  Version  is  the  joint  property  of  the  Universities  of 
Oxford  and  Cambridge. 

London  :  Henry  Frowde,  Ameu  Corner,  E.C. 
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GOTHIC.     Evangeliorum  Versio  Gothica,  cum  Inteipr.  et 

Aiinott.  E.  Eenzllu.     EJidit  F..  Lye,  A.M.     410.     12s.  6d. 


The  Gospel  of  St.  Mark  in  Gothic,  according-  to  the 

translation    made    by  Wclfila    in    the    Fourth  Century.     Edited  by 
W.  W.  Skeat,  Litt.D.     Extra  fcap.  8vo.    4*. 

GREEK.    Old  Testament.    Vetus  Testamentum  ex  Versione 

beptuaginta  lutcrjirctum  secundum  exemplar  Vaticanum  Komae  editum. 
Accedit  potior  varietas  Codicis  Alexandrini.     Tomi  III.     iSmo.  1 8*. 

Vetus   Testamentum    Graece   cum    Variis    Lectionibus. 

Editionem  a  R.  Holmes,  S.T.P.  inchoatam  continuavit  J.  Parsons,  S.T.B. 
Tomi  V.  1798-1S27.    folio,  yl. 

Oi-igenis    Hexaploium  quae   supersunt ;    sive,  Veterum 

Interpreinm  Graecorum  in  totum  Vetus  Testamentum  Fragmenta.    Edidit 
Fridekicis  I'lKLD,  A.M.     2  vols.     1S75.    4to.   5/.  5s. 

Essays  in  Biblical  Greek.    By  Edwin  Hatch,  M.  A.,  D.D. 

8vo.  10s.  6(1. 

An  Essay  on  the  Place  of  Ecclesiasticus  in   Semitic 

Literature.     By  D.  S.  Mabgoliocth,  M.A.,  Laudian  Professor  of  Arabio 
in  the  University  of  Oxford.     Small  4to.   2s.  6rf. 

New  Testament.    Novum  Testamentum  Graece.    Anti- 

quissimorum    Codicum   Textus    in   ordine    paraUelo    dispositi.      Edidit 
E.  H.  Hamsell,  S.T.B.    Tomi  HI.    8to.  24*. 

Novum     Testamentum     Graece.      Accedunt     parallela 

S.  Scripturae  loca,  etc.     Edidit  Cabolcs   Lloyd,  S.T.P.E.    iSmo.    3?. 


On  writing  paper,  with  wide  margin,  los.  6d. 

Critical  Appendices  to  the  above,  by  W.  Sanday,  M.A. 

Extra  fcap.  Svo.  cloth,  3.«.  6d. 

—  Novum  Testamentum  Graece  juxta  Exemplar  Milliamim. 

i8mo.  2s.  6d.     On  writing  paper,  with  wide  margin,  9s. 

—  Evangelia  Sacra  Graece.     reap.  8vo.  limp,  is.  6d. 

—  The  Greek  Testament,  with  the  Readings  adopted  by 

the  Revisers  of  the  Authorised  Version  : — 

(1)  Pica  type,  with  Marginal  References.     Demy  8vo.  10s.  6d. 

(2)  Long  Primer  type.     Fcap.  8vo.   4*.  6d. 

(3)  The  same,  on  T\Titing  paper,  with  wide  margin,  15^. 

—  The  New  Testament  in  Greek  and  English.     Edited  by 
E.  Cakdwell,  D.D.     2  vols.     1837.     Crown  8vo.    6s. 

—  The    Parallel    New    Testament,    Greek    and    English ; 

being  the  Authorised  Version,  1611;  the  Revised  Version,  18S1;   and 
the  Greek  Text  followed  in  the  Revised  Version.     Svo.  12s.  6rf. 

Oxford ;  Clarendon  Press. 
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GREEK  (continued). 

Diatessaron  ;  sive  Historia  Jesu  Christi  ex  ipsis  Evan- 

gclistarum  verbis  apte  dispositis  confecta.     Ed.  J.  White.     3«.  dd. 

Outlines    of    Textual   Criticism   applied    to    the    New 


Testament.     By  C.  E.  Hammond,  M.A.    Extra  fcap.  8vo.  3s.  (>d. 
A  Greek  Testament  Primer.     An  Easy  Grammar  and 

Reading  liook  for  tlie  use  of  Students  beginning  Greek.  By  E.  Miller, 
M.A.     E.\tra  fcap.  Svo.  3«.  (>d. 

Canon  Muratorianus:  the  earliest  Catalogue  of  the  Books 

of  the  New  Testament.  Edited  with  Notes  and  a  Facsimile  of  the 
MS.  in  the  Ambrosian  Library  at  Milan,  by  S.  P.  Tregelles,  LL.D. 
1867.     4to.   los.  6rf. 

HEBREW,  etc.     Notes  on  the  Hebrew  Text  of  the  Book  of 

Genesis.     By  G.  J.  Spubrell,  M.A.     Crown  Svo.    10*.  dd. 

Notes  on  the  Hebrew  Text  of  the  Books  of  Samuel. 

By  S.  E.  Driver,  D.D.     Svo.  14s. 

The  Psalms  in  Hebrew  without  points.     Stiff  covers,  2*. 

A  Commentary  on  the  Book  of  Proverbs.     Attributed 

to  Abraham  Ibn  Ezha.  Edited  from  a  MS.  in  the  Bodleian  Library 
by  S.  R.  Driver,  D.D.     Crown  Svo.  paper  covers,  3s.  6rf. 

The  Book  of  Tobit.    A  Chaldee  Text,  from  a  unique  MS. 

in  the  Bodleian  Library ;  with  other  Rabbinical  Texts,  English  Translations, 
and  the  Itala.     Edited  by  Ad.  Neubauer,  M.A.     Crown  Svo.    C«. 

Hebrew  Accentuation   of  Psalms,  Proverbs,  and   Job. 

By  William  Wickes,  D.D.    Svo.  5*. 

Hebrew  Prose  Accentuation.    By  the  same.  Svo.  io«.  dd. 

Horae  Hebraicae  et  Talmudicae,  a  J.  Lightfoot.     A  new 


Edition,  by  R.  Ga.ndell,  M.A.    4V0IS.     1859.    Svo.    iZ.  is. 

LATIN.     Libri  Psalmorum  Versio  antiqua  Latina,  cum  Para- 
phrasi  Anglo-Saxonica.     Edidit  B.  Thorpe,  F.A.S.    1835.    Svo.  io».  6(7. 

Nouum  Testamentum  Domini  Nostri  losu  Christi  Latine, 

secundum  Editionem  Sancti  Hieronymi.  Ad  Codicum  Manuscriptorum 
fidem recensuit  Iohannes  Wordsworth,  S.T.P.,  Episcopus  Sarisburiensis  ; 
in  operis  societatem  adsumto  Henrico  Iuliano  White,  A.M.  Partis 
Prioris  Fasciculus  Primus.  Euangelium  Secundum  Mattheum.  Quarto, 
Paper  covers,  1 2s.  6d. 

London:  Henry  Frowde,  Amen  Corner,  E.G. 
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LATIN  {rontbmed). 

Old-Latin  Bihlical  Texts :  No.  I.  The  Gospel  ac- 
cording to  St.  Matthew,  from  the  St.  Germain  MS.  (g,).  Edited  with 
Introduction  and  Appendices  by  John  Wordsworth,  D.D.  Small  4to., 
stiti'  coTerg,  6«. 

Old-Latin   Biblical    Texts :    No.   II.     Portions  of  tlie 

Gospels  according  to  St.  Mark  and  St.  Matthew,  from  the  Bobbio  MS. 
(k),  &c.  Edited  by  JoBX  Wordsworth,  D.D.,  W.  .Saxdat,  M.A.,  D.D., 
and  H.  J.  White,  M.A.     .Small  4to.,  stitf  covers,  2\s. 

Old-Latin  Biblical  Texts :  No.  III.     The  Four  Gospels, 

from  the  Munich  MS.  (q),  now  numbered  Lat.  62  J4  in  the  Koval 
Library  at  Munich.  With  a  Fragment  from  St.  John  in  the  Hof- 
Bibliothek  at  Vienna  (Cod.  Lat.  502).  Edited,  with  the  aid  of 
Tifchendorf  8  transcript  (under  the  direction  of  the  Bishop  of  Salisbury), 
by  H.  J.  White,  M.A.     Small  4to.  stitf  covers,  I2«.  6rf. 

OLD-rBENCH.  Libri  Psalmornm  Versio  antiqna  G.illica  e 
Cod.  ms,  in  Bibl.  Bodleiana  adservato,  una  cum  Versione  Metrica  aliis- 
qoe  Monumentis  pcrvetustis.  Nunc  primum  descripsit  et  edidit 
Fbanciscds  Michel,  Phil.  Doc.     1S60.     8vo.  los.  td. 


B.     FATHERS  OF  THE  CHURCH,   ETC. 

St.    Athanasius :    Orations   ag'ainst   the   Arians.     With   an 
Account  of  his  Life  by  William  Bright,  D.D.     Crown  8vo.  9.1. 

Historical    Writino-s,    according    to    the    Benedictine 

Text.     With  an  Introduction  by  W.  Bright,  D.D.     Crown  Svo.  io«.  6rf. 

St.  Augustine  :  Select  Anti-Pelagian  Treatises,  and  the  Acts 

of  the  Second  Council  of  Orange.     With  an  Introduction  by  Will 


Bright,  D.D.    Crown  8to.  9s. 

Barnabas,  The  Editio  Princeps  of  the  Epistle  of,  by  Arch- 
bishop Ussher,  as  printed  at  Oifoi-d,  a.d.  1642,  and  preserved  in  an 
imperfect  form  in  the  Bodleian  Library.  With  a  Dissertation  on  the 
Literary  History  of  that  Edition,  by  J .  H.  Backhouse,  M.A.  Small  4to. 
3s.  6d. 

Canons  of  tlie  First  Four  General  Councils  of  Nicaea,  Con- 
stantinople, Ephesus,  and  CLalcedon.     Crown  8to.  2*.  6rf. 

Notes   on  the   above.       By  William   Bright,   D.D. 

Crown  Svo.  pg.  6d. 

Catenae    Graecorum     Fatrum    in    Novum     Testamentum. 

Edidit  J.  A.  Cramer.  S.T.P.     Tomi  VIII.     8vo.  2/.  4*. 


Oxford :  Clarendon  Press. 


Fathers  of  the  Church,  etc. 


Clementis  Alexandrini  Opera,  ex  recensione  Guil.  Dindorfii. 

Tomi  IV.     8vo.  3/. 

Cyrilli  Archiepiscopi  Alexandrini  in  XII  Prophetas.     Edidit 

P.  E.  PusEY,  A.M.     Tomi  IT.     8vo.  2I.  is. 

in  D.  Joannis  Evangelium.     Accedunt  Fra<>-inenta  Varia 

necnon  Tractatus  ad  Tiberium  Diaconum  Duo.     EJidit  post  Aubertum 
P.  E.  PusEY,  A.M.    Tomi  III.     8vo.  2«.  5*. 

Commentarii   in    Lncae    Evanwclinm    quae    supersunt 

Syriace.  E  MSS.  apud  Mus.  Britan.  edidit  R.  Payne  Smith,  A.M.  4to. 

I?.  2S. 

Translated  by  R.  Payne  Smith,  M.A.   2  vols.  8vo. 


I4». 

Dowling  ( J.  G.).    Notitia  Scriptorum  SS.  Patriim  aliorunique 

vet.  Eccles.  Men.  quae  in  C'ollectiouibus  Anecdotorum  post  annum  Christi 
Miicc.  in  lucem  editis  continentur.     Svo.  4.S.  (sd. 

Ephraemi  Syri,  Rabulae  Episcopi  Edesseni,  Balaei,  aliorumque 

Opera  Selecta.    E  C'odd.  Syriacis  niss.  in  Museo  Britannico  et  Bibliotheca 
Bodleiana  asservatis  primus  edidit  J.  J.  OvEBBECK.     Svo.   \l.  \s. 

Eusebii  Pamphili  Evanq-clicae  Praepaiationis  Libri  XV.    Ad 

Codd.  niss.  recensuit  T.  Gaisfobd,  S.T.P.     Tomi  IV.     Svo.  i\.  \os. 

Evangelicae  Demonstrationis   Libri  X.     Recensuit    T. 

Gaisfobd,  S.T.P.    Tomi  II.     Svo.  i;e. 

contra  Hicroclem   et  IMarcellum  Libri.      Recensuit  T. 

Gaisfobd,  S.T.P.     Svo.  7*. 

Eusebius'  Ecclesiastical   History,  according  to  the  text  of 

Burton,  with  an  Introduction  by  W.  Bbight,  D.D.     Crown  Svo.   S«.  6<i. 

Annotationes  Variorum.     Tomi  II.     Svo.   17*. 

Evagrii    Historia    Ecclesiastica,    ex    recensione    H.    Valesii. 

1S44.     Svo.  4«. 

Irenaeus :  The  Third  Book  of  St.  Irenaeus,  Bishop  of  Lyons, 

against  Heresies.     With  short  Notes  and  a  Glossary  by  H.  Deane,  B.D. 
&own  Svo.  5».  (>d. 

Origenis  Philosophumena  ;  sive  omnium  Haeresium  Refutatio. 

E  Codice  Parisino  nunc  primum  edidit  E.MMANUEL  MiLLEB.     1851.    Svo. 

I  OS. 

Patrum  Apostolicorum,    S.   Clementis    Romani,  S.  Ignatii, 

S.  Polycarpi,  quae  supersunt.     Edidit  GuiL.  Jacobson,  S.T.P.K.    Tomi 
II.     Puurth  Edition.     Svo.  1?.  is. 

London :  Henry  Frowde,  Amen  Comer,  E.G. 
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Beliquiae  Sacrae  secundi  terfciique  saeculi.     Reeensuit  M.  J. 

KoUTH,  S.T.P.     Tomi  V.     Stcond.  Edition.     8vo.  \l.  5s. 

Scriptorum  Ecclesiasticorum   Opuscula.     Reeensuit  M.  J. 

KucTU,  S.T.P.     Tomi  II.     Third  Edition.     8to.   10s. 

Socratis  Scholastic!  Historia  Eeclesiastica.  Gr.  etLat.  Edidit 
K.  HussET,  S.T.B.     Tomi  III.     1853.     8vo.  15s. 

Socrates'  Ecclesiastical  Histoiy,  according  to  the  Text  of 
Hlsset,  with  an  Introduction  by  William  Bkight,  D.D.  Crown  8vo. 
7x.  6rf. 

Sozomeni  Historia  Ecclesiastica.     Edidit  R.  Hussey,  S.T.B. 

Tomi  III.     i860.     8vo.  15*. 

Tertulliani  Apologcticns  adversus  Gentes  pro  Chvistianis. 
Kilitcil,  with  Introduction  and  Notes,  by  T.  Herbert  Bindley,  M.A. 
C'ruwu  Svo.  6^. 

Theodoreti  Ecclesiasticae  Historiae  Libri  V.  Reeensuit 
T.  Gaisford,  S.T.P.     1854.     Svo.  7*.  6d. 

Graecarum  Affectionum  Curatio.  Ad  Codice.s  mss.  re- 
eensuit T.  Gaisford,  S.T.P.    1839.    Svo.  ■js.6d. 


C.    ECCLESIASTICAL  HISTORY,   ETC. 
Baedae  Historia  Ecclesiastica.     Edited,  with  English  Notes, 

by  G.  H.  Morerly,  M.A.     Crown  Svo.  10*.  6d. 

Bigg.     The  Christian    Platonists  of  Alexandria ;    being  the 
B.ampton  Lectures  for  18S6.     By  Charles  Bigg,  D.D.     Svo.  los.  6d. 
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The  Dynasty  of  Thcodosius;  or,  Seventy  Years' Struggle 


with  the  Barbarians.     By  the  same  Author.     Crown  Svo.  6*. 

Hume.    Letters  of  David  Hume  to  William  Strahan.    Edited 

with  Notes,  Index,  etc.,  by  G.  Birkbeck  Hill,  D.C.L.     Svo.   12s.  6(7. 

Jackson.    Dalmatia,  the  Quarnero,  and  Istria  ;  with  Cettigne 

in   Montenegro  and  the  Island   of  Grado.      By  T.  G.  Jackson,  M.A. 
3  vols.     \Vith  many  Plates  and  Illustrations.     Svo,  half-bound,  2I.  21. 

Kitchin.     A   History   of   France.      With    numerous    Maps, 

Plans,   and   Tables.      By   G.  W.   Kitchin,   D.D.      In  three   Volumes. 
Second  Edition.     Crown  Svo.  each  10^.  ^d. 

Vol.  I.  to  1453.         Vol.  II.  1453-1624.         Vol.  III.  1624-1793. 

Knight's  Life  of  Dean  Colet.     1823.     Svo.     'js.6d. 
Lloyd's  Prices  of  Corn  in  O.xford,  15S3-1830.     Svo.  is. 
Lewes,  The  Song  of.     Edited,  with  Introduction  and  Notes, 

by  C.  L.  KiNGSFuRD,  M.A.     Immediafely. 

Oxford :  Clarendon  Press. 
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Iiucas.     Introduction  to  a  Historical  Geoijraphy  of  the  British 

Colonies.    By  C.  P.  Lucas,  B.A.     With  Eight  Maps.    Crown  Svo.  4s.  (>d. 

Historical  Geog^raphy  of  the  Colonies.    Vol.  I.     By  the 


same  Author.     With  Eleven  Maps.     Crown  Svo.  5*. 

Luttrell's  (Narcissus)  Diary.     A  Brief  Historical  Relation  of 

Slate  Afiaiis,  1C7S-1714.     6  vols.  Svo.   \X.  ^t. 

Macray  (W.  Dunn).     Annals  of  the  Bodleian  Library,  Ox- 

fortt.  wiih  .a  Notice  of  the  Earlier  Library  of  the  University.  By  W. 
Dunn  JIacuay,  M.A.,  F.S.A.  Second  Ediliun,  Enlarged  and  Cuntbuud 
from  1S68  to  1S80.     Medium  Svo.     Half-bound,  25s. 

Magna  Carta,  a  careful  Reprint.    Edited  by  W.  Stubbs,  D.D., 

Lord  Eiohop  of  Oxford.     4to.  stitched,  is. 

Metcalfe.     Passio  et  Miracula  Beati  Olaui.     Edited  from  a 
Twelfth-Century  MS.  by  F.  Metcalfe,  M.A.     Small  4to.  6*. 

OXFORD,  University  of. 

Oxford  University  Calendar  for  1 890.    Crown  Svo.  6s. 
The  Historical  Register  of  the  University  of  Oxford. 

Beiny  a  Supplement  to  tlie  Oxford  University  Calendar,  with  an  Alpha- 
betical Record  of  University  Honours  and  Distinctions,  completed  to  the 
end  of  Trinity  Term,  1SS8.    Crown  Svo.   5s. 

Student's  Handbook  to  the  University  and  Colleges 

of  Oxford.    Tenth  Edition.  llBvised  to  December  iSSS.    Crown  Svo.  2s.  6</. 

The  Examination  Statutes ;  together  with  the  present 

Regulations  of  the  Boards  of  Studies  and  Boards  of  Faculties  relating 
thereto.     Revised  to  June  10,  1890.     Svo,  paper  covers,  is. 

Statuta  Universitatis  Oxoniensis.     1890.     Svo.  5*. 
Statutes  made  for  the  University  of  Oxford,  and  the 

Colleges  tlierein,  l>y  the  University  of  Oxford  Commissioners.   Svo.   12s.  6d. 
°Also  separately — University  Statutes,  2S. ;  College  Statutes,  is.  each. 

Supplementary  Statutes  made  by  the  University  of 

Oxford,  and  by  certain  of  the  Colleges  therein,  in  pursuance  of  the  Uni- 
versities of  Oxford  and  Cambridge  Act,  1S7-;  approved  by  the  Queen  in 
Council.     Svo.     Paper  covers,  2*.  6d. 

Statutes  of  the  University  of  Oxford,  codified  in  the 

year  1636  under  the  Authority  of  Archbishop  Laud,  Chancellor  of  the 
University.  Edited  by  the  late  John  Griffiths,  D.D.  With  an  Intro- 
duction on  the  History  of  the  Laudian  Code  by  C.  L.  Shadwell,  M.A., 
B.C.L.     4to.  il.\s. 
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OXFORD,  University  of  (confinued). 

Enactments  in    Parliament,   specially   concerning  the 

Univirsitics   of   Oxford   and   Cambridge.       Collected    and   arranged  by 
J.  Griffiths,  D.D.     1869.     8vo.  I2«. 

Catalogue  of  Oxford    Graduates  from   1 6^()  to    t  850. 

Svo.    7*'.  6((. 

Index  to  Wills  proved  in  tlie  Court  of  the  Chancellor  of 

the  University  cf  Oxford,  &c.     Compiled  by  J.  GniFFiTus,  D.D.     Royal 
Svo.  3*.  6d. 

Manuscript  Materials  relating  to  the  History  of  Oxford  ; 

contained    in    the     Printed    Catalogues    of    the    Bodleian    and    College 
Libraries.     By  ¥.  Madan,  M.A.    Svo.  7c.  6d. 

Pattison.  Essays  by  the  late  M.\rk  P.xttisox,  sometime 
Rector  of  Lincoln  College.  Collected  and  arranged  by  Henut  Nettle- 
ship,  M.A.     2  vols.  Svo.  24*. 

Ranke.  A  Histoi-y  of  England,  principally  in  the  Seven- 
teenth Century.  By  L.  vox  Ranke.  Translated  under  the  superin- 
tendence of  G.  W.  KiTCHi.v,  D.D.,  and  C.  W.  Boase,  M.A.  6  vols. 
Svo.  3/.  3». 

Kawlinson.     A   Manual   of  Ancient   History.     By   George 

Rawlinson,  M.A.     Second  Edition.     Demy  Svo.   I4«. 

Ricardo.     Letters    of    David    Rieardo    to    T.    R.    Malthus 

(1S10-1S23).     Edited  by  .Tames  BuXAii,  M.A.     Svo.  lot.  6d. 

Rogers.  History  of  Agriculture  and  Prices  in  England,  a.d. 
1 259-1793.     By  James  E.  Thobold  Rogers,  M.A. 

Vols.  I  and  II  (i  259-1 400).     Svo.    2l.  2«. 

Vols.  Ill  and  IV  (1401-1582).     Svo.    2I.  los. 

Vols.  V  and  VI  (1583-1702).     Svo.    2/.  los. 

First  Nine  Years  of  the  Bank  of  England.     8vo.   8s.  61I. 

Protests  of  the  Lords,  including  those  which  have  been 

expunged,  from  1624  to  1874;  with  Historical  Introductions.     In  three 
volumes.     Svo.  2I.  2s. 

RULERS  OF  INDIA  :  The  History  of  the  Indian  Empire 

in  a  carefully  ]>lanneJ  succession  of  Political  Biographies.     Edited  by  Sir 
William  Wilson  Hdxieb,  K.C.S. I.    In  crown  Svo.    Half-crown  volumes. 

Now  Ready: 

The  Marquess  of  Dalhousie.     By  Sir  William  Wilson 
Hunter. 

Oxford :  Clarendon  Press. 
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Rulers  of  India  [continueJ). 

Akbar :    and   the    Rise   of  the    Mughal    Empire.      By 

COLOXEL  Mallesox,  C.S.I. 

Dupleix:  and  the  Struggle  for  India  by  the  European 

Nations.     By  Colonel  Malleson,  C.S.I. 
Warren   Hastings :    and   the  Founding  of  the  British 

Adiuinistrutiun.     By  Cattaix  L.  J.  Troiteb. 
Immediatdy : 
The  Marquess  of  Cornwallis  :  and  the  Consolidation  of 

British  Kule.     By  W.  S.  Seto.v-KaRR. 

Farther  volumes  will  he  puhlifhed  at  fliort  intcrtals. 

Sprigg's  England's  Recovery;  being  the  History  of  the  Army 

uiuler  Sir  Thomas  Fairfax.     8vo.  ba. 

Stubbs.     Select  Charters  and  other  Illustrations  of  English 

Constitutional  History,  from  the  Earliest  Times  to  the  Eeign  of  Edward  I. 
Arranged  and  edited  by  W.  Stcbbs,  D.D.,  Lord  Bishop  of  Oiford.  Fifth 
Edition.     Crown  8vo.  8s.  dd. 

The  Constitutional  History  of  England,  in  its  Origin 

and  Development.     Library  Edition.     3  vols.     Demy  8vo.   2I.  Ss. 
Also  in  3  vols,  crown  8vo,  price  12s.  each. 
Seventeen    Lectures   on    the    Study   of    Medieval   and 


Modem  History,  delivered  at  Oxford  1867-1SS4.     Crown  Svo.  8*.  6d. 

Tozer.     The    Islands   of  the    Aegean.      By    H.    Fanshawe 

Tozer,  M.A.,  F.R.G.S.     Crown  Svo.  8s.  6rf. 

Wellesley.  A  Selection  from  the  Despatches,  Treaties,  and 
other  Papers  of  the  Marquess  Wellesley,  K.G.,  during  his  Government 
of  India.     Edited  by  S.  J.  Owen,  M.A.     Svo.  il.  4«. 

Wellington.     A  Selection  from  the  Despatches,  Treaties,  and 

other  Papers  relating  to  India  of  Field-Marshal  the  DcKE  of  Welling- 
ton, K.G.    Edited  by  S.  J.  Owen,  M.A.     Svo.  li.  4s. 

Whitelock's  Memorials  of  English  Affairs  from  1625  to  1660. 

4  vols.     Svo.   il.  los. 

Rogers.     A  Manual  of  Political  Economy,  for  the   use    of 

Schools.     By  J.  E.  Thobold  ROGEES.M.A.    Third  Edition.    Extra  fcap. 
Svo.  4«.  (>d. 

Smith's  Wealth  of  Nations.  A  new  Edition,  with  Notes, 
by  J .  E.  Thorold  Kogeks,  M.A.     2  vols.  Svo.  21s. 

London  :  Henbt  Frowdk,  Amen  Comer,  E.G. 
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Anson.  Principles  of  the  English  Law  of  Contract,  apd  of 
Agency  in  its  Helation  to  Contract.  By  SiB  W.  K.  Anson,  D.CX. 
Fifth  Edition.    8vo.  los.  dd. 

Law  and  Custom  of  the  Constitution.  Part  I.  Parlia- 
ment.    8vo.  10*.  6d.     Part  II.     In  the  Press. 

Bentham.  An  Introduction  to  the  Principles  of  Morals  and 
Legislation.     By  j£R£MT  Bektham.    Crown  8vo.  6*.  6d. 

Digby.     An  Introduction  to  the  History  of  the  Law  of  Ileal 

Property.     By  Kknelm  E.  Digbv,  M.A.     Third  Edition.     8vo.  los.  (id. 

Grueber.  Lex  Aquilia.  The  Roman  Law  of  Damage  to  Pro- 
perty :  being  a  Commentary  on  the  Title  of  the  Digest  '  Atl  Legem 
Aquiliam'  (ix.  2).  With  an  Introduction  to  the  Study  of  the  Corpus  luris 
Civilis.     By  Ebwin  GBUEnEB,  Dr.  Jur.,  M.A.     8vo.  lo*.  6d. 

Hall.     lutcrnational  Law.      By  W.  E.  Hall,  M.A.     Third 

Edition.     8vo.  223.  6d. 

Holland.     Elements  of  Jurisprudence.     By  T.  E.  Holland, 

D.C.L.     Fifth  Edition.     Svo.  los.  6d.     Just  Published. 

The  European  Concert  in  the  Eastern  Question,  a  Col- 
lection of  Treaties  and  other  Public  Acts.  Edited,  with  Introductions 
and  Notes,  by  T.  E.  Holland,  D.C.L.     8vo.  I2s.  6d. 

Gentilis,  Alberici,  I.C.D.,  I.C.P.R.,  de  lure  Belli  Libri 

Tres.     Edidit  T.  E.  Holland,  LCD.    Small  4to,  half  morocco,  2is. 

The  Institutes  of  Justinian,  edited  as  a  recension   of 


the  Institutes  of  Gaius,  by  T.  E.  Holland,  D.C.L.    Second   Edition. 
Extra  fc.ip.  Svo.    5*. 

Holland  and  Shadwell.  Select  Titles  from  the  Dijjest  of 
JusUnian.  By  T.  E.  Holland,  D.C.L.,  and  C.  L.  Shadwell,  B.C.L. 
Svo.  14*. 

Also  sold  in  Parts,  in  paper  covers,  as  follows : — 
Part  I.  Introductory  Titles.     2s.  6d. 
Part  II.  Family  Law.     is. 
Part  III.  Property  Law.     2s.  6d. 
Part  IV.  Law  of  Obligations  (No.  i).     3s.  6d. 
Part  IV.  Law  of  Obligations  (No.  2).     4s.  6d. 

Oxford :  Clarendon  Press. 
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Markby.     Elements    of   Law   considered   with   reference    to 

Priuciples  of  General  Jurisprudence.     By  Sir  William  Maekbv,  D.C.L. 
Fourth  Edition.     8vo   12s.  6J. 

Moyle.     Imperatoris   lustiniani   Institutionum   Libri    Quat- 

tuor ;  with  Introductions,  Commentary,  Excursus  and  Translation.     By 
J.  B.  MoTLE,  D.C.L.     Seconit  Eililioit.     2  vols.  8to.  22s. 

Pollock  and  "Wright.  An  Essaj^on  Possession  in  the  Common 

Law.     liy  Sir  F.  Pollock,  M.A.,  and  R.  S.  Wright,  B.C.L.    8vo.  Ss.  6d. 

Poste.  Gaii  Institutionum  Juris  CiviiisCommentarii  Quattuor; 

or,  Elements  of  Koman  Law  by  Gains.    With  a  Translation  and  Commen- 
tary by  EuwARi)  Poste,  M.A.     T/iird  Edition.     Svo.  i8«. 

Raleigh.    An  Outline  of  the  Law  of  Property.    By  Thomas 
Kalkiuh,  M.A.     Svo,  cloth,  7«.  6d. 

Stokes.     The  Anglo-Indian   Codes.     By  Whitley  Stokes, 

LL.D.      Vol.  I.  Substantive  Law.    Svo.  30s.     Vol.  II.  Adjective  Law. 
Svo.  35«. 

Supplement  to  the  above,  1887,  1888.     is.  6(1. 

Twiss.     The    Law    of    Nations    considered    as    Independent 

Political  Communities.     By  Sir  Teavers  Twiss,  D.C.L. 

Part  I.    Ou  the  rights  and  Duties  of  Nations  in  time  of 
Peace.    Kew  Edition.  Pievised  and  Enlarged.   Svo.   15s. 

Part  II.  On  the  Plights  and  Duties  of  Nations  in  time  of 
War.     Second  Edition,  Revised.     Svo.    21s. 
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Bacon.     Novum  Orijanum.    Edited,  with  Introduction,  Notes, 

&c.,  by  T.  Fowlek,  D.D.     Second  Edition.  Svo.  15*. 

Novum   Organum.     Edited,    with    English   Notes,    by 

G.  W.  KiTCHiN,  D.D.     8vo.  9s.  6d. 

Novum  Organum.     Translated  by  G.  W.  Kitchin,  D.D. 


Svo.  9«.  6d. 
Berkeley.     The  works  of  George  Berkeley,  D.D.,  formerly 

Bishop  of  Cloyne ;  including  many  of  his  w^ritings  hitherto  unpublished. 
With  Prefaces,  Annotations,  and  an  Account  of  his  Life  and  Philosophy, 
by  Alexander  Campbell  Fbasee,  LL.D.     4  vols.     8vo.  2/.  iS«. 

The  Life,  Letters,  dtc,  separately,  i6s. 

London  :  Henrv  Frowde,  Amen  Corner,  E.G. 
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Berkeley.  Selections.  With  Introduction  and  Notes.  For  the 

use  "f  Students  in  the  Universities.    By  .\lex.vn-1)ER  Campbell  Fraseb, 
LL.D.      Third  Edition.     Crown  Svo.  ;«.  ()d. 

Bosanquet.     Logic  ;  or,  the  Morphology  of  Knowledge.     By 

B.  BOSANQUET,  M.A.      Svo.  21*. 

Butler's  Works,  with  Index  to  the  Analog)'.    2  vols.  Svo.  ii«. 
Fowler.     The  Elements  of  Deductive  Logic,  designed  mainly 

for  the  use  of  Junior  .Students  in  the  Universities.     By  T.  FowLER,  D.D. 
Ninth  Edition,  with  a  Collection  of  Examples.     Extra  fcap.  Svo.  is.  6d. 

Fowler.    The  Elements  of  Inductive  Logic,  designed  mainly  for 

the  use  of  Students  in  the  Universities.     Fourth  Edition.    Extra  fcap. 
Svo.  6s. 

The  Principles  of  Morals  (Introductory  Chapters).     By 

T.  Fowler,  D.U.,  and  J.  M.  Wilson,  B.D.     Svo,  boards,  3s.  6d. 

The  Principles  of  Morals.   Part  II.   By  T.  Fowler,  D.D. 


Svo.  10s.  6d. 

Green.     Prolegomena   to   Ethics,     By  T.   II.  Green,  M.A. 

Edited  by  A.  C.  BRADLEY,  M.A.     Svo.  1 2*.  6d. 

Hegel.  The  Logic  of  Hegel ;  translated  from  the  Encyclo- 
paedia of  the  Philosophical  Sciences.  With  Prolegomena  by  William 
W'allace,  M.A.     Svo.  14*. 

Hume's   Treatise    of   Human    Nature.     Reprinted  from  the 

Original  Edition  in  Three  Volumes,  and  Edited  by  L.  A.  Selby-Bigge, 
^I.A.     Crown  Svo.  9*". 

Locke's    Conduct    of    the    Understanding.     Edited    by    T. 

FowLEB,  D.D.     Third  Edition.     Extra  fcap.  Svo.  2s.  6d. 

Lotze's  Logic,  in  TIn-ee  Books ;  of  Thought,  of  Investigation, 

and  of  Knowledge.    English  Translation ;  EiUted  by  B.  BosANQL'ET,  M.A. 
Second  Edition.     2  vols.     Crown  Svo.  1 2s. 

Metaphysic,  in  Three  Books  ;  Ontology,  Cosmology,  and 


Psychology.'  English    Translation;    Edited    by    B.   BoSANQUET,   M.A. 
Second  Edition.     2  vols.     Crown  Svo.  I2«. 

Martineau.    Types  of  Ethical  Theory.    By  James  Martineau, 

D.D.     Second  Edition.     2  vols.     Crown  Svo.  15*. 

A  Study  of  Religion  :  its  Sources  and  Contents.    A  New 


Edition.     2  vols.     Crown  Svo.  I5.«. 


Oxford :  Clarendon  Presa. 
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Acland.     Synopsis  of  the  Pathologioal  Series  in  tlie  Oxford 
Museum.     By  Sir  H.  W.  Acland,  M.D.,  F.R.S.     8vo.  2s.  6rf. 

Aldis.      A   Text-Book    of  Algebra:    with    Answers    to    the 

Examples.     By  W.  S.  Aldis,  M.A.     Crown  Svo.  7*.  6rf. 

Aplin.     The  Birds   of  Oxfordshire.     By  O.  V.  Aplin.     8vo. 

with  a  Map  and  one  coloured  Plate,     xoa.  6d. 

Archimedis  quae  supersunt  omnia  cum  Eutoeii  eommentariis 

ex  recensioue  J.  ToRELLI,  cum  nov:i  versione  Latina.      1792.     Fol.  ll.  5*. 

Baynes.     Lessons  on  Thermodynamics.     By  R.  E.  Baynes, 

il.A.     Crown  Svo.  7*.  6rf. 

BIOLOGICAL  SERIES.    (Trnnslations  of  Foreign  Memoir,^). 

I.  ^Memoirs  on  the  Physiology  of  Nerve,  of  Muscle,  and 
of  the  Electrical  Organ.  Edited  by  J.  Bubdon-Sandersox,  M.D  , 
F.R.SS.L.  &  E.     Medium  Svo.  il.  I8. 

II.  The   Anatomy    of    the    Frog.      By   Dr.    Aiexander 

EcKEK,  Professor  in  the  I^niversity  of  Freiburg.  Translated,  with 
numerous  Annotations  and  Additions,  by  George  Haslam,  M.D. 
Medium  Svo.  2i«. 

IV.  Essays  npon  Heredity  and  kindred  Biological  Pro- 
blems. By  Dr.  August  W'eismanx,  Professor  in  the  University  of 
Freiburg  in  Ereisgau.  Authorised  Translation.  Edited  by  Edward 
B.  Poultox,  M.A.,  F.L.S.,  F.G.S.,  Selmar  Schoxlasd,  Ph.D., 
and  Arthur  E.  .Shipley,  M.A.,  F.L.S.     Medium  Svo.  16s. 

BOTANICAL  SERIES. 

History  of  Botany  (1530-1860).     By  Julius  von  Sachs. 

Authorised  Translation,  by  H.  E.  F.  Gabxsey,  M.A.  Revised  by 
Isaac  Batley  Balfour,  M.A.,  M.D.,  F.R.S.    Crown  Svo.  10s. 

Comparative  Anatomy  of  the  Vegetative  Organs  of  the 

Phanerogams  and  Ferns.  Bj'  Dr.  A.  De  Baby.  Translated  and 
Annotated  by  F.  0.  Bower,  M.A.,  F.L.S.,  and  D.  H.  Scott,  M.A., 
Ph.D.,  F.L.S.     Royal  Svo,  half  morocco,  il.  2s.  6d. 

Outlines  of  Classification    and   Special   Morphology    of 

Plants.  A  new  Edition  of  Sachs'  Text-Book  of  Botany,  Book  II. 
By  Dr.  K.  Goebel.  Translated  by  H.  E.  F.  Garnsey,  M.A.,  and 
Revised  by  Isaac  Bayley  Balfour,  M.A.,  M.D.,  F.R.S.  Royal 
Svo,  half  morocco,  ll.  I«. 

London:  Henry  Frowde,  Amen  Comer,  E.G. 
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Lecliues  on  the  Physiology  of  Plants.  By  Julius  von 
Sachs.  Translated  by  H.  Mabshall  Wabd,  M.A.,  F.L.S.  Royal 
8vo,  half  morocco,  l^  ii*.  6d. 

Comparative  ^lorphology  and  Biology  of  Fungi,  Myce- 

toEoa  and  Bacteria.  By  Dr.  A.  De  Bart.  Translated  by  H.  E.  F. 
Garxsev,  M.A.,  Revised  by  Isaac  Baylet  Balfodb,  M.A.,  M.D., 
F.R.S.     Royal  Svo,  half  morocco,  il.  2s.  Oil. 

Lectures   on    Bacteria.      By  Dr.  A.  De  Bary.     Second 

Jmpioceil  Eilition.  TmnslateJ  i)y  H.  E.  F.  Garxsev,  M.A.  Revised 
by  Isaac  Bayley  Balfolb,  II. A.,  M.D.,  F.R.S.     Crown  Svo.  6s. 

Introduction    to    Fossil    Botany.      By    Count    H.    von 

Solus-Lalbach.  Authorised  English  Translation,  by  H.  E.  F. 
Garxsev.  M.A.  Edited  by  Isaac  Bayley  Balfodb,  M.A.,  M.D., 
F.R.S.     In  Ike  Press. 

Annals  of  Botany.    Edited  by  Isaac  Bayley  Balfoiu,  M.A., 
M.D.,  F.U.S.,  Sydney  H.  Vixes,  D.Sc,  F.R.S.,  and  W.  G.  Fablow,  M.D. 
Vol.1.       Parts  I -IV.     Royal  Svo,  half  morocco,  gilt  top,  i<.  i6». 
Vol.  II.     Parts  V-VIII.  2/.  2a. 

Vol.111.    Parts  IX.   paper  cover,  iis.6d.;    X.  13*.  6(/.;     XI.  i8«.  ; 
XII.  ill  the  I'resi'. 

Parts   XIII.    I2f.  6d.;      XIV.    13*.  W. ;      XV.    io».  6d.  ; 

XVI.  ill  preyaralion. 

Bradley's  Miscellaneous  Works  and  Correspondence.     "With 

an  Account  of  Harriot's  Astronomical  Papers.     4to.  1 7s. 

Chambers.     A    Handbook   of  Descriptive   Astronomy.     By 
G.  F.  Chambers,  F.R.A.S.     Fourth  Edition. 

Vol.1.      The  Sun,  Planets,  and  Comets.     Svo.    21*. 
Vol.11.     Instruments  and  Practical  Astronomy.     Svo.    21s. 
Vol.  III.  The  Starry  Heavens.     Svo.     14.?. 

Clarke.     Geodesy.     By  Col.  A.  R.  Clarke,  C.B.,  R.E.     Svo. 

I  2S.  6d. 

Cremona.      Elements   of  Projective    Geometry.      By    LuiGi 

tuEMoxA.     Translated  by  C.  Lecdesdoef,  M.A.     Svo.  1 2*.  6d. 

Graphical   Statics.      Two   Treatises    on   the    Graphical 

Cilculus  and   Reciprocal  Figures  in   Graphical  Statics.      By   the   same 
Author.     Translated  by  T.  Hudson  Beare.     Demy  Svo.  S«.  6rf. 

Daubeny's  Introduction  to  the  Atomic  Theory.     i6mo.  6s. 
Donkin.    Acoustics.    By  W.  F.  Doxkln',  M.A.,  F.R.S.    Second 

Edition.     Crown  Svo.  7*.  6(7. 

Etheridge.     Fossils  of  the  British  Islands,  Stratigraphically 

and   ZLioloiically  arranged.     Part   I.   Palaeozoic.     By   R.  Ethebidge, 
F.R.SS.  !..'"&  E.,  F.G.S.    410.  il.  10s. 

Oxfurd :  Clarendon  Preas. 
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EUCLID    REVISED.       Containincf    the   Essentials   of   the 

Elements  of  I'lane  Geometry  as  given  by  Euclid  in  his  first  Six  Books. 

Edited  by  R.  C.  J.  XixoN,  M.A.     Second  Edition.     Crown  8vo.  6s. 

Sold  separately  as  follows  : — 

Book  I.  IS.  Books  I,  II.  is.  6d. 

Books  I-IV.  3s.  Books  V,  \1.  3s. 

Euclid.     Geometry  in  Space.     Containing  parts  of  Euclid's 

Eleventh  and  Twelfth  Books.     By  the  same  Editor.     Crown  Svo.  3s.  6rf. 

Eisher.     Class-Book  of  Chemistry.    By  W.  W.  FisnEU,  M.A., 

F.t'.S.     Crown  Svo.  4*.  M. 

Galton.  Tlie  Construction  of  Healthy  Dv\-ellings.  By 
Sir  Douglas  Galton,  K.C'.B.,  F.R.S.    Svo.  10s.  6(1. 

GressweU.  A  Contribution  to  the  Natural  History  of  Scar- 
latina, derived  from  Observations  on  the  London  Epidemic  of  1887-18S8. 
By  D.  AsTLET  Gresswell,  M.D.     Medium  Svo.   los.  6rf. 

Haxnilton   and    Ball.      Book-keeping'.      New    and   enlarged 
Edition.     By  Sir  R.  G.  C.  Hamiltok  and  John  Ball.     Extra  fcap.  Svo. 
limp  cloth,  2s. 
ItuleiJ  Krerclse  lool-f  adajjted  to  the  above  may  he  had,  price  is.  6d. 

Harcourt  and   Madan.     Exercises   in    Practical    Chemistry. 

Vol.  I.  Elementary  Exercises.     By  A.  G.  Veknon  HABCOi'itT,  M.A.,  and 
H.  G.  Madan,  M..4^.     Fourth  Edition.     Crown  Svo.  los.  6d. 

Madan.     Tahles  of  Qualitative  Analysis.     By  H.  G. 

Madan,  M.A.     Large  4to,  paper  covers,  45.  6d. 

Hensley.     Fissures  made  Easy.     A   first   Arithmetic  Book. 

By  Lewis  Henslet,  M.A.     Crown  8to.  6d. 

Answers  to  the  Examples  in  Figures  made  Easj'-,  together 

with  two  thousand  additional  Examples,  with  Answers.     Crowm  Svo.  is. 

Hensley.     The  Scholar's  Arithmetic.     Crown  Svo.  2S.  6d. 

Answers  to  Examples  in  Scholar's  Arithmetic,    is.  6d. 

Tlie  Scholar's  Algebra.     Crown  Svo.  2*.  6d. 

Hughes.    Geography  for  Schools.    By  Alfred  Hughes,  M.A., 

late    Scholar    of    Corpus    Christi    College,   Oxford.      Part    I.      Practical 
Geography.     With  Diagrams.     Crown  Svo.  2s.  6d. 

Maclaren.     A    System  of  Physical   Education :    Theoretical 

and  Practical.     By  Archibald  Maclaren.     Extra  fcap.  Svo.  7s.  6d. 

Max-well.     A  Treatise  on  Electricity  and   Magnetism.     By 

J.  Clerk  Maxwell,  MA.     Second  Edition.     2  vols.     8vo.   tI.  us.  6d. 

An   Elementary   Treatise   on    Electricity.      Edited    by 

William  Gabnett,  M.A.    Svo.  7*.  6d. 

Ix>ndon :  Henry  Frowde,  .^men  Corner,  E.G. 
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Ml n chin     A  Treatise  on  Stutics  with  Applications  to  Physics. 

By  G.  M.  MiNCHiN,  M.A.  Third  Edilitin.  \o\.  I.  Equilibrium  of  Co- 
plkiukT  Forces.    JVeir  Edition,  Immediately.    Vol.  II.    Statics.    Svo.  l6«. 

UniplanarKinematicsof  Solidsand  Fluids.  CrownSvo.  7*.6<i. 

Miiller.     On  certain  ^'^a^al^ons  in  the  Vocal  Organs  of  the 

I'asseres.  P.y  ,1.  Ml  Li.EB.  Translated  by  F.  J.  Bell,  B..\.,  and  edited 
by  A.  H.  Ga'rkod,  M.A.,  F.li.S.     With  FUtes.    ^to.  7».  6d. 

Nixon.     See  Euclid  Revised. 

Phillips.     Geolo»y  of  Oxford  and  the  Valley  of  the  Thames. 
By  JuUN  Phillips",  M.A.,  F.R.S.     Svo.  21*.     • 

Vesuvius.     Crown  Svo.  lo*.  6(1. 

Prestwich.     Geology,  Chemical. Physical,  and  Stratigraphical. 

By  JuSKPH  Prestwich,  M.A.,  F.R.S.     In  two  Volumes. 

Vol.  I.     Chemical  and  Physical.     Eoyal  Svo.      i?.  5s. 
Vol.  II.     Stratigraphical  and  Physical.     With  a  new  Geo- 
logical Map  of  Europe.     Royal  Svo.  il.  ids. 
New  Geological  Map  of  Europe.     In  case  or  on  roller.     5s. 

Price.     Treatise  on  Infinitesimal  Calculus.    By  BAUT1I0L0ME^Y 
Price,  M.A.,  F.R.S. 

Vol.  I.     Differential  Calculus.     Second  Edition.     Svo.  14*.  6d. 

Vol.  II.     Integral  Calculus,  Calculus  of  Variations,   and  Ditferential 

Equations.     Secoiiil  E/lllion.     Svo.    18*. 
Vol.  III.     Static?,  including  Attractions;    Dynamics   of  a  Material 

Particle.     Second  Edition.     Svo.  i6(!. 
Vol.  IV.     Dynamics  of  Material  Systems.    Second  Edition.    Svo.  l8». 

Pritchard.  Astronomical  Observations  made  at  the  University 

Observatory,  Oxford,  under  the  direction  of  C.  Pbitchard,  D.D.  No.  I. 
Royal  Svo.  paper  covers,  31.  6d. 

No.  II.    Uranometria  Nova  O.xoniensis.    A  Photometric 

determination  of  the  magnitudes  of  all  Stars  visible  to  the  naked  eye, 
from  the  Pole  to  ten  degrees  south  of  the  Equator.     Royal  Svo.  8s.  6d. 

No.  III.     Researches  in   Stellar  Parallax  by  the  aid  of 

Photography.     Royal  Svo.  7*.  6d. 

Bigaud's    Correspondence   of   Scientific    jNIen    of  the    17th 

Century,  with  Table  of  Contents  by  A.  de  MoBGAN,  and  Index  by 
J.  RiGAiu,  M..A.     2  vols.  Svo.    18s.  6d. 

Bolleston  and  Jackson.    Formsof  Animal  Life.    A  Alanual  of 

Comparative  Anaiomy,  with  descriptions  of  selected  types.  Bv  Geobge 
RoLLESTox,  M.D.,  F.R.S.  Second  Edition.  Revised  and  enlarged  by 
W.  Hatchett  Jackson,  M.A.     Medium  Svo.  il.  16*. 

Oxford :  Clarendon  Press. 
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Bolleston.     Scientific    Papers   and  Addresses.     By  Geoege 

Roi.LESTON,  M.D.,  F.R.S.  Airangi-d  and  edited  by  William  Tlkner, 
M.B.,  F.R.S.  AVith  a  Biograpliieal  Sketch  by  Edward  Tylor,  F.R.S. 
2  vols.     8vo.  i^  4*. 

Smyth.     A  Cycle  of  Celestiul  Objects.     Observed,  Reduced, 

and  Discussed  by  Admiral  \V.  H.  Smyth,  R.N.  Revised,  condensed,  and 
greatly  enlarged  by  G.  F.  Chambers,  F.R.A.S.     Svo.  I2s. 

Stewart.  An  Elementary  Treatise  on  Heat,  with  numerous 
W<Hidcut3  and  Diagrams.  By  Balfocr  Stewart,  LL.D.,  F.R.S.  Fifth 
Edition.     Extra  fcap.  Svo.   7».  6d. 

Vernon-Harcourt.    Treatise  on  Rivers  and  Canals,  relating^  to 

Control  and  Improvement  of  Rivers,  and  De<!ign,  Construction,  and  Develop- 
ment of  Canals.    By  L.  F.  Vernon-Harcourt,  M. A.    2  vols.  Svo.  il.  is. 

liarbonrs  and  Docks ;  tlieir  Physical  Features,  History, 

Construction,  Equipment,  and  Maintenance  ;  with  Statistics  as  to  their 
Commercial  Development.     2  vols.     Svo.  25s. 

Walker.     The  Theory  of  a   Physical    Balance.     By    James 

Walker,  M.A.     Svo,  stiff  cover,  y.  (id. 

Watson  and  Burbury. 

I.  A  Treatise  on  the  Application  of  Generalised  Co- 
ordinates to  the  Kinetics  of  a  Material  System.  By  H.  W. 
W.VT8ON,  D.Sc,  and  S.  H.  Buubcrv,  M.A.     Svo.  6.s. 

II.  The  Mathematical  Theory  of  Electricity  and  Mag- 
netism.   Vol.  I.      Electrostatics.   Svo.  los.  6d. 

Vol.  II.     Magnetism  and  Electrodynamics.      Svo.  io».  dd. 

Westwood.  Thesaurus  Entomologicus  Hopeianus.  or  a  De- 
scription of  the  rarest  Insects  in  the  Collection  given  to  the  Univer- 
sity by  the  Rev.  William  Hope.  By  J.  0.  Westwood,  M.A.,  F.R.S. 
With  40  Plates.     Small  folio,  half  morocco,  "jl.  10s. 

Williamson.     Chemistry  for  Students.    With  Solutions.     By 

A.  W.  Williamson,  Phil."  Doc,  F.R.S.     Extra  fcap.  Svo.  8.«.  6d.    . 

VII.    ART  AND  ARCHAEOLOGY. 

Butler.     Ancient    Coptic    Churches    of  Egypt.     By    A.    J. 

Butlee,  M.A.,  F.S.A.     2  vols.    Svo.  30.?. 

Head.  Historia  Numorum.  A  Manual  of  Greek  Numis- 
matics. By  Barclay  V.  Head,  Assistant  Keeper  of  the  Department  of 
Coins  and  Medals  in  the  British  Museum.    Royal  Svo.    Half  morocco,  42s, 

Jackson.     Dalmatia,  the  Quarnero  and  Istria  ;  with  Cettigne 

iu  Montenegro  and  the  Island  of  Grado.  By  T.  G.  .Iackson,  M.A., 
Author  of  '  Modern  Clothic  Architecture.'  In  3  vols.  Svo.  With  many 
Plates  and  Illustrations.     Half  bound,  42*. 


London;  Heney  Feowde,  Amen  Comer  E.G. 


64  VIII.  Palaeography. 


MUSIC. 

HuUah.      Cultivation     of   the   Speaking    Voice.       By 

.IniiN  HULLAH.     Second  Edition.     Extra  fcap.  Svo.  2J.  6rf. 

Ouseley.     Treatise  on   Harmony.      By  Sir  F.  A.  Gore 

OCSEI.ET,  Bart.     Third  Edition.     4to.  ic*. 

Treatise  on  Counterpoint,  Cation,  and  Fugue,  based 

upon  that  of  Cherubini.     Second  Edition.     4to.  l6s. 

Treatise  on  Musical  Form  and  General  Composition. 

Second  Edition.    4to.  io«. 

Troutbeck  and  Dale.    Afusie  Primer  (for  Schools).    By  J. 

Tii'tTBEcK,  D.D.,  and  F.  D.M.E,  M.A.    Second  Edition.    Crown  8vo. 
I.V.  6d. 

Robinson.     A  Critical  Account  of  the  Drawings  by  ^fichel 

Angilo  and  Raffaello  in  the  University  Gallerie?,  Oxford.  By  J.  C 
liOHixsoN,  F.S.A.     Crown  Svo.  4.T. 

Tyrwhitt.      Handbook    of    Pictorial    Art.     With    coloured 

Illustrations,  Photograph!",  and  a  chapter  on  Perspective  by  A.  Jlac- 
don.ild.  By  R.  St.  J.  Tvbwhitt,  M.A.  Second  Edition.  Svo,  half 
morocco,  lS«. 

TTpcott.    Introduction  to  Greek  Sculpture.    By  L.  E.  Upcott, 

.M.A.     Crown  Svo.  4*.  6d. 

Vaux.     Catalogue  of  the  Castellani  Collection  of  Antiquities 

in  the  University  Gallerie^,  Oxford.  By  W.  S.  W.  Vaux,  il.A.  Crown 
Svo.  I*. 

VIII.  PALAEOGRAPHY. 

Gardthausen.     Catalogus  Codicum  Graecorum  Sinaiticorum. 

Scripsit  V.  Gardthaisen  Lipsiensls.  With  six  pages  of  Facsimiles. 
Svo.  linen,  25.V. 

Fragmenta  Herculanensia.     A  Descriptive  Catalogue  of  the 

Oxford  ciipies  of  the  Herciilanean  Rolls,  together  with  the  texts  of  several 
papyri,  accompanied  by  facsimiles.  Edited  by  Waltee  Scott,  M.A., 
Fellow  of  Merton  College,  Oxford.     Royal  Svo.  2js. 

Herculanensium  Voluminum  Partes  II.     1824.      Svo.  io#. 
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